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PREFACE 


This book is about an instrument that shaped the way scientists 
thought about music in Greek antiquity. It is also about the way 
Greek science shaped the use of a musical instrument. With its 
single string, movable bridge and graduated rule, the monochord 
(kanon) straddled the gap between notes and numbers, intervals 
and ratios, sense-perception and mathematical reason. By repre- 
senting musical sounds as visible, measurable distances (lengths 
of string), and by representing numbers audibly to the musical 
ear, it offered a way to study music as an arithmetical science 
through the medium of geometry. As an audible extension of the 
lettered diagram of Greek mathematics, what it offered the har- 
monic scientist, most importantly, was a means of attempting to 
extend the irrefutability of mathematical argument into the audi- 
tory realm, even when whether or not it succeeded in doing so was 
controversial. 

It gives me great pleasure to record my thanks to the many peo- 
ple who have helped me in the writing of this book. My greatest 
debt is to Andrew Barker, who supervised the doctoral thesis on 
which it is based, and whose continued interest, encouragement 
and critical engagement were immensely helpful not only during 
the initial research but also during the final revisions of the book, 
and at countless points in between. I also benefited greatly from the 
comments and advice of my doctoral examiners, Charles Burnett 
and Niall Livingstone, many of whose questions and ideas have 
caused me to rethink my interpretations of the ancient evidence and 
reshape my arguments about them in this book. G. E. R. Lloyd was 
especially generous in reading the entire manuscript twice in differ- 
ent versions and offering detailed and challenging suggestions for 
its improvement, particularly in the development of comparisons 
between harmonics and other ancient sciences. I am also grate- 
ful to Alan C. Bowen, Peter Merten, Nathan Sidoli and Malcolm 
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PREFACE 


Wilson for reading sections of the book in draft and for correct- 
ing some of my more egregious misunderstandings of astronomy 
and physics. For their invitations to present papers related to the 
research for this book, I should like to thank John Beatty, Sylvia 
Berryman, Robert Daum, Ingrid Holmberg, Donatella Restani and 
Gordon Shrimpton. Maya Yazigi answered my questions about the 
Arabic text of Diocles’ On Burning Mirrors; Colin Gough helped 
me to understand the physics of sympathetic vibration; and Leonid 
Zhmud corresponded with me about Duris of Samos and the early 
history of the monochord. I have also benefited from discussions 
with Sylvia Berryman, Lisa Cooper, C. W. Marshall, Hallie Mar- 
shall, Francesco Pelosi, Massimo Raffa, Eleonora Rocconi and 
Robert B. Todd. 

Final revisions to the manuscript were carried out during a 
period of research leave generously granted by the University of 
British Columbia, part of which was spent at the Scuola Normale 
Superiore in Pisa. I am especially grateful to Chiara Martinelli 
and Glenn Most for their invitation to spend what was a very 
productive time there, and also to Adrian Hasler for providing a 
similarly ideal (if very different) research environment during the 
previous summer. For their patience and assistance I thank Michael 
Sharp and Elizabeth Hanlon at Cambridge University Press, and 
for her care in copy-editing a demanding typescript I thank Linda 
Woodward, whose knowledge of the subject was as helpful as her 
attention to detail. I have received support of many kinds from my 
family, especially my parents, who read and commented on parts 
of the book, and above all my wife, Maggi, whose readings of 
many drafts saved me from errors too numerous to mention, and 
without whose constant interest, affection and assistance the book 
could not have been written at all. 
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INTRODUCTION: THE GEOMETRY OF SOUND 


It is the very same taste which relishes a demonstration in geometry, that is 
pleased with the resemblance of a picture to an original and touched with the 
harmony of music. All these have unalterable and fixed foundations in nature, 
and are therefore equally investigated by reason and known by study; some with 
more, some with less clearness, but all exactly in the same way.' 


Musical sounds are elusive things. They are among the most 
ephemeral of the objects of human perception and the productions 
of human art. Not even a single musical phrase, let alone an entire 
melody, is accessible to the ear all at once, as a painting is to the eye. 
But this is only one of the difficulties. Even when musical sounds 
are considered in isolation, they remain extraordinarily resistant 
to analysis. Each of us, as much today as in antiquity, recognises 
some sounds, and some combinations or sequences of sounds, as 
more musical, more beautiful, more concordant than others, but we 
may also find it difficult to say precisely what makes them so, or to 
define these categories in a way that will account for differences of 
individual taste, culture, or the age in which we live. Determining 
to what extent categories such as the ‘musical’, the ‘beautiful’ and 
the ‘concordant’ overlap presents even greater challenges. 

One approach to the problem of defining and explaining musical 
beauty is to assume that the realm of music is not unique or self- 
contained, and that when we judge sounds as beautiful, we do so 
on the basis of a broader definition of beauty which applies to 
other perceptible things as well. Claudius Ptolemy (fl. AD 146-c. 
170), one of the best representatives of this view among those 
who wrote on harmonics in Greek antiquity, argued that of all 
the senses, hearing and sight are the most closely connected to 
the faculty of reason, and that this accounts for the fact that while 


I z . ~ 
Joshua Reynolds, Discourses on Art, discourse VII, delivered to the Students of the Royal 
Academy, on the Distribution of the Prizes, 10 December 1776. 





INTRODUCTION: THE GEOMETRY OF SOUND 


other senses take pleasure from their objects, sight and hearing 
alone find beauty in them: a smell may be fragrant, a taste may be 
delicious, a thing may be soft to the touch, but only a sight or a 
sound can be beautiful.^ Thus when the fifth-century BC sculptor 
Polyclitus locates beauty in proportionality (symmetria), by which 
he means the proportional relationship of parts to one another and 
to the whole,’ the student of music who accepts this thesis will say 
that beauty in music must arise from some sort of proportionality 
between sounds. If our student of music also accepts Ptolemy's 
view, he will say that we can appreciate beauty in music because 
hearing, like sight, communicates more directly with the faculty of 
reason than the other senses. Beauty, then, will be a kind of rational 
judgement made through our two most rational senses. And one 
way to extend the argument into the realm of music is to suggest 
that musical sounds are more beautiful than non-musical ones. 

Without this set of preliminary assumptions, the thesis that musi- 
cal sounds are musical in virtue of being proportional seems almost 
laughable. One reason for this is that proportion, in Polyclitus' 
sense at least, is something we identify and assess primarily with 
our eyes: we can look at a polygon drawn on a board and say 
at a glance whether it is a square or a rectangle (a proportional 
judgement, and readily definable as such). But the gap between 
visual and aural judgement seems unbridgeable, because there are 
no sounds which exhibit proportion in the way we know it from 
sight. Sounds can differ in timbre, in pitch, in volume, in duration — 
all of which are perceived as qualities except the last. The quanti- 
tative differences of duration constitute musical rhythm, which is 
the only proportionality in music directly accessible to perception. 
since the same verse can be either spoken or sung in identical 
rhythm, however, and since only the latter would be counted fully 
musical by most people, the study of rhythm alone does not answer 
the question of what makes sounds musical. So we require a new 
starting point. 

In spring, before the leaves come out in the hardwood forests 
of south-western Ontario, the ground is blanketed with the white 


Ptol. Harm. 5.19—24, 93.1 1—94.1. 
~ For example, of fingers to hand, hand to forearm, forearm to arm, and so on: Polyclitus 
ap. Gal. De plac. Hipp. et Plat. V.3 (= DK 40 A 3). 
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three-petalled wildflower called the trillium. It is a beautiful sight, 
but saying precisely why can be as difficult as explaining why 
a melody is beautiful. We could perhaps list some of the visi- 
ble aspects of trilliums that must contribute to their beauty: their 
shape, their colour, their texture, the curl of their petals. But it 
is hard to get further, partly because the beauty we assess with 
our eyes, like the beauty we assess with our ears, seems to arise 
from many factors in combination. One approach, then, might 
be to narrow the focus and consider one factor in isolation. Sup- 
pose for the moment that we select a single trillium, and ignore 
all the things that make it beautiful that have nothing to do with 
its shape. Doing this requires restricting our vision: we might con- 
template a black-and-white photograph of a pressed trillium, and 
find that it is still beautiful. Why? Ptolemy would probably say 
because of its various manifestations of symmetria (commensura- 
bility, proportion): literally, the ways in which its parts measure 
each other.^ The idealised trillium (more perfect than any individ- 
ual specimen we might obtain) has three petals of identical size and 
shape, whose points trace the outline of an equilateral triangle, the 
simplest and most symmetrical polygon. Polyclitus would proba- 
bly say that this sort of basic mathematical structure is what makes 
works of art beautiful too. The hunch was that music, when it is 
beautiful, is so because it participates similarly in the mathemat- 
ics of nature. But because proportion is a visual concept, sounds 
must somehow be rendered visible in order for us to investigate 
their proportionality. This can only be done indirectly, by assess- 
ing the dimensions of the physical objects that resonate when 
sounds occur. Some of these objects do not immediately appear 
to possess proportionality (the human vocal organs, for instance); 
others do (panpipes). The key, then, is to remove all the factors 
which cannot lead to an investigation of proportionality, like colour 
and texture for the trillium: we need an instrument that will pro- 
vide a black-and-white photograph of pressed sounds. This is the 
monochord. 

In Greek the instrument was called, simply, the *measuring-rod' 
(kanon). It consisted of a single string stretched over a soundbox 


t See e.g. Ptol. Harm. 92.27—30. 
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whose surface could be marked with measurements, like a ruler. 
Fixed bridges at either end raised the string above the ruler, and 
a movable bridge allowed the string to be divided at any point in 
between. As long as the string was uniform, the only factor which 
could now contribute to its pitch was the length of the plucked sec- 
tion: thickness, tension and linear density were controlled. Divide 
the string in half by placing a movable bridge at its mid-point, and 
the half-length will sound a note an octave above that produced 
by the whole length. Here are proportion and musical beauty in 
one place, for the octave is (and was also for the Greeks) a privi- 
leged interval in music, and no matter where we construct it on the 
string, the lower note will always take twice as much length as the 
upper one. Thus we could say that the ratio of the octave is 2:1. 
Likewise, a division into two thirds generates the fifth (3:2), and 
one into three quarters produces the fourth (4:3). Musical relation- 
ships are now quantifiable, and just as the musician can say that a 
fourth and a fifth together make an octave, the mathematician can 
say that 4:3 x 3:2 — 2:1. The proportions which appear to underlie 
these three fundamental concords are all to be found in the first 
four numbers, 4:3:2:1. The special character of certain musical 
intervals, otherwise accessible to perception only as qualities, now 
opens itself to enquiry in the realm of arithmetic: one can attempt 
to define what makes musical concords concordant on the basis of 
their mathematical properties alone. This was the approach taken 
by a number of Greek musical writers, the earliest of whom were 
associated with the Pythagoreans. 

In order to investigate music by means of ratio and proportion, 
therefore, the scientist needs to make sacrifices. Questions about 
how timbre and volume contribute to what is beautiful in music 
cannot be addressed; the causes of these attributes will be puz- 
zled out in the science of acoustics. Questions of rhythm, too, will 
constitute a separate branch of investigation. The field of enquiry 
is narrowed to questions about the relationships between pitches 
in music, and because the questions have been framed in terms 
of proportion, these relationships will be further limited to those 
which can be expressed as a ratio of numbers. Indeed, those which 
cannot be so expressed will be considered unmusical: proportion- 
ality itself then becomes a condition of the musical. One of those 
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who took this view was Adrastus of Aphrodisias, who wrote on 
music in the second century AD: 
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grè u£v OUV TOV &AÓy ov GAOYo! kal &kueAeis YiVOVTAl YO@ol, CUS OUSE PUOY yous 
xen KOAEIV kuptoos, Tous SE póvov, UTTO SE TOV Ev AÓyois Tlol Trpós GAAT|AOUS 
TTOAAATIAAO IONS Ñ &ripopíors 1] ATTAGS àpiOpoU Tpòs &piOuóv &upeAeis Kai kupícos 
Kal i8ícos 90óyyot. 


Under irrational relations noises are irrational and unmelodic, and should not 
strictly even be called notes, but only sounds; but under relations that place them 
in certain ratios to one another, the multiple or the epimoric or simply that of 
number to number,> they are melodic, and are strictly and properly notes.? 


Multiple ratios are those in which one term is a multiple of the 
other (mn:n); the ratios of the octave (2:1), octave plus fifth (3:1) 
and double octave (4:1) are of this form.’ Epimoric ratios are those 
which have a ‘part (morion) in addition’: that is, the greater term 
exceeds the smaller by a simple part of the smaller ((m + 1):5); 
the ratios of the fifth (3:2), fourth (4:3) and tone (9:8) are of this 
form. ‘Number to number’ ratios are those whose terms have no 
special relationship; the most common example is the interval left 
over when two tones are taken away from a fourth. This is the 
so-called /eimma (‘leftover’), an interval slightly smaller than half 
of a tone, whose ratio is 256:243.? 

Adrastus calls this last category ‘number to number’ because 
this is the way such ratios are referred to in Greek: the /eimma is 
‘the (ratio) of 256 to 243” (6 r&v ove Trpds và ouy’ (Adyos)).!° 


An arithmos is something slightly different from what we mean by the term ‘number’: 
in Greek terms, it is ‘a plurality (plethos) composed of units’ (Euc. El. VII def. 2); in 
our terms, this means a positive integer greater than one. Thus ‘ratio of numbers’ in the 
Greek sense excludes a quantity such as tr (the ratio of the circumference of a circle to 
its diameter, two incommensurable magnitudes). 

Adrastus ap. Theo. Sm. 50.14-19, trans. Barker 1989: 214. 

” Octave plus fifth: 2:1 x 3:2 — 3:1. Double octave: (2:1)? — 4:1. These are often referred 
to as compound ratios. Here and throughout the book I avoid the modern names for 
intervals greater than the octave in favour of those used by Greek authors (I write 
‘octave plus fifth’, for example, rather than ‘twelfth’). 

Just as the tone is the interval by which a fifth exceeds a fourth, so too 9:8 — 3:2 — 4:3. 
Note that the definition is more exact than the expression (n + 1):n in that it excludes 
2:1, Which is not an epimoric ratio but a multiple: see Theo. Sm. 76.21—77.2. The Latin 
writers translate the term superparticularis, *superparticular'. 

4:3 + (9:8)? = 256:243. 

Number to number ratios are also called ‘epimeric’ (&rripepi]s): see e.g. Theo. Sm. 78.6. 
The Latin equivalent is superpartiens, ‘superpartient’. 
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This marks an important difference between Greek usage and ours, 
and it is a linguistic difference with ideological consequences. The 
privileged status of multiple and epimoric ratios is reflected in the 
fact that they can be expressed in a single word. Just as we can 
say 'duple' for 2:1, ‘triple’ for 3:1 and ‘quadruple’ for 4:1, Greek 
authors could also say ‘hemiolic’ (literally *half-and-whole") for 
3:2, ‘epitritic’ (literally ‘a quarter in addition’) for 4:3, 'epogdoic' 
for 9:8. This usage was not limited to ratios with smaller terms: the 
27:1 ratio, for example, is &rrrokaüeikoorrAGo!10s; the 17:16 ratio 
is €gexkaidexatos.'' The fact that the proportions found in the 
first four numbers (4:3:2:1) correspond to intervals which Greek 
musicians unanimously identified as concords was thus taken as 
an indication that the special status of these intervals reflected a 
broader principle which could be seen in the simplicity of the ratios 
and of the form of their expression. 

Investigating music within these parameters means studying 
the different combinations and arrangements of intervals which 
arise in music with the ratios always in view. The science which 
pursued this investigation was concerned with the mathematical 
‘fitting-together’ (harmonia) of the constituent notes and intervals 
of music. Aristotle called it ‘mathematical harmonics’, to distin- 
guish it from ‘hearing-based harmonics’ ,'* for the thesis that musi- 
cal intervals acquire their particular qualities through the ratios to 
which they seem to correspond was not uncontroversial in antiq- 
uity. Those who had investigated music before Aristotle had done 
so in a variety of ways, not all of which are clear to us now from 
the surviving remnants of their work. But for Aristotle this variety 
could be condensed into a single dichotomy: some prioritised the 
mathematical aspects of the study of harmonia, and others priori- 
tised the audible aspects. Aristotle called the former *mathematical 
harmonicists’, or more literally, ‘those who investigate harmonics 


&rrrakaüetKootrrAGo10s: Nicom. Harm. 260.17; €pexkaidéxatos: Adrastus ap. Theo. Sm. 
69.15. The more common way of writing epimorics with larger terms is just as brief: 
e.g. Ó &rri ig for 17:16 (Ptol. Harm. 24.12). Readers familiar with Boethius and the 
Latin tradition will recognise ‘hemiolic’ as 'sesquialter', ‘epitritic’ as ‘sesquitertian’ 
(sesquitertius) and ‘epogdoic’ as 'sesquioctave' (sesquioctauus). 

&ppoviki) fj TE poOnjparriki] Kal 1) KATH THY &korjv, An. post. 79a1—2; with the former 
cf. Metaph. 997b21. 
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according to numbers'.'? The hearing-based harmonicists, he says, 
know ‘the fact that’ (to óv1), but the mathematical harmonicists 
know ‘the reason why’ (TÒ 51071), for the mathematical scientists 
‘are in possession of the demonstrations of the causes’ .'4 

Later in the same text (the Posterior Analytics), Aristotle lists 
some of the concerns of mathematical harmonics: 
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qí 201 OULPOVIA; Aóyos APIOUV Ev gel Kal Papel. Sià TI ouuqovei TO OFU TH 
Bapei; Sià TO Aóyov exelv apiOydov TO O€U Kai TO Bapú. ap EoTI OULPoovElV TO 
6€U Kal TO Papu; ap EoTiv &v &piOpols ó Aóyos aUTOOV; Aapóvres OT EOTI, TIS 
oUv goTiv Ó AÓyos; 

What is concord? — a ratio of numbers between the high-pitched and the low- 
pitched. Why does the high-pitched form a concord with the low-pitched? — 
because the high-pitched and the low-pitched stand in a ratio of numbers. Does 
there exist a concord between the high-pitched and the low-pitched? — Is their 
ratio in numbers? Granted that it is, what then is the ratio?'? 


This book is about the monochord and its use within the tradition 
of mathematical harmonics, from the instrument's first appearance 
to the Harmonics of Claudius Ptolemy. The chronological scope 
of the book is defined in two ways. Firstly, it is in Ptolemy's work 
that the monochord receives its fullest, most detailed, most cre- 
ative and methodologically rigorous treatment in antiquity. There 
are a number of important ancient witnesses who followed him: 
his earliest commentator, Porphyry, for one, and Boethius, whose 
De institutione musica transmitted the instrument and its use to 
the Latin West. But Porphyry is in some ways more helpful for 
his testimony about those whose monochord-informed harmonics 
preceded Ptolemy, and Boethius contributes little to the subject 
that is new.!Ó Secondly, the history of the monochord in the Mid- 
dle Ages has been written by others. Boethius’ treatise has been 
studied both from the point of view of mediaeval music theory 
and from that of its Neoplatonic background,"’ and the uses of the 


? oi Kater Tous &piOpous &ppovikol, Top. 107a15-—16. * An. post. 79a2-4. 
> An. post. 90a18—23, trans. Barker 1989: 70-1, following Ross’ reading (èv €ei koi 
, Papel) rather than Bekker's (èv ó&ei 1) Pape) in 9oar9. 
° The instrument also appears in the work of Aristides Quintilianus (possibly third century 
, AD), Gaudentius (possibly fourth century AD) and many Latin authors of late antiquity. 
" See especially Bower 1989, Heilmann 2007. Mathiesen (1999: 629-36) gives an 
overview of the work. Barbera (1991) examines Boethius’ transmission of a version 
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monochord in the Latin West from Boethius to 1500 have been 
exhaustively treated. An area which is still in need of further 
Work is the Arabic tradition. The most important items among the 
Greek literature on the monochord were known to Arabic music 
theorists of the ninth and tenth centuries, who added to the tradition 
by adapting the instrument to a new theoretical context, but this 
important aspect of its mediaeval legacy has been little studied.'? 

The aim of the book is to contextualise the monochord and its 
use within this chronological scope on four levels. The first, and 
narrowest, is mathematical harmonics: I shall attempt to establish 
when the instrument first came into use (toward the end of the 
fourth century BC, I shall suggest, although we cannot be certain); 
who among early mathematical harmonicists used it, and who did 
not; what mathematical harmonics could be done without it; and 
what it contributed to the science when it first appeared. 

The second level is Greek harmonics more broadly. Aristotle's 
statement that it is the mathematical scientists who are in posses- 
sion of the demonstrations of the causes, and the implied superi- 
ority of the mathematical approach to harmonics which follows 
from this, was challenged by two of his students, Aristoxenus and 
Theophrastus. Aristoxenus did not go so far as to deny that cer- 
tain ratios can be found in the physical dimensions of instruments 
when they produce certain intervals, but he denied absolutely the 
value of such observations for the study of musical theory. We do 
not perceive music quantitatively, he argued, and so our science 
must be carried out in the realm of what we do perceive. Further- 
more, pursuing the study of music on the authority of perception 
does not require relegating reason to a negligible role, nor does 


of a short Hellenistic treatise on monochord division (the Sectio canonis); related 
issues (including Boethius’ transmission of Ptolemy) are considered by Bowen and 
Bowen 1997. 

The first strides forward were made by Wantzloeben (1911); more work was done by 
Adkins (1963, 1967). Other contributions followed: e.g. Hughes 1969, Lindley 1980, 
Brockett 1981, Herlinger 1987, Pesce 1999 and especially Meyer 1996. See Herlinger 
2002 for a summary of the literature on the monochord in the Middle Ages. 

The most important theorists in this tradition are Al-Kindi (ninth century) and Al-Farabi 
(tenth century), who knew many of the important Greek harmonic texts which have 
survived to modern times, including Ptolemy's Harmonics. See Barbera 1991: 7-8 and 
Mathiesen 1999: 610-11 for brief accounts; the sources are listed by Shiloah (1979 and 
2003). 
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it necessarily fail to demonstrate the causes of things to do with 
music: the third book of what survives as his Elementa harmon- 
ica is concerned almost exclusively with giving demonstrations, 
in Aristotle’s sense of the word, of things to do with melodic 
succession.”° The reason Aristoxenus’ non-rational approach to 
harmonics (by which I mean merely ‘not thinking about intervals 
as ratios’, rather than “‘unreasoned’) is so important to the history 
of the monochord is that it provoked a counter-attack: this came in 
the form of a very short treatise called The Division of the Mono- 
chord (usually cited by its Latin title, Sectio canonis), in which 
the instrument made its first appearance in Greek literature. It is 
attributed, insecurely, to Euclid, but is probably to be dated to his 
generation (c. 300 BC).^! It consists almost entirely of demonstra- 
tions of the primary theorems of mathematical harmonics, some 
of which are formulated in such a way as to refute specific rival 
arguments of Aristoxenus. That the vindication of the mathemat- 
ical approach brought the monochord into the literature of music 
theory for the first time is significant: from its first appearance it 
was a polemical instrument as much as a musical one. And yet in 
later centuries, as harmonic theorists sought in different ways to 
bring the rival traditions together and combine their inheritances, 
the monochord also appears in a mediating role. 

The third level is Greek mathematics. The arguments of the 
Sectio canonis are framed in the formulaic language of Euclidean 
arithmetic: they rely on theorems demonstrated in the arithmeti- 
cal books of Euclid's Elements (V, VII-IX), and they employ a 
similar style of presentation. More specifically, they prove propo- 

| sitions in arithmetic through constructions in geometry: simple 
constructions, in which numbers are represented as line segments, 
and ratios as the relationships between their lengths. The mono- 
chord comes to participate in this presentation, for it makes the 
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^ El. harm. III contains twenty-three theorems set out as ‘proofs’ or ‘demonstrations’ 
(apodeixeis). It is now generally accepted that the text of the Elementa harmonica as we 
have it is a combination of more than one original work: see Mathiesen 1999: 294—334. 
Gibson 2005: 39-75. For a recent attempt to delineate its ancient components and their 
relationships, see Barker 2007, ch. 5; for the unitarian position, see Bélis 1986, ch. r. 
Besides the authorship of the treatise, its date and unity have been the subject of 
significant debate. These issues will be discussed in chapter 3. The monochord is attested 
independently in a fragment of Duris of Samos (c. 300 BC); this will be examined in 
chapter 2. 
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connection between ratios and intervals by means of simple geo- 
metrical constructions. A ratio can only be heard as an interval if 
it can first be represented as a relationship between two segments 
of string. Viewed from the level of mathematics, the instrument is 
a kind of extension of the diagrams used in Euclidean arithmetic, 
and its use in mathematical harmonics is consequently limited in 
ways that also limit the arithmetical use of geometrical diagrams. 

The fourth level is Greek science more broadly. Here I have 
had to be selective. The third level raises questions about how 
instruments are incorporated into the methods of sciences other 
than harmonics, and what such a comparison can tell us about 
the role of the monochord as a scientific instrument. What, if 
anything, is unique about the way it mediates between the sensory 
and intelligible realms? If there is anything unique about it, what 
effect does this have on the way it was used by Greek harmonicists, 
and on the development of their scientific methods? To frame 
preliminary answers to these questions (the eligible material is 
vast, and what I offer here is only a start), I have chosen a pair of 
astronomical instruments discussed by Ptolemy in his A/magest, 
and have compared his introduction of them with his introduction 
of the monochord in the Harmonics. 

When a geared calendrical device was found in an ancient 
shipwreck off the Greek island of Antikythera in 1901, it was 
a scientific instrument without a literature. The complexity of 
the Antikythera mechanism came as a surprise to students of 
ancient science and technology, because such a level of mechanical 
sophistication could not have been inferred from surviving Greek 
literature.** The monochord, by contrast, is an instrument with- 
out an archaeology. Because its history must be written entirely 
from books, there are a number of things we cannot know about 
its earliest incarnations: their dimensions, the materials of their 
construction, and so on. But what we can be more certain of are 
the uses to which it was put, so far as these are described for 
us by Greek authors. Precisely how the Antikythera mechanism 
functioned, and what exactly it was designed to do, are matters of 


^ On the Antikythera mechanism, see especially Price 1974; Bromley 1986; Freeth, 
Bitsakis et al. 2006; Freeth, Jones et al. 2008. 
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ongoing investigation. What the students of both instruments share, 
however, is the frustration of a silent record. Neither instrument 
can be assumed in a context where it is not explicitly mentioned, 
and this poses particular difficulties for the dating of the mono- 
chord's invention. It remains untraceable prior to about 300 BC, and 
yet all the fundamental theorems of mathematical harmonics had 
apparently been articulated in some form by this date. A persis- 
tent tradition that Pythagoras invented it surfaces for the first time 
around AD 100; if true, it would place the instrument’s invention 
no later than the beginning of the fifth century BC. Responses to 
this tradition have varied in modern scholarship. Some have taken 
it at face value; on this hypothesis the instrument would have a 
roughly two-century prehistory before its first literary appearance. 
Others have been inclined to date its invention much later, later 
even than Euclid (on the argument that the Sectio canonis is at least 
in part a post-Euclidean document). I shall suggest that neither of 
these extremes is the result of a fair appraisal of the evidence 
(what little there is), and in the process I shall argue first that the 
late tradition which makes Pythagoras the instrument's inventor is 
unreliable and should be disregarded altogether, and second that 
no surviving account of harmonics before the death of Aristox- 
enus (in the late fourth century BC) presupposes the monochord's 
existence. 

The book is in six chapters, the last five of which proceed in 
chronological order. My goal in the first is rather different. Since 
the documentary evidence for the monochord in the period I have 
chosen is framed by two important texts, the Sectio canonis and 
Ptolemy's Harmonics, and because these texts (despite their many 
differences) share some common features in their presentation of 
mathematical and harmonic argument, they provide a basis on 
which to compare the monochord with a number of other mathe- 
matical and scientific tools. Thus I shall begin by attempting to con- 
textualise the monochord in the third and fourth levels mentioned 
above: as a mathematical device, and as a scientific instrument. 
Specifically I shall try to show how the monochord sits, somewhat 
precariously, between the disciplines of arithmetic and geome- 
try, and how its roles in harmonic argument share affinities not 
only with those of other scientific instruments (among which the 
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abacus, compasses, ruler, armillary sphere and parallactic instru- 
ment), but also with those of diagrams and tables. 

In chapter 2, ‘Mathematical harmonics before the monochord’, 
I shall turn to chronology, and to the more narrow concerns of 
the first level of context outlined above. Here the task will be to 
establish, as far as possible, when the instrument might first have 
appeared, and what kind of arguments were advanced in math- 
ematical harmonics without it. My conclusions will be primarily 
negative: the pioneering work in the field appears to have been done 
without the instrument, and two of the authors most widely credited 
with monochord use, Philolaus and Archytas, probably predated 
the instrument. On the other hand, these negative conclusions 
shed light on just what proportion of a science's principal doctrines 
and methods can be developed without demonstrations on the 
instruments that lend them the greatest degree of irrefutability. 

The aim of chapter 3 is to show what the introduction of the 
monochord, and particularly its use in the Sectio canonis around 
300 BC, owes to fourth-century developments in harmonics, acous- 
tics and mathematical argumentation. It is clear that instruments 
of various sorts had been employed in harmonic demonstrations, 
with varying degrees of rigour, by the middle of the fourth cen- 
tury; indeed the first such procedure was reportedly carried out in 
the early fifth century by Hippasus of Metapontum. One of the 
features of the monochord which gives it particular demonstrative 
force is that it makes its quantities visible through measurable 
linear distances. A problem with this presentation is that harmoni- 
cists who wish to claim that the ratios of these distances possess 
some abstract reality (that an octave, for example, somehow ‘is’ 
2:1 because the instrument displays these ratios when an octave 
is produced on it) come up against the difficulty of explaining the 
causes of pitched sound in a way that will allow them to argue about 
the exact magnitudes of intervals in the realm of arithmetic. For 
the uncomfortable fact is that not all musical instruments appear to 
display the same ratios when the same intervals are sounded on 
them; some do not appear to display ratios at all. The monochord- 
theorist must attempt to show that the ratios his instrument displays 
are essential to the identity of the interval itself, and not merely an 
attribute which appears here and not there. This is perhaps the area 
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in which Greek harmonicists were consistently at their weakest, 
but the fact that strings were a hot topic in the acoustical debates 
of the fourth and third centuries, and that the author of the Sectio 
canonis manages one of the best attempts at this problem in Greek 
antiquity, shows the extent to which it was an important aspect of 
the development of a scientific method for the monochord. 

Chapter 4 deals with one author, Eratosthenes, who wrote about 
harmonics, among many other subjects, in the late third century 
gc. He warrants a chapter to himself simply because he is the only 
securely datable author between the Sectio canonis and Thrasyllus 
(d. AD 36) who is credited with publishing a ‘division of the mono- 
chord'. The question I address in this short chapter is whether this 
required the monochord at all. The answer is not straightforward, 
partly because we have only two brief testimonia which shed any 
light on Eratosthenes' reputed 'division of the monochord', and 
partly because the most likely interpretation of this division (or 
divisions, as I shall suggest) involves mathematical absurdities 
which cloud the picture even further. I shall offer Eratosthenes 
a method, built out of ingredients he himself devised, by which 
he might have employed the monochord in order to produce the 
ratios attributed to him, but this will only serve to highlight the 
impossibility of proving the instrument's place in the project of an 
author who either did not mention it, or whose discussion of it no 
longer survives. 

Chapter 5 covers the period between Eratosthenes and Ptolemy, 
during which mathematical harmonics came to be called *mono- 
chord science’, or ‘canonics’ (kanonike). The language and prac- 
tice of canonics at this time reveal several important aspects of 
the relationship between the instrument and its science. Several 
authors, beginning perhaps with Ptolemais of Cyrene, address the 
question of how to define the various approaches to harmonics 
taken by theorists of different persuasions. One answer was that 
they placed differing degrees of emphasis on either reason or per- 
ception. Some were concerned so completely with the evidence 
of perception that they could hardly be counted theorists at all; 
others treated harmonics as a purely mathematical discipline and 
paid no attention to the evidence of perception. Within this scheme 
the ‘canonicists’ (kanonikoi) emerge as a group whose particular 
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brand of harmonics requires the active participation of both fac- 
ulties, and the monochord itself is identified as the link between 
them. The defining activity of their science was 'canonic division’ 
(kanonos katatome), a term which appears to designate a number 
of closely related operations. At its simplest, it constituted the 
bridging of the instrument's string in predetermined locations so 
as to exhibit the ratios of the most elementary of the musical inter- 
vals (at minimum, the octave, fifth and fourth; sometimes also the 
tone). At its most complex, it involved marking the ruler (kanon) 
with bridge positions corresponding to all the notes of a complete 
scale-system of two octaves' range. 

The emphasis on reason and perception raises difficulties of two 
sorts. The first is that if reason is taken to dictate that ‘concord’ is 
in fact a mathematical category, and that it includes only multiple 
and epimoric ratios, then while it will accept the fifth (3:2) and 
the octave plus fifth (3:1) as concords, it will reject the octave 
plus fourth (8:3) even though it will accept the fourth (4:3). This 
proved to be one of the most difficult and contentious issues in 
mathematical harmonics, and one of the authors of this period 
who makes the most determined attempt to include the 8:3 inter- 
val among the concords unaccountably omits it from a canonic 
division which includes all the other concords within a two-octave 
range (this is Adrastus). The second difficulty is that the instrument 
can only be construed as a link between reason and perception if 
the quantities it represents acoustically are exactly what reason 
prescribes. In a badly argued objection to the possibility of divid- 
ing the tone into exactly equal semitones, Adrastus contends that 
since the monochord's bridge must always have some width, the 
two string segments it generates will not add up to the one length it 
was supposed to divide: the sum of the two segments will always 
be less than the whole by an amount equal to the width of the 
bridge. Within Adrastus' own argument the objection fails, but 
nevertheless it raises a larger problem: whether canonic division 
can really do what it claims to do. 

This difficulty was apparently not addressed seriously until 
Ptolemy tackled it. Chapter 6 is about Ptolemy's canonics, which 
included for the first time a concerted effort to establish the reli- 
ability of the monochord and related instruments. Also for the 
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first time, the instrument appears not only as a means of demon- 
strating rationally conceived intervals to the ear, but also as a 
means of testing whether these ratios are in fact acceptable to 
sense-perception. The roles of reason and perception in harmonic 
science are nowhere more clearly articulated in antiquity than in 
Ptolemy's treatise, and one of the consequences of this emphasis 
is Ptolemy's insistence not only that the ear must be allowed to 
judge the attunements of reason, but that the only way it can do 
so reliably is to hear them in the context of melodies, where it 
can recognise their true character. This is something for which the 
monochord is ill qualified: some advances in monochord-playing 
technique developed by the Neronian harmonicist Didymus mit- 
igate some of its most obvious defects, but this does not satisfy 
Ptolemy. His solution is to build more complex kanones: first with 
eight strings, then with fifteen. He develops these further with 
ideas gleaned from an attempt to improve on an instrument called 
the helikon inherited from ‘the mathematicians’. 

Ptolemy’s canonics is characterised by two features which set 
it apart from earlier approaches to the science: one is his attention 
to the practical details of the instruments" construction; the other 
is his geometricising of the instruments, both in their presentation 
and in the demonstrations of their accuracy. The fundamental pos- 
tulates of the science are still firmly governed by arithmetic, but 
the instruments themselves are in Ptolemy's hands more clearly 
geometrical than they had ever been. 

This study owes much to the work of others. Andrew Barker's 
annotated translations of the most important texts (Greek Musi- 
cal Writings, vol. II, 1989) are in many ways a foundation for 
much of what I have attempted, and his detailed discussions of the 
instruments in Scientific Method in Ptolemy’s ‘Harmonics’ (2000) 
have been a point of departure for many of my arguments about 
Ptolemy.^? André Barbera's work on the Sectio canonis, partic- 
ularly his edition of the three branches of the textual tradition 
(The Euclidean Division of the Canon, 1991), has been indispens- 
able, and although I have disagreed with some of his conclusions, 
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Equally important to this book are his discussions of Philolaus, Archytas, Aristoxenus 
and the Sectio canonis in The Science of Harmonics in Classical Greece (2007). 
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I have benefited greatly from his work on the document's transmis- 
sion and from the reshaping of the debate about its authorship and 
date which followed from this. Our understanding of two early 
Pythagoreans who worked on harmonics, Philolaus and Archy- 
tas, would be much less clear without the annotated editions and 
translations of Carl A. Huffman.?^ The case made by Reviel Netz 
for the centrality of the lettered diagram in Greek mathematical 
thinking (The Shaping of Deduction in Greek Mathematics, 1999) 
offered new avenues for exploring the relationship between instru- 
ments and diagrams in Greek harmonics. Two recent translations 
of Ptolemy's Harmonics by Jon Solomon (2000) and Massimo 
Raffa (2002) have contributed much to a growing body of litera- 
ture on what is indisputably the most important text for the history 
of ancient canonics.^? 


Some further preliminaries 


Several basic aspects of the monochord and its use have still to be 
addressed. One of these is the instrument's name, kanon; another is 
what a simple canonic division looks like; a third is how the process 
of canonic division was applied to the explication of Greek scales; 
a fourth is the structure of these scales and the names of their 
notes. Since these elements necessarily appear from time to time 
in the literature of canonics discussed in this book, readers may 
wish to have a brief survey of them here. My account of the Greek 
scale-systems aims not at completeness, but at utility: it could be 
extended, for example, to questions about the chronological devel- 
opment of these structures or about how closely they represented 
the attunements of musical practice, but is focussed instead on 
providing a summary of those elements which the reader needs 
in order to follow the discussions of notes, intervals and patterns 


^ Philolaus of Croton: Pythagorean and Presocratic (1993), Archytas of Tarentum: 
Pythagorean, Philosopher and Mathematician King (2005). 

Mathiesen (1999) includes many relevant and helpful interpretations of the literature 
of the instrument; see also the briefer summaries by West (1992: 240-2) and Landels 
(1999: 131-6). I regret that Fabio Acerbi's annotated translations of the complete works 
of Euclid (Euclide: Tutte le opere (Milan, 2007)), which include a critical introduction 
to the Sectio canonis and a Greek text, came to my attention too late to be taken into 
account when the book was being written. 
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of attunement that arise throughout the book, with suggestions for 
further reading. 

How did kanon come to mean ‘monochord’? The basic sense of 
the term is ‘straight rod’. In Homer it is used to refer to the staves 
which maintained the shape of a shield (//. XIII.407). Later it is 
applied to a variety of objects of which straightness and rigidity 
were defining factors: curtain-rods, bed-posts, poles, window-bars; 
also tools used for judging the straightness of things: a carpenter's 
ruler, straight-edge, measuring-rod, yardstick.?? In Epicurean phi- 
losophy the study of the criteria by which we can discern the 
truth of things from our senses came to be called kanonikon.*^? 
The musicological application of this vocabulary, (monochordos) 
kanon, '(one-stringed) ruler’, was taken by some ancient authors to 
reflect its philosophical usage. Panaetius the Younger, for instance, 
assumes that the musical kanon got this name ‘because it is a 
kriterion of [1.e. a means of judging] the quantity in the concords 
according to the sense of hearing'.?? Ptolemy says that it was 
named kanon because it straightens (kanonizein) *what is deficient 
in sense-perception with respect to the truth'.?? 

Gaudentius provides one of the simplest specimens of a division 
of the instrument. He places it in the midst of a fabulous account 
of the musical discoveries of Pythagoras: 
xopO1|v yap Telvas £rri kavóvos TIVOS Kai TOV kavóva IEA els uépn 1B", TIPGTOV 
p£v Tr&cav Kpouoos, TTA TO uiou AUTTS TO TO EE pepov, oúupwvov NUPIOKE 
TAV Tr&cav TH uice KATA Sid Trao óv: . . . Érrerrac r&oav Kal rà rpía pépr TTS 
Tr&oOT|s KpoUcas TO Sià TEOc pov EWPA oUpqQovov. rr&cav SE koi TA 600 pépr 
Tf|s Tr&o s KTUTITIOAS T1]v Sia TEVTE OULMooviav eUploket, Kal TAS &AAas ópotoos. 


When he had stretched a string on a kanon and had divided the kanon into 
I2 parts, he struck the whole string first, and then half of it (the segment 
corresponding to six parts), and discovered that the whole was concordant with 
the half at the octave... Next he struck the whole string and three-quarters of 
it, and perceived the concord of the fourth. He also sounded the whole string 


LSJ s.v. Kkavoov. 

See Striker’s discussion of the words kanon and kritérion in the context of Epicurean 
epistemology (1996: 31-2). 

éttel kprrrjpióv oTi TOU KATA Tijv aKoTV v Toig ouupæwvois yivogévou TrATGOUS, 
Panaetius ap. Porph. /n Harm. 66.22-3. 

Ta Tais aioðhosoiv év6éovra Trpoós TAV &Anoeiav, Ptol. Harm. 5.12—13. See also Oppel 
1937, Huffman 2005: 219-20. 
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and two-thirds of it and discovered the concord of the fifth, and the rest [of the 
concords] in similar fashion.?? 


The presentation of canonic division in Greek harmonic texts varies 
greatly according to the aims and assumptions of the author. Some 
are nearly as skeletal as this one; others are quite detailed. Among 
the latter are those whose focus is on the location of specific notes, 
as opposed to intervals, on the kanon, so as to map out a musical 
scale as a series of numerically designated bridge positions. 

Greek harmonic theorists called their scales systemata, 
'systems'. The smallest systema was the tetrachord, an attune- 
ment of four notes, the highest and lowest of which were always 
a fourth apart. All the larger systems were assembled out of tetra- 
chords, and so the internal arrangement of these four notes was 
considered to be of prime importance to all harmonic structures. 

The outer notes of a tetrachord were unalterable, but the two 
inner notes could be tuned in a number of different ways. The 
relative magnitudes of the three intervals internal to a given tetra- 
chord thus came to be seen as the source of its particular harmonic 
identity. Three broad categories (called gere, ‘genera’) had been 
identified by the fourth century Bc: enharmonic, chromatic and 
diatonic. There was no standard attunement to which each of these 
genera conformed; in fact, a significant amount of Greek har- 
monic literature is devoted to debates about how the genera should 
be tuned, and by what criteria each genus should be defined in the 
first place. These debates are further complicated by the fact that 
while mathematical harmonicists expressed a tetrachordal attune- 
ment (or 'division') as a series of three ratios, Aristoxenus and 
those who followed his approach expressed it as a series of three 
intervals quantified in tones and fractions of a tone, two forms of 
expression not easily comparable with one another. 

Among the genera, the chromatic and diatonic admitted the 
widest variety; there were named sub-categories such as the 'soft 
chromatic’ and the ‘tense diatonic’, and rival attunements of each. 
The number of possible tetrachords, therefore, was quite large. A 
rough idea of the difference between the three genera can be given 


30 ‘ . 
Gaud. 11 (341.13—17, 19-22). Translations, unless otherwise noted, are my own. 
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in the following scheme, which is derived from Aristoxenus. The 
enharmonic is characterised by two very small intervals, which 
Aristoxenus treated as quarter-tones, at the bottom of the tetra- 
chord; above it lies a much larger interval, often identified as a 
ditone (i.e. an interval equal to two tones). In the chromatic, the 
two lowest intervals were roughly a semitone each, leaving a larger 
interval of about a tone and a half above it. The lowest interval 
in the diatonic was approximately a semitone, with two larger 
intervals above it, each roughly a tone. In both the enharmonic 
and chromatic the two lowest intervals of the tetrachord could 
be described jointly as the pyknon, so called because they sound 
‘compressed’ (pyknos).°" 

One of the consequences of expressing intervals as ratios is 
that it is impossible to express exact semitones and quarter-tones: 
there is no ratio of numbers which will divide the ratio of the tone 
equally.?? This in itself was sometimes taken to indicate that a true 
*semitone' was not a musical interval at all, or even that such an 
interval could not exist. Mathematical harmonicists were therefore 
forced to adopt rational approximations of this interval, and one 
of the consequences of this necessity was that a tetrachord which 
would have been expressed (in descending order) as 'tone 4- tone 
+ semitone’ by a follower of Aristoxenus was represented instead 
by the ratios 9:8 x 9:8 x 256:243. (This particular example was 
sometimes called the 'ditonic' diatonic because of the combined 
magnitude of its two upper intervals.) 

A tetrachordal division, then, meant something slightly dif- 
ferent to a canonicist than it did to an Aristoxenian theorist, in 
that the ratios by which the tetrachord was defined provided a 
direct connection to the monochord. A scale built out of tetra- 
chords expressed as ratios could be constructed with precision on 
the instrument simply by calculating bridge positions as units of 
string length standing to one another in the prescribed ratios. The 


"^ Aristox. El. harm. 48.29—31. In order to sound ‘compressed’, these two intervals evi- 
dently had to be small enough in combination that they took up less than half of the 
tetrachord; Aristoxenus insists on this both times he defines the pyknon (El. harm. 

a 24.1 1—14, 50.15—I9). 

That is, /9:8 and 49:8 are not ratios of integers. (On what Greek authors meant by 
‘number’, see n. 5 above). 
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following is an example of one of the competing sets of tetra- 
chordal divisions recorded in this way: 


enharmonic chromatic diatonic 
5:4 6:5 9:8 

31:30 25:24 10:9 

32:31 16:15 16:15 


These are the tetrachords Ptolemy attributes to Didymus (Harm. 
II.14). Ptolemy offers several others, both his own and those of his 
predecessors. 

Tetrachords can be combined in several ways. Most simply two 
tetrachords can be put together with a tone to form an octave; 
the tone will either be above them, below them or between them. 
When two tetrachords are separated by a tone, they are said to be 
‘disjunct’; when the highest note of one tetrachord is also the lowest 
note of the one above it, they are said to be ‘conjunct’. A two-octave 
systema will suffice to contain all the possible permutations of a 
single-octave range, and so the theorists adopted a structure of 
this size which they called the Greater Perfect System. It could be 
schematised as follows: 


NETE HYPERBOLAION 
paranete hyperbolaion 
trite hyperbolaion 

NETE DIEZEUGMENON 
paranete diezeugmenon 
trite diezeugmenon 


PARAMESE 


tetrachord Ayperbolaion 


tetrachord diezeugmenon 


MESE tone 


lichanos meson 

parhypate meson 
HYPATE MESON 

lichanos hypaton 

parhypate hypaton 
HYPATE HYPATON ] 
PROSLAMBANOMENOS 


tetrachord meson 


tetrachord Aypaton 
tone 


In the scheme the note-names in upper-case letters indicate the 
‘fixed’ notes of the scale (in Greek hestdtes, ‘standing (notes) "), 
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while lower-case letters indicate the so-called ‘movable’ notes 
(kinoumenoi). The outer notes of each tetrachord, since they were 
always tuned a fourth apart, were consequently fixed; the inner 
notes were movable. Many different octave-scales were possible 
depending on which eight-note segment of the Greater Perfect 
System one selected, and the genus in which the movable notes of 
its tetrachords were attuned. 

The names of individual notes in this system were of some antiq- 
uity, though the system itself is a construct of the fourth century BC. 
Philolaus, writing in the fifth century, used the Doric forms Aypata, 
messa, trita and neata to indicate notes standing in the same rela- 
tion to one another as the Greater Perfect System's hypaté meson, 
mese, paramese and nete diezeugmenon. In discussions of the ear- 
liest theorists, I shall use the note-names of this central octave 
without the name of their qualifying tetrachord unless otherwise 
noted (i.e. I shall say ‘hypaté to nëtë’ rather than ‘hypaté meson to 
nete diezeugmenon' , or ‘lichanos’ rather than ‘lichanos meson’). 

Greek harmonic theorists also recognised the possibility of 
adding a tetrachord directly above mese without an intervening 
(or ‘disjunctive’) tone. This means replacing the tetrachord ‘of 
disjoined (notes)' (diezeugmenon) with a tetrachord ‘of conjoined 
(notes)’ (synemmenon). When this is done a smaller systema, 
called the Lesser Perfect System, is formed, with a range of an 
octave and a fourth. It could be schematised as follows:?? 


NETE SYNEMMENON 
paranete synemmenon 
trite synemmenon 
MESE 
lichanos meson 
parhypate meson 
HYPATE MESON | 
] 


tetrachord synemmenon 


tetrachord meson 


lichanos hypaton 

parhypate hypaton 
HYPATE HYPATON 
PROSLAMBANOMENOS 


tetrachord hypaton 


tone 


33 < ' n -— ; 
For full accounts of the systémata and their history, see particularly West 1992, chs. 6 
and 8; and Barker 1989: 11—27. 
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HEARING NUMBERS, SEEING SOUNDS: THE 
ROLE OF INSTRUMENTS AND DIAGRAMS 
IN GREEK HARMONIC SCIENCE 


Instruments belong most naturally to music, and diagrams to sci- 
ence. Plato’s Socrates confesses to Crito that he has been taking 
kithara lessons; he also guides a slave-boy toward ‘recollection’ 
of mathematical knowledge with the aid of a diagram.’ But instru- 
ments belong to science as well, and diagrams to music. Plato’s 
Timaeus says that to attempt to describe all the motions of the 
heavenly bodies without looking at models (mimemata) would be 
‘labour in vain’; Aristoxenus complains that his harmonicist prede- 
cessors made diagrams (diagrammata) to represent musical space 
without properly representing musical structures in the process.” 
The Euclidean Sectio canonis (Kanonos katatome, ‘Division of the 
monochord’ ), in presenting a diagrammatic exposition of a musi- 
cal instrument, occupies a key position at the intersection of music 
and science. Furthermore, if (as I shall argue) it is to be dated 
close to the time of Euclid himself, it is one of the two earliest 
texts which mention the monochord.? It was also a central text for 
later authors writing on mathematical harmonics; Porphyry quotes 
passages from it in his commentary on Ptolemy's Harmonics.* 
Ptolemy, too, made much use of both instruments and diagrams, 
not only in his Harmonics but in his other treatises as well, and in 
the Almagest most of all. 

The history of the monochord begins with the Sectio canonis, 
and this book attempts to trace it as far as Ptolemy. The aim 


— 


Kithara lessons: Euthd. 272c; diagram: Men. 82b—85b. 

Pl. Ti. 40d, Aristox. El. harm. 28.1. The term diagramma does not always refer to a 
diagram, but sometimes also to a geometrical proof, as at Arist. Eth. Nic. 1112b21 and 
An. pr. 41b14. In the latter case the proof is expressed by reference to a diagram, now 
lost; the two concepts are closely related in Greek scientific discourse. As David Fowler 
puts it, 'the word diagramma seems, in Plato and Aristotle, to refer ambiguously to either 
a geometrical figure or a proof’ (1999: 33). See LSJ s.v. 81aypauua r.a—b. 

The other is Duris FGrH 76r23 (discussed in ch. 2 part 2). On the date and authorship of 
the Sectio canonis, see ch. 3. 

Porph. /n Harm. 90.7—22, 99.1—103.25. 
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of this chapter is to preface the mainly chronological account of 
chapters 2—6 with an overview of the monochord's role in Greek 
scientific discourse and method in comparison with a select num- 
ber of other devices with which it shares some elements of simi- 
larity: mathematical diagrams of the type found both in Euclid's 
Elements and in the Sectio canonis, the armillary sphere and par- 
allactic instrument of Ptolemy’s Almagest, the astronomical and 
meteorological parapégma, and the numerical tables of Ptolemy’s 
Almagest and Harmonics. 

From this comparison I shall argue first that canonic division, as 
a scientific activity, is defined (and also limited) by mathematical 
as well as practical constraints, and that constructing and read- 
ing the diagram of the instrument is therefore an activity which 
is subject to the conventions of mathematics as well as of music. 
This is perhaps most apparent in the inability of mathematical 
harmonics ever satisfactorily to accommodate the equal division 
of the tone. Secondly, I shall argue that the monochord, as a kind 
of diagrammatic instrument, bridges the gap between the percep- 
tible and intellectual objects of its science in ways that are both 
similar to and different from those by which the instruments of 
astronomy perform the same task. This will be evident both in 
the way Ptolemy introduces instruments in the Harmonics and the 
Almagest, and from their relationship to the diagrammatic proposi- 
tions and the numerical tables in which they have an argumentative 
role. 


I Hearing numbers: arithmetic, geometry 
and canonic division 


Mathematical harmonicists took as one of their starting points 
the assertion that every musical interval corresponds to a ratio of 
numbers.? I have shown some of the consequences of the adoption 
of this premise already in the Introduction: irrational relationships 
were relegated to the world of mere 'sounds' at the earliest stage 
of musical thinking in the mathematical tradition, and the division 


? On the important difference between what was meant by arithmos and what we now 
mean by ‘number’, see Introduction n. 5. 
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of the tone into two equal semitones was declared to be impos- 
sible, because such an interval would be irrational and therefore 
unmusical.° Given any three notes generated by the lengths A, 
B, C of the same string, where A:C — 9:$ (the ratio of the tone) 
and A:B::B:C, B (the geometric mean or ‘mean proportional’ of 
A and C) will not be a number.’ In other words, 4/9:8 is irra- 
tional: the relationship between these quantities will not be found 
‘in numbers’. In fact, B will be incommensurable with A and 
C whenever A:C is an epimoric ratio.” Archytas (according to 
Boethius, Mus. Ill.11) had offered a proof of this in the early 
fourth century BC; the Sectio canonis gives an expanded proof 
(prop. 3), and then applies it specifically to the epogdoic tone 


(props. 13, 16): 


ETTIUOPIOU SIATTNUATOS ov6els uécos, OUTE els OUTE TrAelous, AVGAOYoV EUTTECEI- 
Tal ApIOuos. £o ro yap &rriuópiov SiGoTHUa TO BI. &A&yio Toi SE Ev TH AUTO 
Aóyco Toig BI Eotwoav oi AZ ©. oUTo1 ov Urró uováSos uóvns UEeTPOUVTAaI 
KOIVOU pérpou. AgEAE Ioov TH O Tov HZ. xoi &rrei &rripópiós EoTIV ó AZ ToU 
O, 1 Urrepoxr) ó AH xkoivoóv uérpov ToU te AZ kai ToU O EoTi- Yovas Apa ó 
AH. ovK apa éutreceitai eig Tous AZ O pyécos oU8els. EOTAI yàp ó &urríTr TOV 
TOU AZ &A&TTOV, TOU 5€ O ueiGwv, core TAV uováða O1adpeio0ot, Tep àouU- 
VATOV. OUK Apa euTreceitai eis Tous AZ O Tis. doo1 88 eig Tous &Aayxío' Tous 
uécoi AVAAOYOV EUTTITTTOUOL, TOOOUTO! Kai el; TOUS TOV auTov Aóyov ExoOV- 
Tas aAvaoAoyov EuTrecoUvTal. oudeis Se eis Tous AZ O Eutreceital, ovdE eis Tous 
BI eutreceitai. (ed. Jan with small amendments) 


No mean number, neither one nor many, will fall proportionally within an epi- 
moric interval. For let B:T be an epimoric interval. And let AZ and O be the 
smallest numbers in the same ratio as B:[. Thus these are measured by the unit 
alone as a common measure. Take away HZ equal to O. And since AZ:O is epi- 
moric, the excess AH is the common measure of both AZ and ©. AH is therefore 
the unit; thus no mean will fall between AZ and O. For the number which falls 
between them will be smaller than AZ, but greater than O, so as to divide the unit, 
which is impossible. No number will thus fall between AZ and O. And as many 
means as fall proportionally between the smallest terms, this many also will fall 
between terms which have the same ratio [£/. VIII.8]. But none will fall between 
AZ and O, nor between B and [. (prop. 3) 


^ See e.g. Ptolemy's summary of the Pythagorean position at Harm. 12.24—7. See also 
Barbera 1977, Barker 1991. 

7 That is, B will not be an arithmos. 

8 On the categories of ratio relevant to mathematical harmonics (including epimorics), see 
the Introduction. 
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B= 
B rs 
A= aA 
HZ-3 
0 =3 
i AH=1 
A 
EJ 
H 
Z 


Fig. 1.1 Diagram accompanying Sect. can. prop. 3." 


Aoitrov 51) Trepi ToU Toviaiou O1aoTT]uaros SieAOeiv, OT1 EoTiv &rrÓyOoov. 
euadouey yao, TI àv åmò fjuioAíou iaotTÁuaToşs &míTQrTOV O1Ó0TT)uC 
apaipedn, TO AolTrOV KATOAEITTETAL ETTOYSOOV. àv SE AITO TOU SiG TrévTE TO 
Sia Tecoapwv apaipeby, TO Aorrróv Toviodóv oTi SiaoTHYUA TO Apa Toviaiov 
SIAOTHUG EOTIV ETTOYSOOV. 


It remains, then, to give an account of the interval of the tone, that it is epogdoic 
[9:8]. For we learned that if an epitritic [4:3] interval is taken away from a 
hemiolic [3:2] interval, the remainder is epogdoic. And if the fourth is taken 
away from the fifth, the remainder is the interval of the tone; the interval of the 
tone is therefore epogdoic. (prop. 13) 


Ó TÓVOS OU SiaipeOnoeTa eis 600 ica OUTE els TIAEICn. deixen yàp dv ETTINOPIOS: 
&rripopíou SE SIAGTNUATOS péoot! OUTE TrAelous OUTE eis AVGAOYov EUTTITTTOUOIV. 
ouK apa SiaipeOroeTtal ó TÓvos eis ica. 


The tone will not be divided into two or more equal intervals. For it has been 
demonstrated to be epimoric [in prop. 13, since the epogdoic ratio is epimoric in 
form]; and neither many means nor one fall proportionally within an epimoric 
interval. Therefore the tone will not be divided into equal parts. (prop. 16) 


* The presentation of the diagram in those MSS which contain it is varied, as is the 
designation of its elements in the text. The most important divergence between MS 
traditions is the presence or absence of the letter H. The issues raised by these differences 
will concern us more directly below (nn. 30 and 33); for a full account, see Barbera 1991: 
260-91. The diagram above is based on that of Jan's edition (1895: 152), whose text I 
quote. 
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of this chapter is to preface the mainly chronological account of 
chapters 2—6 with an overview of the monochord's role in Greek 
scientific discourse and method in comparison with a select num- 
ber of other devices with which it shares some elements of simi- 
larity: mathematical diagrams of the type found both in Euclid's 
Elements and in the Sectio canonis, the armillary sphere and par- 
allactic instrument of Ptolemy’s Almagest, the astronomical and 
meteorological parapégma, and the numerical tables of Ptolemy’s 
Almagest and Harmonics. 

From this comparison I shall argue first that canonic division, as 
a scientific activity, is defined (and also limited) by mathematical 
as well as practical constraints, and that constructing and read- 
ing the diagram of the instrument is therefore an activity which 
is subject to the conventions of mathematics as well as of music. 
This is perhaps most apparent in the inability of mathematical 
harmonics ever satisfactorily to accommodate the equal division 
of the tone. Secondly, I shall argue that the monochord, as a kind 
of diagrammatic instrument, bridges the gap between the percep- 
tible and intellectual objects of its science in ways that are both 
similar to and different from those by which the instruments of 
astronomy perform the same task. This will be evident both in 
the way Ptolemy introduces instruments in the Harmonics and the 
Almagest, and from their relationship to the diagrammatic proposi- 
tions and the numerical tables in which they have an argumentative 
role. 


I Hearing numbers: arithmetic, geometry 
and canonic division 


Mathematical harmonicists took as one of their starting points 
the assertion that every musical interval corresponds to a ratio of 
numbers.? I have shown some of the consequences of the adoption 
of this premise already in the Introduction: irrational relationships 
were relegated to the world of mere 'sounds' at the earliest stage 
of musical thinking in the mathematical tradition, and the division 


? On the important difference between what was meant by arithmos and what we now 
mean by ‘number’, see Introduction n. 5. 
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not in terms of perception (‘neither many means nor one fall pro- 
portionally within an epimoric interval’); but for Aristoxenus, the 
existence and melodic use of equal quarter-, third- and half-tones 
was one of the things that are “perceptually evident to those expe- 
rienced in music’ (32.31). ^ Aristoxenus’ fourth will thus contain 
five equal semitones and ten equal quarter-tones. 


Inconsistent definitions 


Central to the controversy between the arithmetical approach of 
the Sectio canonis and the perception-based approach of Aristox- 
enus is the question of whether musical intervals must be rational 
(in the sense, ‘expressible in ratios of numbers’ ), but this question 
masks a wider difference between the two. If both Aristoxenus and 
the author of the Sectio were using the terms ‘fourth’, ‘fifth’ and 
‘octave’ to refer to precisely the same perceived intervals, '? then a 
very real objection may be raised against Aristoxenus' definitions. 
For even if we reject the mathematical theorists’ assumption that 
all musical intervals are rational, and accept with Aristoxenus that 
the tone may be divided equally, the two definitions of the semi- 
tone presented at 45.34—46.8 (quoted above) are at odds with one 


1? Aristoxenus treats this as axiomatic: cf., for instance, 32.31—33.1 with 43.30—44.20. 
For ‘perceptually evident’ as a translation of qoivopévas (32.31), see Barker 1989: 150 
n. I2. Aristoxenus is careful to separate existence from melodic use where the smallest 
parts of the tone are concerned: third-tone intervals exist in music, but no melody will 
contain three third-tones in succession (46.9—16; cf. 28.6—17). 

'3 There is no way to be certain, of course, but it is probable. Aristoxenus insists again 
and again on the fact that in matters of accurate tuning, trained perception can be the 
only reliable judge (see e.g. 43.76—9). Any kind of ‘tempering’ of concords (such as is 
used on modern keyboard instruments) to generate perfectly equal semitones requires 
tuning the pure concords first, and then sharpening or flattening. Aristoxenus implies 
the existence of a related process in his (disapproving) account of the apparently current 
fashion of ‘sweetening’ (glukainein) the enharmonic lichanos by sharpening it slightly, 
so that it lay less than a true ditone below mese (23.11—22). The ditone lichanos can be 
found in four steps starting at mese by tuning down a fifth, up a fourth, down a fifth, and 
up a fourth; tuning the ‘sweetened’ /ichanos requires a further adjustment. But the fact 
that Aristoxenus draws such attention to the sharpened /ichanos, along with the fact that 
the tempering itself requires an admission of pure intervals — which can be identified 
(whether inside or outside the proper realm of harmonics) in terms of ratios of string 
lengths — makes it hard to imagine that there was not fundamental agreement about what 
perceived magnitudes the names of the basic concords indicated. That anyone with a 
good musical ear can recognise these three intervals when they are properly tuned was 
one of the few items which were not contentious in ancient harmonics. 
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another. If ‘the fourth contains two and a half tones’, then the five 
equal ‘semitones’ which make up the fourth will each be smaller 
than the 'semitone' which is half of the tone which is 'that by which 
the fifth is greater than the fourth’ (i.e. ./(4:3) < (3:2 + 4:3)). 
In this case two of the five equal ‘semitones’ will combine to form 
a 'tone' smaller than the tone which is the difference between 
the fifth and the fourth (i.e. (/(4:3))? < (3:2 + 4:3)). But if ‘the 
difference in magnitude between the first concords' is taken as a 
constant measure of the tone, then the leftover ‘half’ designated by 
the statement that ‘the fourth contains two and a halftones’ will be 
less than half of a tone (i.e. 4:3 — (3:2 + 4:3)? < 4/(3:2 = 4:3)). 
To put it another way, if the 'semitone' which is half of 'the dif- 
ference in magnitude between the first concords’ is compounded 
fivefold, an interval greater than a pure fourth will be formed 
(i.e. (/G:2 = 4:3) > 4:3). 

Aristoxenus presents his definitions as though they identify a 
single semitone, but in fact they do not; his statements require at 
least two of a set of three different ‘semitones’, namely ./(4:3), 
/(3:2 — 4:3), and 4:3 — (3:2 + 4:3)*. This last ‘semitone’, the 
interval which remains when two tones have been taken from 
a fourth, is used by Aristoxenus elsewhere (it is, for example, 
the interval between his enharmonic /ichanos and hypaté, 22.26— 
23.11). Unlike the first two, it is rational: it is the 256:243 
leimma of the mathematical theorists (so named because it is 
‘left over’ when the parallel operation is performed in arithmetic: 
4:3 — (9:8)? = 256:243), and it is the smallest of the three: five 
leimmata combine to form an interval smaller than a fourth (i.e. 
(256:243)° < 4:3). The magnitudes of the three ‘semitones’ admit- 
ted by Aristoxenus can be compared as follows: 


v (9:8) > 4/ (4:3) > 256:243 


The differences between them are so small as to be perceptible 
only under optimal conditions (as for example when the three 
intervals are played accurately one after another from the same 
starting pitch), and nearly imperceptible when located in different 
positions within the scale and heard in the context of an unac- 
companied melody. In short, Aristoxenus had no reason to doubt 
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that he had defined the semitone consistently, and without admit- 
ting irrational intervals the mathematical theorists had no means 
of proving otherwise in terms which Aristoxenus would have 
recognised. 

For several reasons besides his interest in music (his Taren- 
tine origins, his education in the Lyceum, his authorship of many 
works on the Pythagoreans) Aristoxenus may have been familiar 
with Archytas' proof that an epimoric ratio cannot be divided 
into equal parts." If he could have been presented with Sec- 
tio canonis propositions 3, 13 and 16 (which, as we have seen 
above, jointly apply Archytas' proof to musical intervals and 
to the epogdoic tone specifically), Aristoxenus would certainly 
have agreed that an epimoric ratio cannot receive a mean pro- 
portional, but would have denied the relevance of this propo- 
sition to harmonics. In fact, the very term 'epimoric interval’ 
(epimorion diastema, Sect. can. 3, 16) transgresses the bound- 
ary between sciences, in attaching to something perceptible 
(a diastema) a quality (epimorion) which can only apply to objects 
which exist outside the realm of sense-perception (ratios). The 
term can only be considered valid by those who hold that intervals 
and ratios are to be so closely associated that the limits of arith- 
metic constitute the limits of the melodic. Aristoxenus held no such 
view. 

Modern equal temperament meets the need for an equal divi- 
sion of the tone into universally constant semitones in this 
Way: 


octave = 2:1 = 1200 cents ` 
tempered fifth = Cy (2:1))7 = 700 cénts < 3:2 
tempered fourth = QJ (2:1)? = §00cents > 4:3 
tempered tone = (4 Q:1)* = 200cents < 9:8 


tempered semitone = (2:1) = Ioocents > 256:243 


'4 Boeth. Mus. IlI.11 = Ar9 Huffman. For a discussion of the extent of Aristoxenus’ 
awareness of Pythagorean musical theory, see Gibson 2005: 15. 

!5 A cent is a logarithmic measure of pitch difference; one cent = Yoo of a tempered 
semitone = 4,59) of an octave = ‘'*X/(2:1). 
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This tempered semitone is different from the three we have already 


encountered: 
V (9:8) V (2:1) 9 4/ (4:3) 256:243 


From the summary above, it will be observed that the intervals 
on a properly tuned modern piano reconcile Aristoxenus’ two 
statements on the tone and semitone: 


"Ihe tone is that by which the fifth is greater than 
the fourth’: 700 — 500 — 200 cents 
‘the fourth contains two and a half tones’: 200 x 2.5 —. 400 cents 


No surviving ancient account of scales, however, will remedy the 
discrepancy contained in these definitions. '^ 


Numbers and canonic division 


The admission of the half, quarter and third of a tone as musi- 
cal intervals in the first place is another matter; here the issue is 
between arithmetic and geometry.'’ Because the first apodeictic 
proof of the impossibility of the equal division of the tone comes 
to us in the text which also offers the earliest surviving canonic 
division, we are led to think of canonic division, both the procedure 
and the basic assumptions behind it, as inimical to irrational rela- 
tionships between magnitudes in music.'^ The two are presented 
as integrated parts of the same package: canonic division requires 


!6 See n. 13 above. 

'7 Arithmetic is by definition the science of number (arithmos), and therefore cannot 
treat quantities that cannot be expressed as numbers, like that of the circumference 
of a circle in relation to its diameter. Such quantities require geometrical expression, 
and this regularly involved diagrams. But numbers can also be represented by lines (i.e. 
geometrically) even when they do not need to be: this kind of geometrical visualisation of 
numbers arises from mathematical convention rather than from mathematical necessity. 
The geometrical expression of arithmetical propositions was common at least as early 
as Euclid. Therefore, as we shall see, it would be naive to assume that a proof with a 
diagram is by consequence a geometrical proof, or that the mere use of lines (whether 
actually drawn or simply indicated in the text as the distance between two lettered 
points) to represent numbers moves a proof from the realm of arithmetic to the realm 
of geometry. This issue will concern us directly below (see ‘Diagrams and canonic 
division'.) 

An ‘apodeictic’ proof is one whose method follows the formal demonstrative logic of 
Aristotle's Analytics, in which true, necessary and universal conclusions are arrived at 
by syllogisms based on first principles (archai) which are themselves true, necessary and 
universal, as well as being immediate (i.e. they are plainly evident to anyone, and cannot 
be demonstrated; these archai are called axiomata, ‘axioms’ ). See Aristotle's definitions 
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whole-number ratios: '? 


octave = 2:I 

lift; = 3:2 

fourth = 4:3 

double octave = 4:1 
octave + fifth = 3:1 
octave + fourth = 8:3 


tone = 9:8 


The package itself belongs to arithmetic rather than to geometry, 
for only in arithmetic can the division of the unit be ruled out 
with the standard reductio ad absurdum argumentation formula 
OTteo ASUvatov, ‘which is impossible". Because the proof of the 
impossibility of the equal division of epimoric intervals is predi- 
cated upon the indivisibility of the unit, the use of the terminology 
both of ‘unit’ (monas) and of ‘interval’ (diastema) in the Sectio 
deserves closer attention. 

The definitions of ‘unit’ and ‘number’, with which Euclid 
opens Elements VII, show the primacy of the concept of unity 
to arithmetic: ' 


I uovás EoTtiv, Kad Ñv kao rov TOV ÓvTo EV AEYETAL. 
2 &p1Oyos SE TO EK uováOo»v OUYKEINEVOV TTATNOOS. 


1 A unit is that by which everything that exists is said to be one. 
2 Anda number is a plurality composed of units.” 


It will also be apparent that the indivisibility of the unit is built into 
its very definition; it is the atom of arithmetic.^? Furthermore, 


at An. post. 1.2 (esp. 72a17); at Metaph. B 2 (99727) he distinguishes axioms in particular 
from first principles generally. (The word axioma can also mean ‘philosophical doctrine’, 
as at Arist. Metaph. 1001b7, or ‘logical proposition’, as at Chrysipp. SVF 2.53: LSJ s.v. 
&€tcopa I.2.) See also Barnes 1975: 65, 79. For an account of Aristotelian apodeixis see 
Mendell 1998. 

19 This sine qua non of canonic division unifies the different approaches of e.g. Panaetius 

the Younger (ap. Porph. /n Harm. 66.20—30), Thrasyllus (ap. Theo. Sm. 89.9-23), 

Nicomachus (Harm. 254.11—255.3), Adrastus (ap. Theo. Sm. 57.1 1—58.12) and Ptolemy 

(Harm. 1.8, 18.22—19.15). 

Sect. can. prop. 3, quoted above; see Netz 1999a: 140, formula 61. 

The arithmetical books of the Elements are V (on proportion theory) and VI-IX 

(on number theory). 

22 El. VII def. 1-2. 

23 The point (semeion) plays a similar role in geometry; cf. El. I def. 1: onucidév &o iv, oU 
uépos ov0£v, “A point is that of which there is no part.’ 
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all 265 occurrences of the word monas in the Elements are in 
books VII-X; the unit is an overwhelmingly arithmetical notion 
in Euclidean mathematical vocabulary. By contrast, the word 
diastema, which is regularly used to mean 'interval' in musical 
texts, is used in the Elements to indicate the ‘distance’ between 
points in geometrical constructions; the word occurs thirty times 
in the Elements, exclusively in the geometrical books (specifi- 
cally, I-IV and XI-XII), and only in the dative singular. ^ The 
term epimorios, 'epimoric', which one might expect to encounter 
in book V (on proportion theory), never occurs in the Elements. 
Mathematical harmonics requires the language of both arithmetic 
and geometry, because it uses physical distances (e.g. of a vibrat- 
ing string) as the measurable intermediary between relationships 
between sounds and relationships between numbers. Objects of 
sight are used to demonstrate the connection between objects of 
hearing and objects of thought. It is because mathematical har- 
monics attached such logical primacy to the numerical relation- 
ships that the arithmetical objection to the equal division of the 
tone could be so uniformly sustained." 


Diagrams and canonic division 


The Sectio canonis also shares an affinity with the arithmetical 
books of the Elements in its use of diagrams.^/ In both cases, 


^4 As for example the radius of a circle: «évrpo utv TO A Siaothyati Sè TO AB KUKAos 
yeypàqo9o ó BIA, ‘Let the circle BTA be described with centre A and radius AB’, El. 
I.1; see Netz 1999a: 110. On the meaning of the term in spherical constructions, see 
Sidoli 2004. 
^? Word counts are taken from the TLG. Fowler and Taisbak also note the exclusively 
dative use of diastema in the Elements (1999: 361). Their focus is on geometry, but 
their broader conclusion that ‘in other contexts it [sc. diastema] means "distance", 
though geometrically, as a line, and never numerically’ (363) overlooks harmonics as 
a relevant branch of mathematics. Their ‘never numerically’ is neatly disproved by the 
phrase epimorion diastéma in Sect. can. 3 and 16, since a non-numerical entity cannot 
be epimoric, and since one of the primary postulates of the Sectio is that all musical 
distances are numerical. 
‘Mathematical harmonics’ was from its first definition by Aristotle arithmetical rather 
than geometrical, and defined in opposition to ‘hearing-based harmonics’ (the relevant 
passages are discussed in the Introduction). 
^! The only book-length study of diagrams in Greek mathematics is Netz 1999a, a work 
to which my argument is indebted at many points. For a treatment of the epistemology 
of diagrams beyond the Greek context, see Norman 2006. Barbera (1991: 260-91) 
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diagrams consist only of straight lines; when there are more than 
one, they are always parallel; they are sometimes divided at points 
specified in the proposition (as in Sect. can. prop. 3 above). No 
angles, arcs or polygons (geometrical entities) are ever constructed 
on them. In short, lines are used exclusively to represent either 
individual numbers or relationships between numbers. In the case 
of the former, a single letter will designate the line's identity (as 
B and [ do in fig. 1.1); in this case a ratio between quantities is 
given in the text by juxtaposition of the two corresponding letters: 
Eo TO» YAP &rripópiov 61&o T1]uec TO BI, ‘for let B:T be an epimoric 
interval .?? In the second case - that is, when a single line is used 
to indicate a relationship between numbers — the line is lettered 
at either end and also, often, at the point(s) where it is cut; in 
this case a line segment indicating a number must be expressed 
by juxtaposition of the two corresponding lettered points (rather 
than lettered lines, as in the previous case): yovas aoa ó AH, 
‘AH is therefore the unit’. A geometrical distance is identified 
with an arithmetical entity. Relationships between quantities are 
thus indicated by listing two-letter coordinates in succession: fj 
ürrepoxr) ó AH koivóv uérpov TOU Te AZ kai Tot O &o 1, ‘the excess 
AH is the common measure of both AZ and ©’. This last example 
illustrates the dual role of the designation-letter in arithmetical 
propositions; the reader needs the diagrammatic context (whether 
or not it is actually drawn) in order to know that while the single 
letter A is a point, the single letter O is a number, and that while the 
letter-pair AZ is a number, the letter-pair BI is a ratio of numbers. ^? 
The letter thus stands for either an arithmetical object (e.g. O) or 
a geometrical one (e.g. A). 

Diagrams in arithmetical proofs are therefore hermaphro- 
ditic: their lettering requires both arithmetical and. geometrical 


includes in his study of the Sectio canonis a critical edition of the diagrams in the three 
MS traditions (direct, indirect via Porphyry, indirect via Boethius) from a collation of 
100 MSS. 

Or, to use Netz's formulation of this type of sentence (1999b: 284), which has the 
advantage of drawing attention to the shift from the general statement of the enunciation 
to the specific case in which it will be proven (285), ‘For let there be an epimoric interval, 
(namely) B:T.' 

This practice is common in the arithmetical books of the Elements: compare, for example, 
the diagram of El. IX.20, and Netz's discussion of it in answering the preliminary 
question ‘what do letters stand for?’ (19992: 69). 
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interpretation. The physical diagram is rarely essential to the 
proof — the one which accompanies Sectio canonis proposition 
3 could easily have been reconstructed from the text even if it had 
been missing in the MSS — but the idea ofthe diagram is essential: 
the proof is diagrammatic in its exposition.^' The visible geometry 
of line segments is used to prove an argument in arithmetic.^ But 
a diagrammatic exposition of an arithmetical proposition does not 
ipso facto transform it into a geometrical proposition. The critical 
role of the indivisibility of the unit in Sectio canonis proposition 
3 proves this: the /ine segment AH is divisible into equal parts 
(El. 1.10); the unit AH is indivisible (El. VII def. 1). That the latter 
trumps the former in this context shows that the text of the proposi- 
tion denies the reader a geometrical interpretation of the diagram: 


3? One family of MSS, in fact, contains no diagrams (Barbera's za, 1991: 261 n. I with 111 
(conspectus codicum et notarum) and 79 (stemma codicum)), but as Barbera notes (40) 
its text also breaks off at prop. I0, and so does not contain the division of the monochord 
(props. 19—20), in which a line will represent a pluckable string and therefore require 
the designation of bridge positions by means of lettered points. Faint traces of original 
diagrams in another MS (Venetus Marcianus gr. app. cl. VI/3 = M Jan = Mm Barbera) 
descended from the same hyparchetype (y) as Barbera's za show horizontal, rather than 
vertical lines (Jan 1895: 150). To this MS a later hand added marginal diagrams with 
vertical lines, in most cases of equal length; Barbera's edition of the diagrams relies 
primarily on these. Jan's diagrams are based on those of later, derivative MSS, in which 
lines representing different numbers differ in length; Barbera follows this practice in 
his ‘translation’ of the diagrams (261 n. 1). He also notes that in an important MS 
(Vaticanus gr. 2338 = Vc) derived from a different hyparchetype (5) the diagrams are 
supplied by a third hand, but that ‘Vc? may be reconstructing or retracing some diagrams 
already extant in the manuscript’ (261 n. 2). Whether the treatise in its earliest form 
possessed diagrams of some kind or — as Barbera concludes (15, 40) — not, its use 
of designation-letters nevertheless presupposes the type of diagrammatic presentation 
described above, unless we follow Barbera in treating props. 19—20 and the designation- 
letters representing points rather than numbers in propositions 3 and 6 as late additions 
to the treatise (on which see n. 33 below). Compare De Young's description of the very 
similar variations in MS diagrams in the Arabic transmission of the arithmetical books 
(V and VII-IX) of Euclid's Elements (2005: 166 (a general conspectus), 168—75 (a list 
of the characteristics of diagrams in fifteen MSS)). The issue of the transmission of 
diagrams will be discussed further in part 2 of this chapter. 

3! See n. 2 above. 

3^ ‘There is one exception to the use of diagrams — the di’ arithmon, "the method using 
numbers". While in general arithmetical problems are proved in Greek mathematics 
by geometrical means, using a diagram, sometimes arithmetical problems are tackled 
as arithmetical. Significantly, even this is explicitly set up as an exception to a well- 
defined rule, the dia grammon, "the method using lines". The diagram is seen as the 
rule from which deviations may (very rarely) occur' (Netz 1999a: 14). For the use of 
Sia TOV y paupuov to mean ‘by rigorous methods’ from Hipparchus on, see Neugebauer 
1075: 771 n. 1; cf. also èv Talis ypauuois, ‘a phrase that canonically denotes rigorous 
geometrical proofs involving diagrams’ (Acerbi 2008: 122 n. 5). 
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arithmetic can only recognise AH as a numerable quantity, not as 
a distance. So while André Barbera was right to see the Sectio as 
an arithmetical treatise, he overinterpreted the mathematical effect 
of what he took to be Byzantine emendations when he claimed 
that ‘although these emendations might initially seem to be minor, 
those introduced into the texts of Propositions 3 and 6 transform 
the entire text from arithmetic to geometry'.^? The designation of 
AH as the unit and the statement of its indivisibility, present even 
in Barbera's ‘geometric version’ of this proposition (263), rule 
out his interpretation: the proposition is no more geometrical than 
those of the arithmetical books of the Elements. The reader could 
as easily make the numbers visible in a purely arithmetical way by 
following the argument on an abacus, except that the dual use of 
letters in the proof only makes sense if the visualisation is geomet- 
rical. Letters like O in Sectio canonis proposition 3 can stand for 
pebbles, but letters like H cannot.^' This is geometricised arith- 
metic — but it is still arithmetic. The 'assimilation of arithmetic to 
geometry' (Netz 1999a: 69) is a feature of Euclidean mathematics, 
and thus a feature also of the presentation of canonic division in 
mathematical texts.°° 


33 1091:31. See also his discussion of ‘arithmetic and geometric versions of the treatise’ 
at 40—4. The principal difference between the two versions of the text of prop. 3 is the 
absence of the designation-letter H, the only geometrical entity in the proposition, from 
the ‘arithmetic version’. The quantity AZ will in this case mean the sum of two integers 
A and Z, of which A represents the unit. The differences in prop. 6 are similar. Barbera's 
decision to prefer these ‘arithmetic’ readings and interpret the ‘geometric’ ones as the 
result of Byzantine emendations was based in part on the witness of Boethius, despite 
the fact that Porphyry's quotation of these two propositions includes the lettered points 
(Porphyry uses the designation-letter E rather than H in his quotation of prop. 3). It is 
essential to recognise that the lack of geometry in propositions 3 and 6 has nothing to 
do with which version one reads: both are proofs in arithmetic no matter how we read 
them. 

34 For a similar and representative example from Euclid's Elements, compare VII.2 (a 
problem on whose solution the author of the Sectio relies in prop. 9). The first two 
numbers set out are designated by two letter-pairs: EoTwoav oi 6o00£vrss 6vo &piOuoil UN 
Trpó»1oi Trpoós GAATAous oi AB, FA, ‘let AB and [FA be the two given numbers not prime 
to one another'. Later four more numbers are introduced, designated by the letter-pairs 
BE and EA, AZ and ZT. Finally, we are given a number designated by a single letter, 
H. It will be obvious that the same possibilities for diagrammatic representation of this 
proposition exist as for Sect. can. prop. 3: no more, and no fewer. 

35 Netz's discussion of diagrams in Greek arithmetic (1999a: 267—9) is useful here; for 
the basic practices of diagram-lettering, see 68—71. He also points out (63) that while 
mathematical pebble-manipulations are attested in the fourth century Bc (Arist. Metaph. 
1092br I-12, Ph. 203a13—15), dot-representations based on such practices are not found 
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The distinctly arithmetical context of the Sectio canonis can be 
readily appreciated when we consider the combination of vocabu- 
lary and diagram presented in proposition 3. The ekthesis (setting 
out) begins with the construction of the epimoric interval in which 
the impossibility of inserting a mean proportional will be demon- 
strated: Eota yap é&rriuópiov 61&o Trjua TO BI, ‘For let B:I be 
an epimoric interval.'?^ It is the adjective epimorion, the context 
already generated by the protasis (enunciation), and the accompa- 
nying diagram which enable the reader to understand BI as a ratio 
of numbers, not a distance between two points, as it is for example 
at Euclid Optics proposition 4: 


» 


Eo TO) Ioa SIACOTNUATE ETT] Was EUBeias Tà AB, BI, TA. 
Let AB, BI and [A be equal distances on a single straight line. 


To recapitulate: it is only in arithmetic that a Greek mathemati- 
cian can speak of the impossibility of dividing the unit, and the 
Sectio canonis 1s an explicitly arithmetical text both in its use 
of vocabulary and in its use of diagrams. In geometry, by con- 
trast, incommensurable distances and irrational proportions are at 
home. Consider Euclid, Elements VI.13, in which itis shown how 
to construct a mean proportional to two given straight lines. The 
problem's relevance to the question of the equal division of the 
tone can be seen more clearly when we modify the accompanying 
diagram so that the two particular straight lines specified in the 
ekthesis are in epogdoic (9:8), and thus epimoric, ratio, the latter 
being the key condition of Sectio canonis proposition 3. 


ovo O600tci0 6v eUOceiv UEonv avadoyov Trpoosupeiv. EoTWOaV ai 6o0cicoi ovo 
euOeian ai AB, BI: Sei 61) rv AB, BI uéonv avaAoyov trpoocsupeiv. Kkelobwoav 
emt euOeias, kai yeypapOe émi THs AT. quiKkuKAlov To AAT, kai Nx atro ToU B 


in Greek arithmetical texts before the first century AD. This, he argues (64), is a result of 
the fact that pebbles must be ‘moved and added’ if they are to be used in an arithmetical 
proof. The geometrical diagram thus holds an advantage over the abacus, even in arith- 
metic, in that as a static object it can be transferred from the oral medium to the written 
One and retain its argumentative force. 

On the parts of a mathematical proposition (protasis, ‘enunciation’; ekthesis, 
‘setting out’; diorismos, ‘definition of goal’; kataskeué, ‘construction’; apodeixis, 
‘proof’; sumperasma, ‘conclusion’), see Proclus, Jn Euc. 203.1—207.25; Netz 1999a: 
9—1 I (a summary) and 1999b (a more detailed treatment). The dating of these terms is 
controversial. 


36 


~ 


36 


I ARITHMETIC, GEOMETRY AND CANONIC DIVISION 


A 


A B p 


Fig. 1.2 Diagram accompanying Euc. El. V1.13 (after Heiberg 1883-8, vol. II). 


onueiou Th AT euOeia troos óp9às 7 BA, kai &rreGeUx0ocav ai AA, AT. mel &v 
NUIKUKAI yoovia &o riv fj Tò AAT, óp6T) &o riv. kai &rrei Ev ópOoy vico Tpry ovo 
T6 AAT é&rro Tfjg òps y oia iri THY B&civ ká8eros Akta fj AB, f] AB dpa Tóv 
THS Bá&cseos Tunué&rov Tov AB, BI uéon avaAoyov Eotiv. úo apa Sobeiodv 
eutercov TOv AB, BI éon avaAoyov trpooevpntai ń AB- otrep €5¢€1 moroa. 


To find a mean proportional to two given straight lines. Let AB and BI be the two 
given straight lines; it is necessary then to find a mean proportional to AB and 
BI. Let them be placed on a straight line, and let a semicircle AAT be described 
on AT, and let the (straight line) BA be drawn from point B at right angles to 
the straight line AT, and let AA and AT be joined. Since AAT is an angle in a 
semicircle, it is right [E7. III.31]. And since in the right-angled triangle AAT, AB 
has been drawn from the right angle perpendicular to the base, AB is therefore a 
mean proportional to the segments AB and BI of the base. Thus to the two given 
straight lines AB and BI a mean proportional, AB, has been found; which is what 
it was necessary to construct [QEF]. 


To show how this simple proposition might have been applied 
to harmonics, I have placed point B such that AB:BI = 9:8; the 
interval of the irrational semitone therefore occurs twice: 


AB:AB = y 9:8 

AB:BI = 9:8 
It will be evident that this geometry can be applied to the diagram 
accompanying Sectio canonis proposition 3 (fig. I.1) in order to 


find a mean proportional to the terms of an epimoric ratio. It is 
only the arithmetical context of that proposition which constrains 
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Fig. 1.3 Diagram based on that of Sect. can. prop. 3 (fig. 1.1). 


the reader's use of its diagram: the protasis identifies the target 
as a mean proportional number, not simply a mean proportional. 
It is this which allows AH to be identified as a unit, and hence 
as indivisible. Otherwise, the reader could view AH as a line seg- 
ment, and as such, infinitely divisible. A mean proportional could 
then be found through geometry. In fig. 1.3, ZA is the mean pro- 
portional of AZ, ZH. (Because the right triangles AKZ and KHZ 
are similar, AZ:ZK::ZK:ZH (Euc. El. VES). Therefore ZK is the 
mean proportional of AZ, ZH. And because ZK and ZA are radii of 
the same circle, they are equal. Therefore ZA is the mean propor- 
tional of AZ, ZH.) But, of course, it is not a mean number, since 
AZ:ZH is epimoric. Lines can always stand for quantities, but they 
cannot always stand for numbers. Arithmetical proofs necessarily 
strip their diagrams of their full geometrical potential so that only 
numbers are in view. 

To this we could add a more complex construction recorded by 
Pappus (Collectio IHI.11) of the three means (arithmetic, geometric 
and harmonic) in a single semicircle.^/ Here, too, we can find 


37 The term b in the series a, b, c is the arithmetic mean of a, c when a — b = b — c (e.g. 
4, 3, 2 where 4 — 3 = 3 — 2). The term e in the series d, e, f is the geometric mean of 
d, f when d:e::e:f (e.g. 24, 12, 6 where 24:12::12:6). The term y in the series x, y, z is 
the harmonic (or ‘subcontrary’) mean of x, z when (x — y)x = (y — z)z (e.g. 12, 8, 6 
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B 


A E ^ [ 


Fig. 1.4 Diagram accompanying Papp. III.11 (after Hultsch 1876-8, vol. I). 


the relative string lengths needed to sound the irrational semitone 
(68.18—25): 


EV TIUIKUKAIO TAS TPEIS UETOTNTAS Aaeiv GAAOS TIS &patokev, KAI NUIKUKALOV TO 
ABI éx@€uevos, oU kévrpov TO E, koi Tuxoóv onueiov &rri THs AD AaBoov To A, 
Kal àT aU ToU Trpos óp0às &yayov TH ET thv AB, kai emmiGeuEas Trjv EB, koi 
avi) káOerov ayayov atro ToU A Trjv AZ, Tas TpEis uecóTr]Tas EAeyev ATIADS 
EV TO TUIKUKAIO &kreOeioOad, THY uev ET uéonv apiOuntiKny, thv 68 AB uéonv 
YEWUETPIKTY, THY 5€ BZ &puovikńv. 


Another?” asserted that he had constructed the three means in a semicircle: after 
setting out a semicircle ABI, the centre of which was E, and taking a random 
point A on the (straight line) AI’, and drawing AB away from it at right angles to 
EI, and joining EB, and drawing AZ perpendicular to EB from A, he said simply 
that the three means had been set out in the semicircle, ET being the arithmetic 
mean, AB the geometric mean, and BZ the harmonic mean. 


Pappus goes on to find fault with this construction, but we 
may stop here.” It is clear that point A may be placed anywhere 
between E and [; in my version of the diagram I have placed it 


where (12 — 8):12 = (8 — 6):6). The earliest extant definition of these first three means 
is in Archytas fr. 2; the passage is discussed in ch. 2 part 4. Other means were recognised 
later, but these constitute the canonical early triad. 

38 Sc. of the three unnamed individuals claiming to have been pupils of Pandrosion, the 
dedicatee of Collectio III, each of whom had sent a problem to Pappus, one with a 
request for his comments (30.17—32.3). Pappus summarises and critiques each in turn. 
This is the second of the three problems (Tò Sè Seutepov TOv mrpopAnu&rov Tv 166€, 
68.17). 

39 Pappus criticises the argumentation, not the result: ‘the author has failed to complete his 
argument, by failing to show the fact that BZ, in addition to being third proportional in 
relation to the other two means, also has the “harmonic” relation to the two extremes 
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so that AA: AT = 2:1. Because of this, other basic harmonic ratios 
will be found in the same semicircle in several ways; for example: 


AXB = 3:2 
BZA = 43 
EB: BZ. = 9:8 


Thus AB:BZ = (9:8) the irrational semitone, because 
EB:AB::AB:BZ. Malcolm Brown has suggested some reasons for 
giving the geometrical argument underpinning this construction a 
date before Archytas,"" and if he is right, it will be evident that early 
mathematical harmonicists were entirely capable of constructing 
a geometrical canonic division which divided the tone equally; 
Euclid certainly was, as Elements VI.13 demonstrates. The exclu- 
sion of irrational intervals from canonic division was therefore, 
I argue, a conscious choice. This choice follows naturally from 
a conception of the science as a species of arithmetic, in which 
certain geometrical constructions are thought of as ‘impossible’ 
(adunaton). The ramifications of this choice included the inability 
of the mathematical strand of Greek harmonic science ever sat- 
isfactorily to integrate the Aristoxenian insistence that the tone 
was equally divisible with the language and pragmatics of canonic 
division. 

To underline the point still further, let us consider the pragmat- 
ics of marking out the kanonion (the ruler fitted to the string of 
the monochord) in order to construct intervals smaller than a tone. 


directly’ (Brown 1975: 175, original emphasis). This is comparatively mild criticism: 
Pappus is at his harshest in dealing with the first of the three problems: ‘a badly flawed 
attempt’ at a solution to the famous Delian problem, i.e. of how to double the cube 
(Cuomo 2000: 128). 

4° Namely, (1) that although in Pappus’ summary the third mean is called ‘harmonic’ rather 
than 'subcontrary' (Utrevavtia, the older term: Huffman 2005: 178), its distinguishing 
feature not only in the construction Pappus critiques, but also in Apollonius, Conics 
I.5 and a construction which Brown offers, is in fact a geometrical subcontrariety in its 
relation to the first two means, what Brown calls ‘the “inside, but backwards" relation of 
the smaller to the larger similar triangle’, which depends upon the smaller triangle (EZA 
in fig. 1.4) having its angle ‘equal, but oppositely placed, to the angle of the larger [EAB 
in fig. 1.4] (1975: 178); and (2) that of the three constructions Brown gives, only the 
one offered by Pappus' unnamed author, by requiring the ‘oppositely placed’ angle to 
be right, ‘makes the Pythagorean theorem directly applicable to getting a needed result, 
in a single step' (178—9). 
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From this it will become apparent that there is nothing intrinsic to 
canonic division which would rule out the construction of the irra- 
tional semitone in practice, provided that the theorist first admitted 
the interval as musical; in this way I shall attempt to demonstrate 
that the objections were theoretical rather than practical, and (as a 
consequence of the chronological argument of chapter 2) that they 
predated the invention of the monochord. It will follow from this 
that the monochord, as an audible extension of the lettered diagram, 
was allowed only equally limited geometrical participation in an 
entirely arithmetical procedure. If the unit (monas) can be repre- 
sented as a line segment, it can also be represented as a length of a 
monochord-string; but having been defined in this way (normally 
as the common measure of a ratio of commensurable lengths), it 
falls within the realm of arithmetic, and despite its representation 
in visible or audible geometry, its division thus becomes adunaton. 
The geometry of sound is an arithmetical geometry. 

The process of marking out the kanonion is normally simple 
line-division, and our texts pay little attention to the practicalities 
of measurement. Consider, for example, the opening sentence of 
Sectio canonis proposition 20: 


&reuov Tov EB «is OKT Kal évi AUTOV Ioov £0nka Tov EM, worte Tov MB tot EB 
yeveobai eTroydoov. 


I cut EB into eight parts, and I constructed EM equal to one of them, so that 
MB:EB — 9:8. 


eo OO —— ————4— 
B E M 


Fig. r.5 Part of the diagram accompanying Sect. can. prop. 20." 


The author does not bother to describe how to divide EB in such a 
way that EM turns out to be exactly an eighth of EB; it is taken for 
granted that this operation can be executed in practice. And insofar 
as itis merely a diagram for the reader's eye, the exact equality of 
its eighths is not essential; not so, however, if it is to be applied to 
a kanon, where any inequality will be immediately audible once 
the division-points E and M are used as bridge positions (compare, 


* [ have simplified the diagram for clarity in the present context; for the complete version 
see Jan 1895: 166, Barker 1989: 208. 
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in a non-rational context, Aristoxenus, El. harm. 33.10—26). If the 
diagram is to be of any use as a canonic division, then, it must, 
for accuracy's sake, be generated by a geometrical procedure: EB 
will need to be bisected with compasses; each half of EB will then 
be bisected again to give quarters, and each quarter bisected to 
generate exact eighths (in effect, successive repetitions of Euc. 
El. 1.10, which in turn relies on I.1), compasses will be needed 
again to find M, using E as the centre of a circle whose radius is 
equal to an eighth of EB. Such instructions are simply assumed in 
Sectio canonis proposition 20, as they regularly are in constructions 
predicated upon Elements I; instead, we find the ratios of whole 
numbers generated in the course of the operation, rather than the 
operation itself, at centre stage. The pragmatics of canonic division 
are effected through basic geometry, but right from its infancy it 
remains rigidly focussed on the arithmetic, not on the geometry, 
of its own procedures. 

It is this focus, in part, which allows the mathematical har- 
monicist to assert the invalidity of the irrational semitone, and 
to prefer various rational approximations instead (e.g. 256:243, 
16:15, 20:19). The most common of these, the 256:243 leimma, 
can be generated by two parallel processes, one in music, the other 
in arithmetic; this is the method which Aristoxenus calls /epsis dia 
symphonias, the ‘method of concordance’.*' The sample problem 
with which he introduces the method is that of finding a ditone 
below a given pitch (El. harm. 55.11—56.13); he then goes on 
to apply the method to the question of “whether it was correctly 


4! El. harm. 55.12; see Barker 1989: 49—50. In mathematical contexts the term /epsis and 
its cognate verb /ambanein are used to signify the finding or obtaining of a mathematical 
object. Compare, for example, Eutocius’ account of Eratosthenes’ solution to the Delian 
problem: etrivevontat dé Tis UM NUdV ópyavikr Afjyis Padia, 6r 1S gUPTIOOUEV 5UO TOV 
Sodelodv oU uóvov úo uécas, GAN cas àv Tis ETTITaEN, ‘But an easy instrumental 
solution has been contrived by me, by which we shall find not only two means of the 
two given (straight lines), but as many as you please’ (In Sph. Cyl. 90.1 1—13). In the 
Sectio canonis the terminology is applied to musical notes in a phrase which echoes 
Aristoxenus’: ai rrapavfjrad Kal ai Arxavoi Arjgerjcovrat 61& euugoías OUTS, “the 
paranétai and lichanoi will be found by means of concords in the following way’ (prop. 
17). The proposition which follows employs the method arithmetically, with reference 
to a lettered diagram, to find the required notes. Compare Aristoxenus: àv uèv oUv 
Trpoc af Trpos TH SOBEVTI póy yc Aoeiv &rri TO Bap TO 861&qovov olov Sitovov fj 
&AAo T1 TOV SUVaTaYV Arngerivar Sia cUUMoovias..., “So, if we are required to construct 
a particular discord below a given note, such as a ditone or any other of those which it 
is possible to construct by means of concords...’ (55.13-16). 
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postulated at the outset that the fourth is made up of two and a 
half tones',^ an assumption which may be tested with greatest 
precision (&&er&ceiev Av Tis &kpiBéo raro), he says, by following 
a procedure which relies on the method of concordance (56.14- 
58.6).^? It seems clear that Aristoxenus introduces the /epsis dia 
symphonias precisely in order to offer his empirical procedure for 
testing whether or not the fourth consists of two and a half tones, 
a discussion which concludes what now survives as book II of the 
Elementa harmonica.** Because of this, and also because Aris- 
toxenus goes out of his way to claim that his construction will 
generate two exact and equal semitones,^ we would be justified 
in seeing a direct methodological connection between his use of 
the method of concordance on the one hand, and his assertion of 
the equal division of the tone on the other. Perception, he argues 
(by which he means trained musical perception), is the direct and 
ultimate arbiter of correct attunement, and it is at its most confident 
when required to adjudicate concords (55.3—-10; 56.31—57.3). The 
lepsis dia symphonias is thus for Aristoxenus a means of artificially 
extending the musical ear's confident reach, and the conclusion of 
the process is to validate his hypothesis about the equal division of 
the tone, and the commensurability of the resulting semitone with 
the fundamental concords, which, on his view, it measures exactly. 

The musical version of the simplest form of the procedure can 
be done as follows (see fig. 1.0): take a note P; tune Q a fourth 
above it; tune R a fifth below Q; tune S a fourth above R; tune T 


4? TrÓTEepov 8 óp0Gos UTroKel Tal TO ià Tecodpoov Ev &pyr] Dúo TÓvo» Kai fjuíotos, 56.14—15. 
43 As Barker notes (2007: 190), Aristoxenus does not represent the construction as a 
proof; it is not, formally, a ‘demonstration’ (pace Mathiesen 1999: 329), and because 
its conclusion is left to the reader's sensory judgement, it is in fact ‘empirical’ (Gibson 
2005: 68). 
^4 See [ntroduction n. 20. 
45 ‘For the lowest of the notes generated was tuned to the concord of a fourth with the 
note which formed the upper boundary of the lower ditone, and it turned out that the 
highest of the notes generated was concordant with the lowest at the fifth; consequently, 
since the remainder is a tone and is also divided into equal parts, each of which is both 
a semitone and the remainder of the fourth over the ditone, it clearly follows that the 
fourth is made up of five semitones’ (6 uev yàp BapuTatos T&v siAnuuévæv qg9ó6y yov 
61& TEGOAPOV Tjpuóo9n CUUMavov TH TO BapuUTEpOV SiToOVvoV &rri TO SEU SpiZovTl, TOV 
© O€UTATOV TOY eiAnjuuévo» qOOy yov Sia TrEeVTE OUUBEBNKE ouugowsiv TAH BapUTAaTOO, 
WOTE Tis üTrepoy fis OVENS TovIaias TE Kai Eis foa SINENUEVTS CoV ExaTEPOV TUITOVIOV TE 
kai UTrepoyr) [uev] TOU Sia TEGoapoov EoTIV UTTEp TO Sitovov, 81)Aov STI TEVTE TUITOVIOOV 
ouuBaivel TO 81& Tecodpoov slvai, 57.4—15). 
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(a) 


T EK P U $9 RQR 


(b) 


192 
216 


245 
256 3 
288 


324 


Fig. 1.6 (a) The /epsis dia symphonias in its simplest form (= Aristox. El. 
harm. 55.13—23, extended by one interval, T:U). The numbers in the diagram 
(b) show the relative lengths of the same string needed to sound all six notes, 

in lowest terms. 


a fifth below S; finally, tune U a fourth above T. The final note U 
will lie a 'semitone' above the starting note P. 

The arithmetical version of the same procedure, the method 
di’ arithmon,*° demonstrates that the interval P:U, while it is what 
Aristoxenus calls ‘the remainder of the fourth [P:Q] over the ditone 
[U:Q]’,*’ is not in fact an exact semitone, but something smaller: 


LetP — 256 


256 — 4:3 = 192 =Q 


roz x 332 = 266 —R 


288 — 4:3 = 216 = S 


216 * 32 = 324 —T 


324 + 4:3 = 243 = Ü 


P:U = 256:243 


9:8 — 256:243 = 2187:2048 
and 256:243 < 2187:2048 


256:243 «4/(9:8) 


I have used this simpler procedure because it is sufficient to 
demonstrate that 'semitones' generated by the method of concor- 
dance will be less than half a tone when measured arithmetically, 


46 See n. 32 above. 47 57.12—13; for the context, see n. 45 above. 
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and because the lowest terms of the corresponding string lengths 
exhibit the familiar ratio of the /eimma (256:243). The construc- 
tion which Aristoxenus advances to test his assumption that the 
fourth is made up of two and a half tones (56.14—58.6) is some- 
what more complex, but can be refuted equally easily in arithmetic 
(an important qualification). Start with the interval of a fourth, he 
says, and use the method of concordance to construct a ditone 
above the lower note, and a ditone below the upper note. Then 
take a fourth upwards from the lower limit of the upper ditone, 
and a fourth downwards from the upper limit of the lower ditone, 
and assess the final pair of notes thus generated by ear. If they are 
discordant, the initial postulate is incorrect: the fourth is not equal 
to two and a half tones; but if they form a perfectly tuned fifth, 
then the postulate is correct. Perception (aisthesis) has the final 
judgement, but Aristoxenus clearly expects that the verdict will 
come down in favour of concordance. If his procedure is followed 
exactly, and all the fifths and fourths are precisely tuned, the final 
interval, made up as it is of a perfect fourth plus two leimmata, 
will not be a perfect fifth: 4:3 x (256:243)* = 262,144:177,147. 
This interval is smaller than a hemiolic fifth by a komma: 
3:2 + 262,144:177,147 = 531,441:524288.45 

The question of whether the difference between a perfect fifth 
and the flattened fifth generated by Aristoxenus’ procedure ought 
to have been audible to him is difficult to answer. First, the differ- 
ence is small: scarcely more than a ninth of a tone, just under half 
the magnitude of Aristoxenus’ smallest melodic interval. Second, 
much depends on the capabilities of the instrument used. Aristox- 
enus does not recommend an instrument on which to perform the 
operation, but it cannot be done without one. For stability of pitch 
and ease of tuning, he will have needed a stringed instrument; 
the aulos is ruled out by its notorious unreliability on the first of 
these criteria (43.19—24); the syrinx (panpipe) is probably to be 
ruled out on the second. The fact that the procedure requires the 
exact tuning of twelve pitches in sequence means that either a lyre 
or kithara with as many strings,*” or two with fewer strings, or a 


48 On the komma, see ch. 2 part 3. 
49 Probably not unavailable to Aristoxenus: witness e.g. the twelve strings of the late fifth- 
century kitharode Timotheus, made infamous by the comic poet Pherecrates (fr. 155.25); 
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harp, will have been the best possible candidates; if fewer strings 
are available, they must be retuned in the midst of the procedure, 
and then one does not have the entire array of pitches available, 
to check their tuning again at the end. Even on an instrument 
with twelve strings, if the final fifth sounded flat to him, Aristox- 
enus might have attributed the imperfection to the compounding 
of small inaccuracies in the course of the eleven successive tuning 
operations between the starting pitch and the end result. 

It is curious, in fact, that Aristoxenus entrusts this test to an 
instrumental procedure. One might object that, having asserted 
scarcely more than a dozen pages earlier that ‘neither auloi nor any 
other instrument will ever establish the nature of attunement’ ,^^ 
he is now entrusting an argument about the nature of attunement 
to an instrument. To this Aristoxenus would probably reply that 
since ‘none of the instruments tunes itself’, perception retains its 
authority even here:?^' if a reader's ear is competent to assess the 
final fifth, it will be equally competent to tune the procedure's 
seven fourths and four fifths with precision as well. 

Ptolemy, who offers a refutation of Aristoxenus’ argument 
(Harm. 1.10), does not comment directly on the question of whether 
perception is adequate to judge whether the final interval is a per- 
fectly tuned fifth; instead, he offers asimpler arithmetical construc- 
tion (the method di' arithmon) to show that the remainder of the 
fourth over the ditone is less than a semitone (Harm. 23.3—18), and 
asserts the ear's ability to recognise beyond doubt an accurately 
tuned hemiolic fifth, as set out on the monochord (23.21-—24.I). 

But in order for the method di' arithmon to be used to demon- 
strate anything about the results of the /epsis dia symphonias, there 
must be a logical intermediary: the method dia grammon. Because 
the use of diagrams, the method ‘using lines’, is the standard way 


the twelve-stringed lyre depicted on a bronze mirror dated to c. 350 Bc (Berlin Antiqu. 

8519: West 1992: 63). 

&AA& yàp OUT aUAoi OUTE TOV &AÀÀo» oU0€£v ópy avoov TroTE Bepaucoosi THY TOU Ĥpuoopé- 

VOU QUOIV, 42.22-4. 

3! STi 6 ovdséev TOV Ópy&vov avTo 4pyoTtetat GAAG fj aioGnois EoTiv T] TOUTOU kupío, 
STjAov STi ovdsE Aóyou eTa, pavepov yap, 43.6—9. 

?? Gibson (2005: 212 n. 16) suggests that 56.14—58.6, which now stands at the end of El. 
harm. II, may have been written in response to the Sect. can., the latter being in her view 
a reply to El. harm. I. 
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of proving an arithmetical argument in Greek mathematics, the 
diagrammatic exposition of the /epsis dia symphonias is essential, 
and almost always included wherever it appears in Greek harmonic 
texts.?^? In order to complete the proof, however, the diagram must 
be audible; if lines are merely lines, the argument stops short of 
proving that a particular relationship of numbers is analogous to 
a particular relationship of sounds. The monochord is thus the 
mathematical harmonicist's method dia grammon akouston, as it 
Were; it is in this sense that the instrument might be said to be the 
metonym of mathematical harmonics, and hence a kind of meta- 
metonym of mathematics.°* The harmonicist who performs the 
lepsis dia symphonias on a monochord is simultaneously draw- 
ing a geometrical diagram to prove an arithmetical argument, and 
tuning musical intervals by ear. The instrument is thus an audi- 
ble diagram: the musician hears numbers; the mathematician sees 
sounds. 

It will be immediately apparent from the foregoing argument, 
however, that the mathematician sees sounds strictly as ratios of 
numbers only if he first recognises the mathematical process as one 
belonging exclusively to the realm of arithmetic. For, of course, 
two given line segments may be incommensurable; the longest 
book of the Elements (X) is predicated upon this assumption (see 
El. X def. 1.3). A Greek mathematician could easily have generated 
a division of the monochord by entirely geometrical steps, to locate 
not only the usual concords and the tone, but the irrational semitone 
as well. 

Let us imagine a kanonion AT (see fig. 1.7), which is also the 
diameter of a circle whose centre is E. AT: AE is therefore the 
octave ratio, 2:1. If an equilateral triangle AZH is then inscribed in 
the circle, ZH will cut AT at point O, and AT:AO will be the ratio of 
the fourth, 4:3. Next, let a square ABI A be inscribed in the circle, 
let AB be joined, and let a second square EBIII be constructed 
on the side EB; the diagonal EIT will intersect OZ at K. If KA is 


53 See for example the second diagram of Ptol. Harm. I.10; see also Sect. can. prop. 17, 
where a diagram similar to that of fig. 1.6b is used to show how the paranetai and 
lichanoi ‘will be found by means of concords’ (Ajg6rjoovrot Sià cuugeovias). 

54 My adaptation of Reviel Netz’s very useful term for the lettered diagram (19992: 12, 
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AT :AE = 2:1 NV 
AT :AO = 4:3 

/N SUN 
ALF:T Oz 4:1 N OO 
AGO = 3:1 H wN 
AATO = 8:3 AF = 12 

AQ =9 

AQ:AA = 9:8 AN AM - 4772 
AO:AM = (9:8) AA = 8 
AM:AA = (9:8) AE = 6 


i TT 
2:1=octave 3:2=fifth 4:3 = fourth 4:1 = double octave 3:1 =octave + fifth 8:3 =octave + fourth 9:8 =tone /(9:8) =semitone 


Fig. 1.7 Geometrical canonic division of the epogdoic tone (AQ:AA) into two equal semitones (AO:AM and AM:AA). 
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joined, it will intersect AT at A, and AT: AA will be the ratio of the 
fifth, 3:2, since the right triangles AKN and AKO are proportional: 
hence NK:OK::NA:OA (Euc. El. VI.4). Thus NA:OA = 3:1, so 
AT:AA = 12:8 = 3:2. Therefore AO:AA will be the ratio of the 
tone, 9:8. If a second circle is drawn with centre A and radius AB, 
its circumference will cut AT at M. AO:AM and AM:AA will be 
the interval of the irrational semitone, since AB is the geometric 
mean of both AT:AE and AO:AA, and AM = AB. 

The fact that no such construction occurs anywhere in what 
survives of Greek mathematical harmonics, despite the fact that 
every step was available to mathematicians by the time of Euclid, 
and despite the particular attention paid to incommensurable mag- 
nitudes by more than one mathematician who also wrote about 
harmonics (e.g. Archytas, Eratosthenes), illustrates the extent to 
which the practice of canonic division was governed by the rules 
of arithmetic. The kanonion was not a geometrical line, but an 
arithmetical one; all its proportions were to be found in numbers. 

This is easy enough to say. But how, practically, did the har- 
monicist divide AI so as to generate the 256:243 leimma? The 
simplest process is much more laborious, in fact, than that used 
to construct the irrational semitone above;?^ to do the job exactly, 
AO will have to be divided into 256 equal linear distances. Each 
of these units will be the result of eight successive bisections of 
AO; unless the kanonion is very long, the units will be quite small. 
But if the harmonicist got this far, he would locate his arithmetical 
M at 243 units from A and 13 units from ©. But then he would 
have to place A somewhere between 227 and 228; in fact, larger 
terms are needed to accommodate the desired three notes in whole 
numbers: 2304, 2187, 2048 are the smallest. Despite the preva- 
lence of very large division numbers in later harmonic texts,^^ it is 
likely that monochords were marked with fewer units, and that the 
bridge positions for intervals like the /eimma were approximated. 


55 Besides the method of successive bisections described here, there is also the geometrical 
equivalent of the /epsis dia symphonias of fig. 1.6 — also very laborious, as it requires 
the construction of six circles and six inscribed equilateral triangles. Neither method is 
any where attested in extant Greek literature. 

10,368 units are required at 7i. Locr. 22; Thrasyllus, who begins at 10,368, requires 
41,472 in total (Theo. Sm. 93.2—4); see ch. 5 part 2. 
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Ptolemy uses sexagesimal fractions in order to list most of his 
divisions within a sixty-unit octave (120:60 = 2:1).°’ 

The irrational semitone, then, can be marked on the kanonion 
by means of a small number of simple steps, to a high degree of 
mathematical exactitude. The marking of the 256:243 leimma, by 
contrast, was so laborious in practice that approximations had to 
be accepted. The rigidly arithmetical approach to canonic division 
seems all the more pointed when we consider that several ancient 
authors who worked on mathematical harmonics also offered solu- 
tions to the problem of how to double the cube, which requires 
finding two means in continued proportion. This is a problem of 
geometry, since like the irrational semitone, it involves incommen- 
surable magnitudes: given two cubes A and B where the volume 
of B is double that of A, the side of B will be incommensu- 
rable with that of A. Eutocius records geometrical solutions by, 
among others, Archytas, Plato and Eratosthenes, all of whom also 
retained a strictly rational approach to harmonics. Plato and Eratos- 
thenes adopted the Pythagorean 256:243 leimma; Archytas’ closest 
approximation to the semitone was 243:224 (the middle interval 
in his chromatic tetrachord).°° Not even Eratosthenes, whose par- 
tiality toward Aristoxenus' tetrachords is clear, appears to have 
entertained the idea of presenting those irrational intervals on a 
monochord geometrically, even though the mathematical tools for 
the job were at his disposal; instead, he attempted a conversion into 
ratios. We shall consider some of the reasons for the persistence of 
this rigidly arithmetical approach to canonic division in chapter 3 
part 2. 


2 Seeing sounds: instruments, diagrams and tables 


The two great advantages of the mathematical diagram are that 
it is static and two dimensional: unlike an instrument, it can be 
rolled up with the text in a book-roll (in the MSS it usually follows 


?7 See for example the division-tables in Harm. II. 14. Jones (1999: 305) points out that sex- 
agesimal notation, though frequent in Greek astronomical writings (including papyri), 
occurs nowhere else in Greek except Ptol. Harm. 

58 PI. Ti. 36b; Eratosth. ap. Ptol. Harm. II.14; Archyt. ap. Ptol. Harm. 1.13. Archytas’ 
tetrachords will be examined in ch. 2 part 4; the tetrachord implicit in the Timaeus will 
be considered in ch. 3 part 2; Eratosthenes’ arithmetical conversions of Aristoxenian 
tetrachords will be discussed in detail in ch. 4. 
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its proof).^? It requires no physical assembly; and being already 
inscribed with reference-letters, it meets the reader ready both 
to interpret and to be interpreted by the proof it accompanies. 
The great advantage of the instrument, by contrast, is that unlike 
the diagram it is physically manipulable. The monochord, as a 
diagrammatic instrument, holds both advantages. Furthermore, it 
possesses a demonstrative capability superior to that of the abacus, 
since it replicates the type of geometrical diagram which domi- 
nates the written form of Greek mathematics. But because it is 
the instrument of an arithmetical science, it does nothing more, 
mathematically, than the abacus — it represents discrete quantities 
visibly by means of physically manipulable components — except 
insofar as it represents these quantities as distances. As distances 
of a uniform string, quantities become audible, and the connection 
between the intellectual objects of arithmetic and the perceptible 
objects of harmonics is completed in a single instrument. 

This connection is made through several different ‘modes’ (as I 
would like to call them) in which the monochord functions, some 
of which it shares with other instruments.°° The four modes which 
I shall propose here are not an ancient way of thinking about scien- 
tific instruments; they are a modern analysis presented merely as 
a way of defining more precisely how these instruments do what 
scientists require them to do, and how this differs from the way 
diagrams fulfil their scientific function. Nor is this group of modes 
adequate to encompass the workings of modern scientific instru- 
ments, as for example those whose purpose is to improve human 
perception, and thus increase the quantity and detail of observable 
data (e.g. the telescope, the microscope and many related devices). 


What is an ancient scientific instrument? 


In employing the term 'ancient scientific instruments' I am impos- 
ing a modern category on an assemblage of ancient devices and the 
disciplines in which they were used. Deborah Jean Warner traces 


59 Netz 1999a: 35 n. 55. 

6° T use ‘modes’ for want of a better term, even though ‘mode’ (modus) is sometimes still 
used in a very different sense (and not entirely without anachronism) as a translation of 
the term harmonia in early Greek musical discourse (on which see ch. 2 part 3 n. 99, 
ch. 3 part 1 n. 20). I avoid the term altogether in this sense. 
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the origin of the term 'scientific instruments' to late eighteenth- 
century France ('instruments...à l'usage des sciences', 1787); 
its German (‘Wissenschaftliche Instrumente’) and English coun- 
terparts first appeared in the nineteenth century.^' The earliest 
attempts to limit its usage in English are instructive for present 
purposes: in 1876 the British Committee of Council on Education, 
advised by James Clerk Maxwell, adopted the following definition: 
'A piece of apparatus constructed specially for the performance 
of experiments is called an Instrument.'^^ In 1884 the National 
Academy of Sciences in the USA qualified Maxwell's definition: 
‘an instrument is philosophical [which adjective, they noted, was 
equivalent to Maxwell's 'scientific'], not in consequence of its 
special construction or function, but in consequence of the uses 
to which it is to be put, and many instruments may be put both 
to uses which are philosophical and to uses which are purely 
industrial or commercial'.^? Some further distinguished between 
‘scientific’ and ‘philosophical’ instruments, the former being those 
used for ‘original investigation and professional training’, and the 
latter for “demonstrating the laws, principles and facts of physical 
science’.°+ I do not see this last pair of definitions as necessarily 
exclusive of one another: the ‘laws, principles and facts of physical 
science’ may be demonstrated to students engaged in professional 
training, or by an investigator in the process of proving a new 
theorem. I do, however, admit the important distinction between 
what an instrument was designed to do and what it is used for, but I 
would prefer to use it inclusively rather than exclusively: an every- 
day utensil may be called a scientific instrument when it is being 
used as one (a metal spoon, for instance, when used to demonstrate 
the conductive properties of its material), but the cathode ray tube 
may still be called a scientific instrument because J. J. Thompson 
discovered electrons with it in 1897, despite the fact that its most 
common use over a century later was in televisions.°> Thus (to 
anticipate one of the points which will emerge from the discussion 
below of the modes in which instruments function) my 'ancient 


?! Warner 1990: 86-7. ©? Warner 1990: 88. 

63 ‘Report on Customs Duty on Philosophical and Scientific Apparatus’, Report, National 
Academy of Sciences (1884): 65—7, quoted by Warner (1990: 89). 

64 Warner 1990: 89 n. 38. 55 Baird and Faust 1990: 149. 
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scientific instruments’ include any apparatus used for the finding 
or construction of an object (whether a perceptible object like a 
star or a musical note, or an abstract object like an angle of arc 
or a ratio), or the discovery or proof of a truth which is universal 
rather than merely particular. In fact the examples which will con- 
cern us most directly were all, as Maxwell insisted, purpose-built 
rather than adopted from common use. The monochord owes its 
existence to the insufficiencies of performance instruments (lyres, 
lutes, harps, panpipes) in the context of investigating or demon- 
strating the mathematical properties of musical intervals. But oth- 
ers, particularly those used for measurement (e.g. the ruler, the 
balance) could perform scientific as well as non-scientific func- 
tions; astronomical instruments could be used and adapted either 
for practical purposes like navigation, or for purely investigative 
purposes, or again for didactic purposes (whether the students were 
future mariners or future astronomers). 

But as Warner points out, ‘the task facing historians of scientific 
instruments is comprehension of the past in its own terms’.°° So, 
rather than simply proposing an (anachronistic) category of ancient 
scientific instruments and proceeding to list the ways in which its 
members function, let us pause briefly here to note some of the 
terms in which authors of Greek scientific texts indicate their own 
use of instruments. The most common word is organon, which in 
its most general sense can signify almost any kind of instrument 
or tool; more specifically it can be used to indicate, among other 
things, a musical or surgical instrument." In scientific contexts 
its definition was evidently broad: in the opening chapter of his 
Harmonics, in which he lays out ‘the criteria in harmonics’ (Trepi 
TOV EV APUOVIKN kprrnptov, I. 1), Ptolemy introduces instruments 
as an essential component of his scientific method. 'Since similar 
things occur in the case of sounds and hearing, we require, just 
as with the objects of sight, some rational criterion for them, with 
the assistance of appropriate instruments (organa), as for instance 
the ruler (stathme) for straightness, or compasses for the circle 
and for the measurement of its parts." ^" Nicomachus gives a list 


66 Warner 1990:92. 9? LSJ s.v. dpyavov L3-4. 
68 tæv óuoícv oUv Kal Trepi ToUs wóqous kai Thy éxot]v ouuBeBnkórov ko8ámep Tas 
Oyso1 Sei Tivos Trpds &kelva kprrnjpíou AoyikoU Sià TOV oikeloov ópy vo, olov Trpos 
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of the types of ‘instrumental aid’ (boetheia organike) available to 
investigators in a chapter of his handbook on elementary harmonics 
devoted to the discovery of ‘the arithmetical ratios of the notes’: 
sight is assisted by compasses, ruler (kanon), and dioptra; touch by 
the balance and by the invention of measures.^? Eratosthenes was 
said to have proposed an 'instrumental solution' (organike lepsis) 
to the Delian problem, in contrast to the geometrical solutions of 
his predecessors." These few examples, to which more could be 
added, show that instruments were conceived of in a variety of 
important roles in relation to the activities of reason and the senses 
in scientific investigation. The preliminary definition of an ancient 
scientific instrument offered above may thus be allowed to stand 
for the time being; we shall have more to add to it below. 


Four instrumental modes 


In general, then, ancient scientific instruments work in some or all 
of the following four ways: ’* 


(a) by generation: the instrument generates the phaenomena which its 
science investigates; ^? 


UEV AUTO TO EUOU Tfjs oráOuns pépe EiTTEIV, Trpos SE TOV KUKAOV Kal TAS TOV pepOoov 

KATQUETPTIOEIS TOU kapkívou, 5.2—6. 

Harm. 6, 246.1—5. On the MS tradition of this text and the variations in its title see 

Mathiesen 1999: 392-3. Nicomachus' biography is obscure, but he evidently wrote 

around the beginning of the second century AD; one of his other works was translated 

into Latin by Apuleius, who was born around AD 125. 

79 See n. 41 above. The words are from a letter quoted by Eutocius which is now agreed 
to be spurious (Thomas 1939: 256); the expression therefore cannot be taken as that of 
Eratosthenes himself, but it evidently predates Eutocius (who wrote in the early sixth 
century AD). 

7! Compare e.g. the Suda’s definition of the parapégma as a kind of ‘astronomical instru- 
ment’ (organon astronomikon): n. 131 below. 

7? For another way of looking at scientific instruments, see Baird 2004; my modes (b) and 
(c), for example, correspond roughly to Baird's ch. 2, ‘Models: Representing things’. On 
astronomical instruments in particular, see Price 1957, Taub 2002. Evans' classification 
of ‘the entire material culture of Greek astronomy’ is also relevant (1999: 238), though 
his concern is broader than mine insofar as it includes objects not used for scientific 
discovery or proof, and narrower than mine insofar as it excludes objects which had no 
direct connection to astronomy. 

73 Here and subsequently I shall use the term ‘phaenomena’ to designate any perceptible 
objects of scientific enquiry, not merely visible ones. For reasons which will become 
clear below, I would like to avoid making a distinction between the objects of sight and 
the objects of hearing (Tà paivousva and Tà a&kououEva in their literal senses) as far 
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(b) by representation: the instrument represents an abstract concept vis- 
ibly or tangibly,/^ or allows objects of one sense to represent the 
objects of another; ^? 

(c) by analogy: this (object or phaenomenon) works like that (object or 
phaenomenon);”° 

(d) by direct physical manipulation. ’’ 


Note that I am not attempting a fully coordinate system, merely 
a list of attributes of use: (d) is not of the same order as (a)-(c), 
but its relevance here is that it distinguishes scientific instruments 
from mathematical diagrams. While (d) and (a) belong to the 
physical operation of some instruments, (b) and (c) are secondary, 
interpretative processes. What unifies the four as a set is simply 
that they are all characteristics of the scientific use of instruments 
in antiquity. But these modes are by no means exclusive to science: 
they are the common property of the instruments and tools of both 
scientific and non-scientific activity: instrumental music-making, 
for example, relies on (a) and (d); writing and reading on (b) and 
(d); coinage on (b), (c) and (d). 


as the methodology of scientific instruments is concerned. As we shall see, Ptolemy 
himself groups sight (opsis) and hearing (akoé) together as ‘the more rational of the 
senses’ (ai TOv Aoyiko»Tépo aio8Trjosov, Harm. 1.2, 5.23—4). 

74 Ason an abacus, for example, where pebbles represent units. 

75 To use Nicomachus' example of the balance (Harm. 246.5), the objects of touch 

(weights) may be represented by the objects of sight. 

I owe this presentation of the idea to Sylvia Berryman. 

77 This central advantage of the instrument over the diagram is at the heart of the difficulty 
of communicating scientific ideas in writing. Baird introduces this difficulty with the 
example of Faraday's electric motor (1821): ‘This point is more persuasive when one 
is confronted with the actual device. Unfortunately, I cannot build a Faraday motor 
into this book; the reader's imagination will have to suffice. But it is significant that 
Faraday did not depend on the imaginations of his readers. He made and shipped "pocket 
editions" of his newly created phenomenon to his colleagues. He knew from his own 
experience how difficult it is to interpret descriptions of experimental discoveries. He 
also knew how difficult it is to fashion even a simple device like his motor and have it 
work reliably’ (2004: 3). For a modern pedagogical approach to the same difficulty, see 
Triadafillidis 1995. 

78 ‘This drachma represents six obols’; ‘you owe me twelve obols’; ‘I give you two 
drachmas’; ‘I have received correct payment’; ‘those two drachmas represent the goods 
I have just bought from you'. Coinage may also go beyond representation and become 
an item of commercial value itself; but this could be said equally of a lyre, or an armillary 
sphere, or even (just possibly) a monochord, and is not an attribute specific to the nature 
of the instrument per se. The (b) + (c) + (d) formula also plays a central role in Greek 
magic: see e.g. Theocritus, /dy// 2, where physical, ritual objects (e.g. barley, bay, bran, 
wax) represent parts of the beloved's anatomy and are melted or burnt in fire by analogy 
for him, in order to draw him back to his lover. 
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The (b) + (c) formula is basic to demonstrative argument: this 
represents that; this also functions like that; condition x applied 
to this generates result y; therefore condition x applied to that will 
also generate result y. Using an instrument in this way allows a 
scientific argument to be predictive through an appeal to univer- 
sality: all situations which conform to this pattern are reducible to 
this procedure carried out on this instrument, and will yield the 
same result./? The lettered diagram works in precisely this way: a 
single right triangle can be used to prove that in all right triangles 
the square on the hypotenuse is equal to the sum of the squares on 
the other two sides. ^ 

The abacus combines the basic demonstrative (b) + (c) for- 
mula with mode (d): 'each of the pebbles in these two rows 
represents a unit’ (b); ‘pebbles can be added and subtracted like 
units’ (c); ‘I move this pebble from one row to the other’ (d); ‘I 
have just performed an arithmetical operation as well as a physical 
one.’ The applied geometrical sciences use instruments similarly. 
A wall and the two distances from the observer to its summit and its 
base can be reduced to a triangle; an instrument (e.g. the dioptra) 
can be used to construct a triangle of the same proportions.^' The 
height of the wall can then be calculated by similar triangles." 
Armillary spheres and other planetaria also work in the (b) + 
(c) + (d) modes, as do all instruments which can be conceived 
of as models of the phaenomena under investigation." Take, for 
instance, Ptolemy's introduction, in Almagest V.1, of his version of 
the armillary sphere (astrolabon organon, not to be confused with 
the plane astrolabe well known from mediaeval Arabic astronomy), 
which is to function as an observational instrument: 


79 There are limitations to such arguments in the mathematical sciences, however; see e.g. 
Mueller 1981: 13, Netz 1999a: 267—9, Norman 2006: 109-10. 

- Euc. El. 1.47. On the problem of 'single-diagram induction’, however, see Norman 2006: 

55-6. 

The smaller-scale triangle is constructed by the arrangement of the parts of the dioptra 

itself; the instrument thus represents the phaenomena. See Lewis 2001: 41-3. 

The same mathematics informs the use of Heron's version of the instrument; see Heron, 

Dioptra 12 (for vertical distances); 8, ro (horizontal distances). The geometry is based 

ultimately on that of Euc. El. VI. It is worth pointing out here that measurement, as 

a scientific activity (a heuristic one), often relies on instruments which function in the 

(b) + (c) + (d) mode formula. 

53 Netz 1999a: 65-6. 
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Suo yap KuKAous Aaóvres aKpIBGs Teropvseuuévous TeTpoyovous Tas ÈT- 
paveiaişs koi cuuuérpous HEV TO) ueyéOen TravTayobev SE iooug Kal óuoíous 
GAANAOIS, cuvnpuócouev KATH oi&perpov Trpos ópOàrs yoovias &rri TOV oU TOV 
ETTIDAVELGOV, COTE TOV LEV Érepov auTOv votio9ad TOV ià péoov TOV Cwdioev, 
Tov © ÉTepov TOV Sia TOV TrÓÀOoV AUTOU TE Kal TOU ionuepivoU yivóusvov 
UeonUBpIvov: 

For taking two circles, accurately turned on the lathe, square with respect to 
their surfaces [1.e. each being circular in plan and square in section], symmetrical 
in their size, and equal and similar to one another on all sides, we fitted them 
together with their diameters at right angles on the same surfaces, so that one of 


them is conceived to be the ecliptic, and the other becomes the meridian [passing] 
through the poles of both the ecliptic and the celestial equator.” 


The vocabulary of representation (GoTe... voeiofa1) here is that 
regularly used in mathematical contexts when the instrument 
(or the diagram) needs to be conceived of as something different.*> 
Ptolemy can now continue his description of the instrument's con- 
struction, applying the names of the celestial constructs (poles of 
the ecliptic, celestial equator) directly to the parts of the instrument 
itself. Representation allows the scientist to transfer his attention 
from the phaenomena to the instrument. 

When other circles have been added and the instrument is fully 
assembled, it is set up so that: 


Ti]v TOV EVTOS KUKAWV TreplaywyTy aTroTEAEioBal Trepi Tous TOU ionuEpIvoU 
TrOAOUS ATT &vocroA Gv &rri SUTUAS &KOAOUBWS TH TOV AV TPTY popà. 


the inner circles revolve around the poles of the equator from east to west, in 
accordance with the primary motion of the universe.” 


The analogy function of the armillary sphere is clear: the instru- 
ment’s motion is analogous to that of the heavens because it mod- 
els that motion. Instructions for a basic procedure are given next, 


54 Ptol. Alm. 351.12—19. 

55 On the use and comparative infrequency of the verb noein (‘conceive’, ‘imagine’) 
in Greek mathematics see Netz 1999a: 52—3; passive imperative forms (vosio@c, 
vevorjo9oo) are particularly common in the ekthesis (setting out) of propositions where 
there is ‘under-representation by the diagram’ (53). For this reason the verb is most 
frequent in the setting out of figures which represent three-dimensional objects: we need 
to imagine the third-dimension information because the figure rarely includes it (see 
also Sidoli 2004: 6 n. 18). The difference between tenses of the passive imperative will 
be discussed below. 

56 Ptol. Alm. V.1, 353.8—10. 
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and the introduction concludes with a summary of what has been 
achieved: 


OUTWS YAP, Troióv TE KATH UNKOS ETTEXEL TOU SIX uéoov TOV Cwodiwv Tuna, 
ETTIY LY VOOKOUEV EK TIS KATA THY TOU inoduvayoUVTOS AUTH KUKAOU O1aípso1v 
yivouévrns TOU EVTOS KUKAOU TOUTS, kai TODAS a ToU UOIpas APEOTNKEV TOI TTPOS 
G&PKTOUS f| Trpós UEONUBPIAV cs &rri TOU Sià TOv TTOAWY AUTOU KUKAOU, dic TE 
TS AUTOU TOU EvTOS AOTPOAGPBoU SIaIpETEwS kai TNS EUDIOKOUEVTS SIAOTATEWS 
QATTO uéongs TIS UTTED YTV OTIS TOU ÚT AUTOV Trapocyouévou KUKAIOKOU ETT TNV 
uéonv ypouur|v TOU ià uécov TOv Cwdiev KUKAOU. 


In this way we read off the position [of the moon or any other desired object] in 
longitude on the ecliptic, from the graduation occupied by the inner [astrolabe] 
ring on the ring representing the ecliptic, and its deviation to north or south [of the 
ecliptic] along the circle through the poles of the ecliptic, from the graduations of 
the inner astrolabe ring; the latter is given by the distance between the mid-point 
of the upper sighting-hole on the inmost rotating ring and the line drawn through 
the centre of the ecliptic ring." 


The (b) + (c) + (d) formula allows the scientist to gain knowledge 
by means of an instrument (oUTws yap... êmıyıyvwoKoyev). 

The monochord works in all four modes: notes and intervals are 
generated (a) when the harmonicist positions the bridge and plucks 
the string (d); distances between points on the kanon represent 
notes, and relative distances represent intervals (b);°° notes work 
like numbers — that is, they have arithmetical relationships, as 
numbers do (c). And from part 1 of this chapter, we may now add 
to (c): the instrument works like a diagram. 

Thus the key difference between harmonic and astronomical 
instruments is in their relationship to the phaenomena they elu- 
cidate, particularly in the role of generation (a) and analogy (c). 
The armillary sphere provides a model of celestial phaenomena; 
when it measures, it does so by analogy, in a way methodologi- 
cally equivalent to that by which the dioptra measures the height 
of a distant wall by the principle of similar triangles. Harmonic 
instruments, by contrast, do not model the musical intervals; they 


87 Ptol. Alm. V.1, 354.8—17, trans. Toomer 1984: 219. Toomer adds a figure to illustrate 
Ptolemy's description (218 fig. F); the relevance of Ptolemy's decision not to present the 
instrument diagrammatically will be discussed below. 

88 The representation-mode (b) is emphasised by the language of canonic division, in 
which physical distances, musical intervals and their ratios are called diastemata. 
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generate them. The monochord does not work like an octave, it pro- 
duces one, when the bridge is correctly placed. But, on the other 
hand, it does work like a geometrical diagram in an arithmeti- 
cal proof, where numerical ratios are presented visually through 
physical distances (diastemata ). 


The scientific uses of instruments 


Which of these four modes dominate in the use of an instrument 
for scientific purposes depends not only on the science and the 
nature of the instrument, but also on the particular purpose to 
which it is put. The definition of 'scientific purposes' is of course 
problematic. For the present argument, I shall privilege scientific 
enquiry for its own sake, and exclude mere practical application 
of scientific discovery. Thus the use of the dioptra in a written 
proposition whose objective is to show how to find an unknown 
distance will count as 'scientific', whereas the use of the dioptra by 
an ancient engineer in the construction of an aqueduct will not. But 
the ancient engineer's training may well have included the reading 
of texts which employed the instrument in a mathematical proof. 
As we shall see, some of the earliest written evidence for the use 
of the monochord comes from texts which are are either probably 
or certainly pedagogical in design (though less obviously practical 
in application: ancient musicians could tune a lyre without using 
a monochord or understanding the mathematics of the procedure). 
For this reason I shall avoid defining the ‘scientific’ use of instru- 
ments too precisely; often the most relevant issue will be the ways 
in which the ancient author defines and delineates the role of the 
instrument in his project, something which varies greatly through 
the texts we shall have to consider. "? 

Aristotle distinguished the type of harmonic theorists he called 
‘mathematical harmonicists’ from those who based their inves- 
tigations on hearing by saying that while the latter knew ‘the 
fact that', the former knew 'the reason why', for it was the 
mathematical scientists, he said, who were 'in possession of 


89 For another approach to a similar set of difficulties in classification, compare Netz's 
attempt to capture a ‘group picture’ of Greek mathematicians (2002); he casts his net 
wide and draws a small catch. 
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the demonstrations of the causes '.?" This provides a useful starting 
point for our delineation of the scientific uses of instruments, since 
we are concerned here primarily with the mathematical sciences. 
Those which involved the investigation of perceptible objects (like 
astronomy and harmonics) sought 'the reason why', not merely 
‘the fact that’; their ultimate goal, on Aristotle's rigorous criterion, 
was to explain (i.e. give causes for) the phaenomena, the truth of 
which would be shown by means of demonstrations (apodeixeis).?' 

Demonstration is thus the culmination of a process of inves- 
tigation which may include other stages, some of which might 
require the use of instruments. The surviving remains of Greek 
harmonics, optics, astronomy and other mathematical sciences do 
not always rise to Aristotle's challenge, but they do very frequently 
employ logical structures which derive ultimately from Aristotle's 
Analytics. Because these sciences came to be written about in 
the formulaic language of arithmetic and geometry (the abstract 
sciences), their uses of instruments can, in general, be corralled 
into the three logical categories we find prioritised there: the con- 
structive, the heuristic and the demonstrative. An ancient Greek 
mathematical scientist uses an instrument either to construct some- 
thing (a triangle, an arc, a cylinder, a cube), or to find something 
(a quantity, a distance, an angle, a ratio), or to show that some- 
thing is so (often a general principle which, it is argued, holds in 
all similar cases). This distinction can be seen in the Euclidean 
conclusion-formulae ‘which it was necessary to construct’ (Tep 
&oet Troinoal, quod erat faciendum, QEF), ‘which it was neces- 
sary to find’ (Otrep €de1 eupeiv, quod erat inueniendum, QEI) and 
‘which it was necessary to prove’ (mep €de1 ciga, quod erat 
demonstrandum, QED). 

While construction (QEF) is an important scientific purpose to 
which instruments are put, in mathematical contexts it is very often 
(like finding, QEI) a preliminary or intermediary step in a wider 
demonstrative project, rather than the ultimate purpose. Euclid’s 
Elements provides a simple illustration of this. It is necessary to 


9° An. post. 79a1—4, quoted in the Introduction. 

91 On explanation as critical to the possession of scientific knowledge according to Aris- 
totle, see McKirahan 1992: 209. 

?? The relationship of the Sectio canonis to this tradition will be discussed in ch. 3 part 1. 
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construct an equilateral triangle (1.1), for example, before the prop- 
erties of equilateral triangles inscribed in circles may be treated 
(XIII.12). Construction is preliminary to demonstration, just as 
definition (I def. 20) is to construction (1.1). This is equally true 
in harmonics. Ptolemy uses an eight-stringed kanon in Harmon- 
ics 1.11 to construct six tones in succession,’ the construction 
is not an end in itself, but rather serves the broader purpose of 
demonstrating that the octave is less than six tones. In the exact 
sciences especially, theorems frequently rely on constructions, and 
constructions frequently rely on instruments, though these are not 
often mentioned. ™ 

There is frequent overlap between the categories of use: mea- 
surement, for example, can be merely heuristic (‘what is the height 
of that wall?’), or it can fulfil the demonstrandum of a proof. 
But even when the ultimate object is explanation, the instruments 
are deployed in processes which correspond to the three privi- 
leged activities in Greek mathematics: constructing, finding and 
proving,” 

The lettered diagrams of Greek mathematics, functioning by 
representation (b) and analogy (c), are ideally suited to demon- 
strative argument. A word needs to be said here about the textual 
history of the diagrams, since my argument assumes not only their 
presence in the earliest copies of my primary texts (Ptolemy's 
Almagest and Harmonics), but also the close resemblance of these 
lost originals to the diagrams printed in the modern editions. Until 
very recently, works by authors in the Greek mathematical tra- 
dition have suffered from an editorial bias which has favoured 
the text; MS collation has rarely included the diagrams. Toomer's 
approach to the diagrams of the Almagest was a start (1954: 24-5), 


53 The passage will be discussed in ch. 6. 

™ As Fowler and Taisbak point out (1999; 361). "the words for straightedge (xavo») and 
compass (Braft nyc) do not occur al all in the Elements nor, for thal matier, en what has 
been transmitted from Archimedes and Apollonius’, despite the assumption commonly 
made by modern readers of Greek mathematics, "that Euclidean Constructions are based 
on straightedge and compass’, 

*5 It is important to recognise that Greek science was extremely pluralistic and hetero» 
geneous, as G. E. R. Lloyd has shown (1987. 1992). So, while it could be argucd that 
proving was seen as the most important activity of Greck science, it must also be stressed 
that what counted as "proving! was cspecially controversial. (Oa this last paint, in the 
context of Greck mathematics specifically, see Lloyd 1979: 163-5.) 
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but despite recent advances on this front (e.g. Decorps-Foulquier 
1999 for Apollonius of Perga, Netz 2004b for Archimedes), we are 
still in want of a critical edition of the diagrams of Ptolemy's Har- 
monics. | have not examined the MS diagrams, and must therefore 
base my argument on Düring's edition." During’s text is based 
on a collation of 84 of the 92 extant MSS of the Harmonics, but 
he does not describe the editorial basis for his reproduction of the 
diagrams, some of the most important of which are hand-drawn 
in his edition (e.g. that of 1.8, a diagram whose importance not 
only to this chapter, but to the book as a whole, will soon become 
apparent)."* For this reason my argument must be provisional; but 
in the absence of a critical edition of the diagrams of the Almagest 
and Harmonics, two points of limited reassurance may be raised. 
The first is that the convention and practices of the lettered dia- 
gram in mathematical texts were well established by Ptolemy's 
time, and are well attested in the surviving papyri." The second is 
that the diagrams preserved in these same papyri confirm, in their 
particular cases, a satisfactory level of accuracy of transmission 
to our modern editions.” Diagrams arc, of course, subject to the 


$6 During : 930. Barker, in his translation ( 19%): 270-3091 ), corrects some errors in Düring's 
printing of the diagrams (c.g. in Harm. 1.5). The diagrams in Solomon's translation 
(2000) are often unreliable; for an extreme example, see the one accompanying Ptol, 
Harm, 1.41, 26.3-14 Düriag = Solomon 200: 37 (representing the eight-stringed 
kanón). where seven of the eight line segments designated by letter-references in 
Ptolemy's text cannot he located in the diagram. 

*7 The diagram of 1.8 is the only one for which Düring gives detailed editorial information 
(for which see the note on fig. 1.9). 

* Sec, for example, PHerc. 1061, columns 9-10: a text of Demctrius of Laconia quoting 
bec. EJ. |.9 with Iettered diagram (Demetrius c. 100 BC; papyrus copied before AD 
79), Fowler 1999: 210 with pl. 1; POxy. L2g: Euc. Æt. I.5 with unletiered diagram 
(papyrus copied c. AD 759128). Fowler 1999: 210-13 with pl. 2 (Eric Turner's case 
for redating the papyrus from Grenfell and Hunt's ‘third or fourth century” is quoted at 
211); PBerol. 17469: Euc. EJ. L9 with fragmentary, unletiered diagram (papyrus copied 
in the second century AD), Fowler 1999: 218-16 with pl. 4. Fowler argues that POxy. 
1.29 and PBerel, 17469 came from documents (students notes’) containing mercly the 
enuncialion (protasir) of each proposition along with an ualettered diagram (213, 216), 
not from complete copies of the Elements. Also worth comparing arc the (coloured) 
àstrono macal diagrams of Paris papyrus 1 (the carlsest writing òn Which has been dated 
to €. 165 pc), because they provide evidence about the culture of visualisation in Greck 
mathematical sciences to within a century and a half of Euclid's lifetime (see Neugebauer 
1975: 686-9 and 1453 (pl. VII). 

*" Compare, for instance, the diagram of Euc. El. Lg in PHere, 1061 (first published in 
1900), in PBerof. 17469 (first published in 1994), and in Heiberg's edition of Euclid 
(15837 31); compare also the diagram of Fi. Ils in the ‘studeat version’ of PO. 1.29 
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same forces of corruption as texts: diagrams may be added, elabo- 
rated, distorted and lost in the MS tradition; but isolated examples 
of the same diagrams in papyri and early minuscule codices sug- 
gest at the very least that the transmission of diagrams was no 
more fragile than the transmission of text, and in fact in some 
instances perhaps less so. ^ Thus when Ptolemy employs the 
formulaic language of the mathematical proposition which usu- 
ally directs our attention to a diagram, and our text contains one, 
we may at least claim some justification for trusting what we see on 
the page. ^" Until the diagrams of Greek mathematical texts have 
been systematically edited, this assurance will have to suffice. 

In astronomy, the role of the instrument is to reduce the 
phaenomena to a physically manipulable (d) model (c) whose parts 
represent (b) the celestial objects under investigation. From mea- 
surements taken with the armillary sphere (a heuristic activity), 
Ptolemy attempts to square the phaenomena with the hypothesis 
advanced to ‘save’ them. "^ This can now be expressed in the 


(first published in 1898) and in Heiberg’s edition (1883: 131; cf. Netz's version of the 
diagram (1999a: IO—I1)). 
Compare, for example, the diagram of Elements II.5 in the earliest extant minuscule 
MS, copied in AD 888 (Bodleian D'Orville 301, folio 35", Fowler 1999: 218 and pl. 5), 
to which extra annotations and diagrams have been added. Netz notes the similarity of 
diagrams in the MSS of Archimedes, De sphaera et cylindro: ‘It should be stressed that 
the diagrams across the manuscript tradition are strikingly similar to each other, often 
in quite trivial detail, so that there is hardly a question that they derive from a common 
archetype' (2004b: 8). A comparison of the Archimedes Palimpsest (tenth century) 
with the other surviving MSS leads him to suggest a late ancient archetype (9), but 
he does not attempt to close the gap between Archimedes and this archetype: ‘I shall 
not dwell on the question, how closely the diagrams of late antiquity resembled those 
of Archimedes himself: to a certain extent, however, the same question can be asked, 
with equal futility, for the text itself. Clearly, however, the diagrams reconstructed are 
genuinely "ancient," and provide us with important information on visual practices in 
ancient mathematics" (9). 
Take, for instance, the first diagram of the Almagest (1.10), which is introduced by 
one of the most frequent construction-formulae in Greek mathematical language: oT 
ON Trpó»rov fjuikükAiov TO ABI (32.10). It is no accident that this is also the first 
occurrence of toto in the treatise, or that of the 117 occurrences of &oTo in the 
Almagest, the 115 which govern designation-letters all refer to an extant diagram. In 
the Harmonics, likewise, the designation-letters of the first extant diagram are governed 
by the first occurrence of toto (1.5, 12.8), and of the five occurrences of the word in 
this treatise, the three which govern designation-letters all refer to an extant diagram. 
(On construction-formulae in Greek mathematics, see Netz 1999a: 136—7, formulae 
21—39; toto is his formula 23). 
^ On Ptolemy's use of the term hypothesis in his astronomical writings to mean 'geomet- 
rical model’ as opposed to ‘postulate’, see Toomer 1984: 23-4. Bowen (2007: 354), 


63 


100 


IOI 


HEARING NUMBERS, SEEING SOUNDS 


conventional form of the mathematical proposition, complete with 
lettered diagram (fig. 1.8): 


iva 6€ UGAAOV uiv úT Oyiv yévrjroa Ta TIS UTTOBECEWS, vosioĝw må ó EV 
TO AoEd THs oeANvnS &rrimré6o TH Dià uéoov TOV Cwdiwv OUOKEVTPOS KUKAOS 
ó ABI A trepi kévrpov To E kai Siauetpov thy AET, ürokeío0o è Gua KaTa TO 
A OnNUEIOV TO T€ ATTOYELOV TOU EKKEVTPOU kai TO KEVTPOV TOU ETTIKUKAOU Kail TO 
Bopeiov Trepas Kal  aAPKT) TOU KpioU kai ó uécos NAIOS. 


In order to illustrate the details of the hypothesis, imagine the circle in the moon’s 
inclined plane concentric with the ecliptic as ABI A on centre E and diameter AET. 
Let the apogee of the eccentre, the centre of the epicycle, the northern limit, the 
beginning of Aries and the mean sun [all] be located at point A at the same 
moment. ^? 


We may note first of all that we are given adiagram of the phaenom- 
ena, not of the instrument: an exactly opposite presentation awaits 
us in the Harmonics. Secondly, the visibility of the diagram is 
emphasised: its function is to make the details of the hypothesis 
more visible (n&AAov fjuiv útr Oyiv); this is done through rep- 
resentation (voeío9o), as always in the ekthesis of a proof. The 
other ingredients of the proof follow, with their usual sign-posts: 
‘I say (that)’ (onuí, 358.8, 16), ‘in this way, therefore’ (oUT«s 
OUV, 359.9), ‘it is clear that’ (Nov OT1, 359.12; pavepov 9€ Ori, 
359.19). 

The pattern of argumentation is repeated in subsequent chapters 
dealing with lunar problems (V.3—6): observation data obtained by 
instrument inform a diagrammatic exposition used to illustrate the 
hypotheseis which save the phaenomena. In V.7 Ptolemy explains 
the construction of a table of the complete lunar anomaly, and 
the table itself (kanonion) is given in V.8.' ^^ The lettered diagram 
was used demonstratively, but the table is a heuristic tool for the 


commenting on the opening lines of Ptolemy's Hypotheses planetarum, puts it this way: 
what Ptolemy here calls a hypothesis ‘is not a proposition but a quantified geometrical 
model which is used mathematically to yield results that are consistent with observa- 
tions'. (I am grateful to Alan Bowen for allowing me to read a copy of this article 
in advance of its publication.) Ptolemy uses the term eleven times in the Harmonics, 
but here the context demands the sense of a 'postulate' rather than a 'geometrical 
model’; a more ambiguous usage in the Harmonics (5.16, with which cf. 100.25) will 
be discussed below. On ‘saving’ the phaenomena, see Lloyd 1978 and 1991: 248-77. 

103 Ptol. Alm. V.2, 357.21—358.6, trans. Toomer 1984: 221. 

'°4 There are several different types of table in the Almagest (calculation, observation, inter- 
polation). As an interpolation table, this one contains items which are mathematically 
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B A A 
[ 
Fig. 1.8 First diagram accompanying Ptol. Alm. V.2 (after Heiberg 1898—1903, 
vol. I). 


reader: the results of a demonstrative argument are laid out so as 
to be readily found and compared. Tables are often intended for 
use in conjunction with an instrument, as for example the table 
of northern-hemisphere constellations in VII.5. The instrument 
has then performed two heuristic roles, one at either end of the 
argument: it has supplied the initial observation data on the basis 
of which the Aypothesis has been quantified, and it allows the 
reader finally to locate the phaenomena where they are predicted 
to be. ^? This latter task is demonstrative as well as heuristic, since 


derived from other items by means of something more or less equivalent to what 
is now called an interpolation function (see Van Brummelen 1994: 299, who while 
acknowledging that ‘the concept of a function is not explicit in ancient mathematics’, 
nonetheless permits himself the generalisation that ‘almost every A/magest table may 
be considered to represent a function of one or more arguments without a significant 
loss of historicity’). 

Tables were used to present predictions from at least the first century AD: e.g. POxy. 
LXI. 4137, which contains a table listing eclipse forecasts for AD 56 and 57 (Jones 1999: 
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the successful location of a celestial body in a determined part of 
the sky at a particular time will both confirm the initial observations 
and illustrate that the hypotheseis save the phaenomena. 

The fact that few of Ptolemy's observation data were his own 
need not be seen as detrimental to the demonstrative force of 
this type of instrument use.'°° My concern is with the method 
by which instrument, proof and table are introduced as parts of 
a persuasive argument in favour of certain hypotheseis advanced 
to save certain phaenomena. "/ A scientific method may still pro- 
vide a logical framework for persuasion even if parts of the argu- 
ment itself are flawed, or its data borrowed, plagiarised, selective, 
fudged, distorted or erroneous. The issue at Almagest V.3-8 is 
about Ptolemy’s method of presentation, not his method of heure- 
sis. Mark T. Riley, in discussing Ptolemy’s tabular presentation 
of data, rightly emphasises the ‘pedagogical’ character of the 
Almagest: ‘it must be remembered that the Almagest describes 
the construction of the tables in such a way that the student 
can see the logical progression; it does not give the process by 
which these tables were actually derived’ (1995: 236). 

As a pedagogical tool, the table does something else as well: 
it functions as a sort of map, whereby the reader can locate the 


333). Jones stresses the importance of Ptolemy’s tabularising tendencies on this front: 
‘One significant event that was certainly felt in Greco-Egyptian astronomy was the 
advent of Ptolemy’s tables after AD 150, which apparently for the first time popularized 
kinematic methods of astronomical prediction’ (336). 

The question of whether Ptolemy obtained any of his observation data by his own 
observations is a subject which has generated significant discussion, much of which 
is summarised by Riley (1995). S. J. Goldstein (1982: 201-3) concludes that Ptolemy 
made no lunar observations himself, noting that he ‘failed to mention the scale divisions 
of his astrolabe [= armillary sphere], or the procedure for orienting or checking it’, 
and that ‘the description of the astrolabe in Book V, Chapter 1 is best described as 
obfuscatory’; but when he asks, ‘could it be that the concept of checking had not yet 
been invented?’ (201), Goldstein overlooks Ptolemy’s Harmonics, where checking is 
an essential part of the initial set-up of the instruments (1.8, 18.9—19.r; I.11, 26.15- 
27.13). Goldstein and Bowen (1999: 342-3) take Ptolemy at his word when he claims 
that several sets of lunar data employed in Alm. IV—V are the product of his own 
observations (e.g. IV.6, V.3), adding that ‘it is hardly surprising that Ptolemy relies on 
his own observations’; the real questions are why he relied on those of his predecessors 
(e.g. those reported by Hipparchus), and on what basis he made his selections from 
among the data available to him from either source. 

Similarly, Goldstein and Bowen (1999: 343) focus their attention not on 'the geo- 
metric proofs Ptolemy invokes in order to derive parameters from specified obser- 
vations', but rather on 'the observations themselves and their cognitive force in his 
argument’. 
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particular in relation to the whole (the hour within the day, the day 
within the year), or one phaenomenon in relation to another (the 
planet in relation to the constellations of the zodiac, the sun in rela- 
tion to the moon) or in relation to a fixed numerical system (e.g. 
ecliptic coordinates in degrees). Harmonic theorists had evidently 
employed diagrams for similar purposes from at least as early as 
the mid-fourth century BC,'?^? since Aristoxenus mentions (repeat- 
edly and disapprovingly) his predecessors' practice of mapping 
out musical space on diagrams (diagrammata) in which each note 
was placed in succession according to pitch, rather than melodic 
function, combining or compressing several different pitch-series 
into a single diagram. ^? No such diagrams survive, but from Aris- 
toxenus' vague description they appear to have consisted of a line 
representing pitch-continuum, on which notes were marked; '" if 
any attempt was made to illustrate the magnitudes of the inter- 
vals between notes (a point on which we cannot be certain), equal 
spaces would certainly have been used to represent intervals of 
equal magnitude. ''' 

The Sectio canonis engages with this tradition by combining 
diagrammatic exposition of scale-structures with the mathemat- 
ical diagram through the instrument itself. The canonic division 
of proposition 20 is the culmination of a demonstrative argument 
whose proofs have made use of Euclidean geometrical diagrams, 
but it is also a map of musical space in which all the pitches from 
proslambanomenos to nete hyperbolaion are listed in order: a visi- 
ble order of bridge positions which corresponds to an audible order 
of pitches. And because musical space is set out proportionally, the 
diagram is itself a kanonion, which can be fixed under the string of 
a monochord and used to locate all the notes inscribed on it. It is 
an instrumental diagram, just as the monochord is a diagrammatic 
instrument. Like the kanonia of Ptolemy's Almagest, it has both a 


108 Possibly earlier: see West 1992: 218, Gibson 2005: 181 n. 55. On the diagrams see 
Barker 19782: 5—6, 16; Gibson 2005: 16-20, 47; Barker 2007: 39, 41-3. 

/99 FI harm. 2.15, 7.32, 28.1. The term katapyknosis, ‘compression’, is used in discussions 
of these diagrams (El. harm. 28.1; see also 7.32, 38.3, 53.4—5). On the meaning of the 
term, see Barker 1978a and 2007: 42. 

110 Barker 1989: 127 n. 6. 

‘tl For a later and different type of diagram used to map out harmonic space, compare 
Aristid. Quint. [.11. 
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heuristic and a demonstrative function, for hearing (like seeing) is 
believing. 

From this it is evident that although the process of argumentation 
in the Sectio canonis is apodeictic, it is aimed at the construction 
of a diagram which outlives its apodeictic context (unlike those 
of Euc. £L VII-IX).''* Ptolemy's handling of the relationship 
between instrument, diagram, proof and table in the Harmonics 
is slightly different both from that of the Sectio canonis and from 
his own in the Almagest, and consequently it is in looking at these 
differences that we can see more clearly not only the monochord's 
place in the wider context of Greek science, but also the very 
heterogeneity of Greek science itself. 


Introducing instruments 


Ptolem y gives detailed instructions for the building of two instru- 
ments in Almagest V: the armillary sphere in V.1, and the par- 
allactic instrument in V.12. In both cases the descriptions are 
practical, and based explicitly on his own experience, but in nei- 
ther is a diagram included to elucidate the description. >° “Taking 
two circles... we fitted them together’ (6vo yap xóxAous Aopóv- 
TES. .. GUVT)puóc uev, V.1, 351.12-15); "We constructed an instru- 
ment" (kocreok«eu&capev ópyavov); 'We made two four-sided rods’ 
(&rroifjoausv yap kavóvas úo re1panrAeópous, V. I2, 403.2-3. 9). 
In subsequent chapters, as we have seen, mathematical arguments 
are presented with diagrams; these are all of the same type (that is, 
representing the phaenomena, not the instrument: cf. V.2—7 with 
V.13-17), and the summaries are presented in tabular form (cf. 
V.8 with V.18). In the Harmonics, by contrast, the monochord is 
introduced diagrammatically: 


vocíoO«o Bh xavov 6 Kata Thy ABI A cjsiav xal uayades pds Toit Trépaciv 
ovToOU Travray ose ico te Kal ČUTI epaipikés, es Evi uic Ta, Tro10000 TÈS 
viro THY xopSnv ém@aveias, 7j te BE Trepi x£vrpov ths eipquévns émeaveias TO 
Z, xai h TH mepi kévrpov Gyoiws Tò O, AngOivrow te tåw E xol H enuticov xarà 


!3 On apodeiris, see n. 18 above. 
'3 Toomer, very helpfully, adds one for V.1 in his translation (1954: 218 fig. F, based on 
a drawing illustrating Rome 1927). 
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EF K A H 
i H 
zu" (p M2 ™ 
ill T A 


Fig. 1.9 Diagram accompanying Ptol. Harz. 1.8. 


Tas Eiyotopias TÀv xuprOv trrigaveróv. feow tyetwoay roravTnv al ucyóbg. 
ote Tag Sta TOv E kai H Siyotopicyu Kai TOv Z O xévrpov &BahAopivar. 
Tovtiot: thy EZB xai Thv HOP xa6trous riva: pds Thv ABT A. 


Let us think of a kanðn on the straight line ABI A, and at its limits, bridges that 
are in all respects equal and similar, with the surfaces that lie under the string''* 
spherical, as nearly as is possible. Let one bridge, BE, have Z as the centre of the 
surface mentioned, and let the other, FH, have ©, similarly, as the centre, where 
points E and H are found by bisection of the convex surfaces. Let the bridges 
be so placed that the lines drawn through the points of bisection E and H and 
through the centres Z and © are perpendicular to ABTA." 


We are not presented with à report of the author's construction 
procedure; rather, from the first word of Ptolemy's description, 
we are asked to imagine (vocío9co) an instrument, using the con- 
ventional ekthesis-language and the lettered diagram of math- 
ematical discourse. In place of the aorist indicatives and par- 
ticiples of Almagest V.1 and 12 (kaveoksu&cayusv, &rroif]cagv, 
T'apaypówavTes, Trpoos8rjkapev, SiatpHoavtTes, EvapyooavTes, 
&AiBopgsv), here imperatives and future constructions dominate 
(votíc0c; txéTcGcav; &àv...O10TEÍVOOUEV. .. ETTA... Af] ye TOR, 
TroiInceTci). The present tense of the passive imperative voriou 
is an important aspect of the presentation of the instrument. As 
Fowler and Taisbak have pointed out (1999: 362), the perfect pas- 
sive imperative form of the verb ‘to draw’, yeypóáq8o (‘let [some 
mathematical object] have been drawn’), constitutes the "verbal 
mask’ of what they call *the Helping Hand’, by which operations 


* Düriag (1930: cii) reported that the MS tradition of Ptolemy's Harmonics was quite 
uniform in its transmission of the diagrams with the exception of this ome, which was 
apparently variously understood by copyisis: his drawing of it (which I have followed 
here) was based on that of Vaticanus Graccus 136, copied im the thirteenth century 
(During's E). 

!!4 On Barker's reading (Thv yopBrw) versus Düring's (7&5 yopSas), see ch. 6. 
"S Harm. (8, 17.277 18.4, trans. Barker 1989: 292. Por the rest of the passage and fuller 
discussion, see ch. ó. 


69 


HEARING NUMBERS, SEEING SOUNDS 


such as drawing lines, describing circles and the like are carried 
out. ‘Its main effect and interest is to keep us mortals out of the 
play. Greek geometry is not about what we can do, but about what 
can be done.’ What is curious, and relevant here, is that while there 
is indeed a Helping Hand in Greek mathematics, there seems not to 
be a Helping Imagination. A search of 133 mathematical authors in 
the TLG corpus reveals that while present passive imperative forms 
of graphein are as good as non-existent (I can find, in fact, only 
one instance of ypapéoĝw in a Greek mathematical text' '^), the 
tendency is toward the opposite in the case of noein, where present 
passive forms are over three and a half times as common as their 
perfect counterparts. Two-dimensional objects may be drawn for 
us, but three-dimensional objects, more often than not, are thought 
of as requiring the active participation of our imagination. ' ' 

And yet, as much as Ptolemy's language and use of the diagram 
suggest the ekthesis of a mathematical proof, at the same time he 
asks his reader to imagine a concrete object, not merely a per- 
fectly formed intellectual object. "The geometer makes no use of 
the faculty of perception', said Aristoxenus, 'but for the student 
of music accuracy of perception stands just about first in order of 
importance.’ ''* The geometry of sound requires of its practitioners 
both the contemplation of the perfect instrument, and the construc- 
tion of a necessarily imperfect one. Ptolemy presents his reader 
with the conflicting demands of intellectual and concrete construc- 
tion in the first sentence of the passage from I.8 quoted above: we 
must imagine (vosioĝw) a kanon with bridges altogether equal, 
similar, and spherical in surface, ‘as nearly as is possible’ (cos &vi 
u&Aic To). '? This parenthetical remark would seem unnecessary 
if the instrument were to be merely an object of thought. There is 
no 'nearly possible' for the imagination; the kanon of our mind's 
eye can be built without imperfections of any sort. The collision 
of the mathematical and physical construction of the instrument 
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Procl. Hypotyp. 4.33. 

''7 On the association between vosío9o»/vevorjo9o and three-dimensionality in the ekthesis, 
see n. 85 above. 

El. harm. 33.14—15, 21-4, trans. Barker 1989: 150. For the entire passage and fuller 
discussion, see ch. 5 part 2. Compare Arist. An. post. 76639-7743. 

The sphericity of the bridges’ surfaces will be discussed in ch. 6. 


118 


119 


JO 


2 INSTRUMENTS, DIAGRAMS AND TABLES 


results directly from Ptolemy's decision to handle the introduction 
of the kanon differently from that of the armillary sphere and the 
parallactic instrument. Unlike these astronomical instruments, the 
diagrammatic nature of the kanon is what defines its demonstrative 
capability. The armillary sphere and the parallactic instrument will 
allow diagrammatic expositions of the phaenomena, but the kanon 
is itself a diagram of the arithmetical relationships which underpin 
the phaenomena. The diagram of Harmonics I.8 is the diagram of 
an instrument of a diagram. 

A contrast to Ptolemy’s method here can be seen in Diocles’ 
way of introducing the parabolic mirror (On Burning Mirrors — 
Tepi Trupeíoov, prop. 1). ^" The ekthesis requires the construction 
ofatwo-dimensional parabola, with diagram, on which the remain- 
der of the proof is based: ‘Let there be a parabola KBM, with 
axis AZ...’ (38). Only after the mathematical proof is complete 
does Diocles use the two-dimensional figure to construct the three- 
dimensional instrument: ‘Hence, if AZ is kept stationary, and KBM 
revolved (about it) until it returns to its original position, and a con- 
cave surface of brass is constructed on the surface described by 
KBM, and placed facing the sun, so that the sun's rays meet the 
concave surface, they will be reflected to point A, since they are 
parallel to each other' (51-2). Like Ptolemy's monochord, Dio- 
cles’ parabolic mirror is set out in a mathematical ekthesis with a 
lettered diagram (now lost; see Toomer 1976: 27, 32); in both cases 
the diagram ‘flattens’ the three-dimensional instrument into a two- 
dimensional representation, and plane geometry is then employed 
to demonstrate its mathematical properties. But whereas we are 
clearly meant to imagine the fully formed instrument as we read 
Ptolemy, Harmonics 1.8, and see the diagram as a side-view of the 
monochord, Diocles makes his reader focus on a two-dimensional 
parabola first, and only afterward revolves it to generate the three- 
dimensionality of the finished instrument: Ptolemy wrote vosioĝw; 
Diocles almost certainly wrote £o co». Thus we have a different ver- 
sion of the (a) + (b) + (c) + (d) formula: the diagram represents 
an axial section of the instrument (b), whose plane geometry works 


120 Arabic text and translation in Toomer 1976; no Greek MSS survive. The translation 
quoted here is Toomer's. 
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like the solid geometry of the instrument (c); the instrument, when 
it has been correctly arranged (d), generates the phaenomenon 
under investigation (a), namely focal reflection of solar rays. 

Compare, on the other hand, Heron's introduction of the diop- 
tra at Dioptra 3 (lacunose but useful nonetheless): the instru- 
ment is described first in practical detail; then the description is 
applied to a lettered diagram (now lost) with the words &oTo 
ouv followed by the designation-letters (AB, TA, EZ and so 
on). This is the language of representation, but not of imagi- 
nation (contrast Ptolemy's vogio@ on), and the instrument is 
already fully formed by description before it is represented by 
diagram. ^' 


Instruments between diagrams and tables 


Once Ptolemy has introduced the kanon in Harmonics 1.8, an 
argumentative pattern broadly similar to that of Almagest V can 
be adopted: proofs can be made, based either on principles which 
govern the instrument’s operation, or on observations taken from 
its use, and these often use diagrams; the summary is then presented 
in tables. In Harmonics 1.9, for example, Ptolemy gives a brief 
proof that intervals of the same magnitude will correspond to 
different lengths of the same string depending on their pitch: 


uTroTEEions yap THs AB dSiaotdoews ToU ià Tracdv, ToU A voouuévou KAT 
TO O€UTEPOV TrEPAS, Kal AngOeicóv ouo ToU Sic TrévTe, ui&s uév ATTO TOU A émi 
TO Bapu, ws ths AT, &répas © &rró TOU B &rri TO ògú, ws THS BA, EAATTOOV uev 
&o Tad T] AT Siaotaois ths BA Sià TO ka óSuTépov TriTTTElV TÓO€OV, ueiGwv SE 
fj Bl utrep0yn ths AA. 


For if we assume that the distance AB is an octave, A being thought of as the 
higher limit, and take two fifths, one downwards from A — call it AF — and the 
other upwards from B — call it BA — the distance AI will be smaller than BA 
because it falls between higher pitches, and the difference BI will be greater than 
BJ c 


|?! See Lewis 2001: 53—6, 260-1; Coulton 2002. 

'22 Harm. 21.3-8, trans. Barker 1989: 294. For another instance of Utroti8nui governing 
designation-letters in a genitive absolute construction where the diagram is even more 
important, cf. Ptol. Alm. X.4: xai UTroTeBévtos TOU &oTépos KATH TO K onusiov (308.4— 
5). 


T2 


2 INSTRUMENTS, DIAGRAMS AND TABLES 


A A L 





B 


Fig. 1.10 Diagram accompanying Ptol. Harm. 1.9 (after Düring 1930). 


To understand the diagram, we must see it as representing the 
right-hand section of a monochord string which extends to the 
left past A by a distance equal to AB. B thus functions as a fixed 
bridge position; a movable bridge will be placed as needed at A, 
A or [, and the string will always be plucked to the left of the 
movable bridge. If the entire string were, for example, 120 units 
long, B would be the 120-unit mark, A would be placed at 60, I 
at 90 and A at 80. Thus AT = 30 and BA = 40, but both AT and 
BA — a fifth. I shall refer to this type of diagram as 'canonic', 
since it represents intervals proportionally, as the kanon does. The 
proof, though internally sound, is not well employed in the argu- 
ment of the chapter, and Ptolemy has been charged with either 
deliberate obfuscation or confusion, but for present purposes that 
is irrelevant. ^? What counts here is that a diagram representing a 
string can be used in conjunction with a simple proof. This is only 
the third diagram in the treatise as we now have it: the second was 
that of I.8 introducing the kanðn, and the first was a simple line 
diagram in which parallel lines of equal length represented notes of 
different pitches (1.5). The diagrammatic introduction of the kanon 
has permitted the use of canonic diagrams in subsequent chapters. 
But there are remarkably few diagrams generally in the Harmon- 
ics compared with the A/magest; some diagrams of the canonic 
type accompany the explication of instrumental properties or pro- 
cedures (e.g. I.11 on the eight-stringed kanon; II.2 on the helikon 
and Ptolemy's adaptation of it; III.2 on curved bridges), though 
less elaborate diagrams which merely presuppose an understand- 
ing of the monochord's basic principles also occur (I.11, II.1, 
III.2). Since the instrument is the diagram, there is no separate 
role for the apodeictic diagram, as there is in the Almagest;'** 


'23 Barker 1989: 294 n. 85. The problem is not with this proof, considered in isolation, but 
with the way Ptolemy attempts to use it in arguing 'that the Aristoxenians are wrong 
in measuring the concords by the intervals and not by the notes' (I.9 title, trans. Barker 
1989: 293). 

'*4 By ‘apodeictic diagram’ I mean a lettered diagram whose parts are identified by and 
used in a mathematical proof in the accompanying text. On the term ‘apodeictic’, see 
n. 18 above. 
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most of the apodeictic diagrams of the Harmonics are sections 
of the kanon-diagram, redrawn to fit the context, like that of I.9 
above.'^^ 

As in the Almagest, mathematical arguments (e.g. theo- 
rem, problem, analysis, computation) are followed by tables." 
Ptolemy sets out fifteen tables in Harmonics H.15, the first four- 
teen of which list one octave's worth of bridge positions for the 
attunements of his seven keys (fonot) in different mixtures of gen- 
era; the last is a summary of bridge positions for each note of 
the octave. ^" The columns of bridge positions are given accord- 
ing to a standard measure, and all fractional quantities are given 
in sexagesimals, as in the Almagest. ^ The table is therefore a 
list of numerical coordinates which allow the reader to locate or 
generate the phacnomena using the instrument, as at Almagest 
VILS. 

The difference between location (in astronomy) and generation 
(in harmonics) is intrinsic to the nature of the phaenomena, the 
instruments and the sciences, Both activities are, on their own, 
heuristic; both, however, become part of a wider demonstrative 
project when the phacnomena turn out to be located or gener- 
ated as expected. Here we see the difference between the primary 
QEI (Strep E5e1 eupeiv) and QEF (Strep &ó6et morñoat) purposes of 
astronomical and harmonic tables respectively, and the secondary 
QED (Strep £8e1 5ei£a:) purpose which they both serve within their 
treatises, QEF is never applied to the phaenomena of astronomy 
because, by their nature, stars and planets cannot be *constructed" 


55 There arc other types of diagram in the Marmorics. Most work in the same way as 
that of 1.5 (with different pitches represented by parallel lines of equal length}, but 
many are made more complex by the inclusion of additional material. Those of H.1, for 
example, include not only the designation: letters used ia the accompany ing proofs, but 
also (as we receive them, al least) the nole-names, string lengths on Ptolemy” standard 
Lenonion, and the ratios of these lengths to one another. These diagrams, though not 
proportional like that of L9, rely equally firmly on the Aaodr for their interpretation. 

"* On the differcat types of table in the Almagest, see n, 104 above, Riley (1905) empha- 

sises tabular presentation us a consistent feature of Plolems s method in optics, geog- 

raphy and astronomy. 

There are fourteen tables for seven tonoi because the fenci are two-octave scales; 

Ptolemy separates them according to their upper (tables 1-7) aad lower (lables 8-14) 

Octave s. 

75 On the uniqueness of this application, scc n. $7 above. 
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by the astronomer; hence astronomical instruments do not function 
in mode (a). Geometry, by contrast to astronomy, never requires 
the finding of a mathematical object which cannot be constructed; 
this is because it is a science without phaenomena. In a science 
with only intelligible rather than sensible objects, QEF must (at 
least in assumptions) precede QEI. Harmonics, like astronomy, 
has sensible objects, but ‘finding’ them means necessarily “con- 
structing’ them too, and ‘constructing’ them is for the harmonicist 
part of proving that he really has ‘found’ them. Thus in harmonics, 
QEF is often the QED of QEI. 

Ptolemy calls the first fourteen tables kanones, and the fifteenth 
a kanonion, the usual vocabulary familiar from the Almagest. By a 
fortuitous overlap of vocabulary, the connection between the har- 
monic instruments and the tables of attunements is emphasised: 
the marked monochord-rule (Kanonior) is also a proportional ver- 
sion of the table of bridge positions (Kanoniom): the kanón is now 
the instrument and the diagram and the table." It makes the 
necessary connection between the objects of perception (audi- 
ble pitches and intervals; visible distances) and the objects of 
thought (ratios of numbers) through both diagrammatic and tabular 
presentation. 

The table is the scientist's textual equivalent of the parapégma, 
an astronomical and meteorological calendar usually inscribed on 
stone, which contained holes bored beside each item into which à 
peg could be inserted to mark the current date. * The Suda defines 
it as ‘a table (kanón); also a kind of astronomical instrument .' ^ 
It is a heuristic device which allows the user to see the particular 
(today) in relation to the whole (the year), to understand a larpe 
structure by means of a single synoptic view, and to predict what 


79 Tt is unlikely that Ptolemy is cither innovating or playing with the senses of Konón and 
kan outon; the use of Kanda to mean a numerical lable appears [rom Plutarch s usc of it 
(«avóvic ypovikot, Solon 27) to have been current in second-century AD literary Greek, 
and Landa had also meam *monochord" (among many other things) as carly as Duris of 
Samos, c. 300 BC (FGrH 36923 = Porph. VP +). See LSJ sv, kao L ro, Ldi kavóviov 
IV. VI. 

' LSJ «v. rrapámmyua; see Geminus, dntro. asir. 17 and the parupégma appended to 
that treatise (text and translation in Lehoux 2007; 226-39; translatson with notes in 
Evans and Berggren 2006). Plolemy included a parapégme in his Phaseis (Lehoux 
2007: 261-309). Scc also Evans 1999: 256-9. Hannah 2002. Lehoux 2006. 

'3! qapármyua: xavoy. kal clós t1 dpydvou &aipovouixcO, T 410. 
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will happen next based on a summary of prior observation.‘ Sev- 
eral parapeegmata are extant, including one recorded on papyrus. ^ 

The instrument was used to record the cycles of astronomical, 
meteorological and associated phaenomena, but in one instance 
its name was applied to a harmonic context. Ptolemais of Cyrene 
claimed that through the science of “canonics’ (fj kavovik?) Trpa- 
yuartia), reason discovers both what is correct (Tò óp8óv) and 
‘the parapegmata of what is well attuned’ (ta ToU f)puocuévou 
raparryuara). ** In this same passage Ptolemais counters the 
apparently common assumption that the science called kanonike 
was named after the instrument called kandn. Her claim is incred- 
ible: just as Heron's term 'dioptrics" (9) BiorrTpixr) rrporyparrela) 
is certainly derived directly from the name of the instrument on 
which this science was practised (the dioptra, ñ 6ióTrrpa), *canon- 
ics’ must likewise be derived from Ka;tón. ^ The primary postu- 
lates of the musical and mathematical constituents of the science 
are brought together through demonstrations on the instrument; 
the conclusion of this process is the canonic division, in which 
the ruler applicd to the string is marked with bridge positions. The 
marked kanonion functions as a parapégma, which works like 
a table. Tables function in mode (b): numbers represent bridge 
positions or celestial coordinates; the parapégma adds mode (d), 
requiring the physical movement of pegs to indicate one's current 
position within the wider scheme. It is through the physical manip- 
ulation of the instrument that reason ‘discovers the parapégmata 
of what is well attuned’. 


Ptolemy's use of the instruments of harmonics and astronomy 
shows the extent to which the polyvalent function of the mono- 
chord (its (a) + (b) + (c) + (d) formula) on the one hand, and its 


'J* On the predictive functions and uses of parepégmatra, see Lehoux 2007: 19, $$-69. 

33 PHih. 1.27, col. 4. Text and translation ia Lehoux 2007: 217-23. See also Fowler 1999: 
229-30, Evans 1959: 256-7. Evans and Berggren 200% 58-613. 

U^ Ptolemais ap. Porph. fa Harm. 22.39-30, trans, Barker 1989: 239. The passage is 
quoted more fully in ch. § part i. Ptolemais” dates are unknown: she may perhaps have 
lived as late as the first century Ap. 

3$ Ptolemais makes the claim at Porph. /n Harm, 23.27-8; it will be discussed in ch. 5 
part 1. For "dioptrics', «cc Heron, Dioprra 1.1, 2.19, 34.1 and Lewis 2001: 259-60, 
18a. 
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multiple identities within a single argument (instrument-diagram- 
table) on the other, contribute to making it what I have called 
(with apologies to Reviel Netz) the ‘metonym of mathematical 
harmonics'. ^ It will hardly be surprising, then, that Aristotle's 
term “mathematical harmonics’ (An. post. 79a1) is often displaced 
in later authors by Ptolemais' term 'canonics'. Practitioners of 
this science were called 'canonicists! (Kenonikoiy: 'A Kenonikos, 
in general, is a harmonic theorist who constructs ratios in connec- 
tion with attunement.' ' Ptolemy, while he does not use the term 
kanoniké, does refer to “the kanoniko (Harm. 66.18), and shares 
the fundamentals of Ptolemais’ view of their science: 


ápuovixoó & àv cin Trpó8cois Tò Biaacoai Travrayit] Tag AoyiKds modice ToO 
Kavévos unSaur) unSapcss tais alcüfetei uaxouivas Kara Try TAV TIACLIO tow 
UToAnwiv, as ácTpoAóyou TÒ Siagd@oa Tas T&v oGpaviow Kivhotwv UrroBt- 
CES CUUMWVOUS TaT, Trppovulvais Trapóbois, elAnuubvas usv kal atà; Gord rv 
£&vapy Qv Kal ó^ocytptoTkpov paivoutvov, evpougas FE TH AÓóyq Ta Kor ptpos 
ép ócov Suvaróv óxpiBos. év &rract yap I616v tots TOU Ürcopryrikov xai Erico Tf- 
uovos TÒ Otikvuvai Ta THs quoto Epya urrà Aóyov Tivos xai Ttrayutvngs aiias 
Snquioupyouueva xai urjótv cik, urjbi cos Eruyev drroTtAoóuevov Ur odis xol 
u&AwrTa ty tals ov tes kalota Korrackevals, óTroio tuyyavover al TOV 
Aoy kw rÉpcov ala$T)o tav, Swews xal áxons. 


The aim of the student of Harmonics must be to preserve in all respects the rational 
postulates (/iypetheseis) of the Kanon, as never in any way conflicting with the 
perceptions that correspond to most people's estimation, just as the astronomer's 
aim is to preserve the postulates (/vpotheseis) concerning the movements of the 
heavenly bodies in concord with their carefully observed courses, these postulates 
having been taken from the obvious and rough and ready phenomena, but finding 
the points of detail as accurately as is possible through renson. For in everything 
it is the proper task of the theoretical scientist to show that the works of nature are 
crafted with reason and with an orderly cause, and that nothing is produced by 
nature at random or just anyhow, especially in its most beautiful constructions, 
the kinds that belong to the more rational of the senses, sight and hearing." 


Ptolemy emphasises the important similarities between astronomy 
and harmonics, some of the consequences of which we have seen 
in his use of instruments, diagrams and tables in the Harmonics and 


!36 Sec n. $4 above. 


I3? wervournds B teri eaĝólou ó &ouovikós 6 mepi tod *ypuomuivou sroicuperes Tous ASyovs, 
Pwolemais ap. Porph. In Harm. 23.§-6. trans. Barker 1989: 239. 
3*5. Harm. L2, $.14-24, trans. Barker 1589: 278-9. 
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in Almagest V. At the same time, however, we are confronted both 
here and in Ptolemais’ briefer summary with the key difference 
between instrument use in harmonics and astronom y. The "rational 
postulates of the kanón' (tas Aoyikàs Uo8€osis ToU kavóvox) ^ 
are compared with those 'of the movements of the heavenly 
bodies’ (tas Tcov oUpavico Kivfyosov UTrobéceis): the Aypothesets 
of astronomy are about motion (Kinesis), while those of harmonics 
are about ratio (/ozos).'* The mathematical harmonic theorist, 
as Ptolemais says, uses the monochord to construct ratios in con- 
nection with attunement (Tepi TOU hpuocuévou TroloUpEevos TOUS 
Aoy ous, 23.5-6); her vocabulary (the verb rroictv) designates ratios 
as the QEF of canonics. 

The difference, then, is that which separates arithmetical and 
geometrical sciences. The ultimate object of an arithmetical sci- 
ence is drithmos, number. Arithmetic is, by definition, about num- 
bers and their relationships. Thus in harmonics the ratios corre- 
sponding to the musical intervals are objects of scientific interest in 
their own right. But in the geometrical sciences, arithmetic enters 
the picture only as an intermediary — a reckoning stage in the 
method — and not as an aim. Ratios are involved in the process 
of determining the height of a distant wall without approaching it, 
but only for thinking through the similar triangles which allow a 
solution. After that, the ratios which obtain in the given situation 


139 Ptolemais uses exactly the same phrase, al Aoyixai Gmoficus tod xavóvor, at Porph. 
In Harm. 24.5 — unless Porphyry, our only source for Ptolemais, has paraphrased, 
using Ptolemy's language: the quotation occurs in Porphyry's commentary on the very 
passage quoted above (Ptol. Harm. 1.2. § 13-24). It is also possible that Porphyry's 
quotation from Ptolemais terminates at in Harm. 23.31 (though neither Dünag nor 
Barker read it so), or for that matter that Ptolemais did use the phrase first, and that 
Piolemy had direct access to her book. But it may be that Piolemy, like Porphyry, read 
quotations from Ptolemais in Didymus’ book (see Barker 1589: 230). If so, it would 
certainly have fallen within Porphyry 's stated aims to use this quotation as a way of 
exposing Ptolemy as a plagiarist (Porph. In Harm. 8.7715. discussed briefly in ch. 9). 

A" The rational 4 ypotheseis of the monochord are mathematical and logical starting points, 
for example that intervals are in ratios of numbers, or thal there exist concordant and 
discordant intervals (sce Ptolemais ap. Porph. fr Harm. z3.107222. of which Dünng 
prints only the first three lincs as a quotation from Ptolemais; Barker cxtends the guo- 
tation to 23.22); the /mpotheseis of the movements of the heavenly bodies might be 
understood to mean the quantified geometrical models advanced to "save" the phaenom- 
cna (an astronomical usage in Ptolemy: see n. 102 above). but this would disrupt the 
parallelism between the two uses of Ihnporhesic in the same sentence, More probably 
we arc meant to understand the similar mathematical aad logical starting points of the 
investi gation of the heavenly movements. 
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may be forgotten: they are particular, not universal. But for the 
harmonicist, the ratios are always universal. 

A consequence of this is that in the geometrical sciences ratios 
occupy a middle position between the starting data (Ptolemy's 
‘obvious and rough and ready phenomena’) and the quaerendum. 
But in harmonics, the ratios are at one end of the apodeictic pro- 
cess, and the sensible data are at the other: depending on the 
demonstration, the quaerendum will be either a note (or interval), 
or a ratio. 

For this reason ratio form is important to the harmonicist and 
not to the astronomer (or not directly as a concern of astronomy 
per se). Hence a harmonicist like Adrastus (see ch. § part 2) or 
Ptolemy (ch. 6) will be concerned to show that reason and percep- 
tion agree about the identification of analogous ratios and intervals, 
or even that the best formed of each will be apparent to each faculty 
independently. These concerns are part of the scientific project 
which Ptolemy calls ‘showing that the works of nature are crafted 
with reason and with an orderly cause, and that nothing is pro- 
duced by nature at random or just anyhow’. ^" The predilection 
for multiple and epimoric ratios, and also for concords and simple 
melodic intervals, follows from this. ^ 

In astronomy, às à geometrical science, it is types of motion 
rather than types of ratio which occupy this place. As simplic- 
ity of ratio form dominates mathematical harmonic thinking, 
simplicity of motion dominates astronomical thinking. ** Epicy- 
cles and eccentrics, as ways of combining more than one sim- 
ple motion in order to account for the phaenomena, are the 
astronomer's equivalent of the harmonicist's compound ratios. 
The ancient assumptions not only of the central position of the 
earth, but also of a celestial model containing only perfectly 
circular components (conceived geometrically as spherical sec- 
tions), rather than elliptical ones (oblique conic sections), are 
akin to those made about multiple and epimoric ratios. Both 


4! 46 Bekvvor Tà Tihs quot lipya uerà Adyou rivós kod veray ubvns altias $nurcupyoó- 
urva rai urbt siki. woe c5 Ervysv àámorthovutvov v attis. 5.30-2. trans. Barker 
jap Bye 27 8-9. 

7"? On multiple and epimoric ratios, sec the Introduction. 

43 Sec Bowen :007, and cf. Ptol. Harm. 100.32—101.1. 
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systems of thought are predicated upon a view of nature which is 
rooted in the idea that simple, elegant, beautiful structures under- 
lie the entire universe in all its manifestations. These structures 
are both arithmetical (e.g. the 2:1 octave) and geometrical (e.g. 
the circular orbit). They are also, for the mathematical scientist, 
unquestionable. ^ 


The following chapters attempt a more or less chronological pre- 
sentation of the development of the scientific method which under- 
pins Ptolemy's use of instruments in the Harmonics. Many of 
the basic assumptions about ratio form, I shall argue, predate the 
invention of the monochord; but once the monochord was avail- 
able to harmonic scientists, the demonstrative possibilities for its 
use were developed in increasingly complex ways. Ptolemy stands 
quite alone at the culmination point of ancient Greek scientific 
achievement in mathematical harmonics, but we shall see that sev- 
eral earlier fipures deserve some credit for advancing the role of 
the instrument within the science. The first task, however, will be 
to establish à terminus ante quem for the monochord. 


‘4 See e.g. Gem. Jntro. astr. 119-22. 
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MATHEMATICAL HARMONICS BEFORE 
THE MONOCHORD 


In the first place, it may be taken as certain that Pythagoras himself discovered 
the numerical ratios which determine the concordant intervals of the scale.! 


The invention of the canon is traditionally attributed to Pythagoras (and whatever 
one may think of the half legendary figure of Pythagoras, this dating is not to be 
doubted).? 


Those who attempt to explore the historical edifice of Greek math- 
ematical enquiry from its foundations inevitably find the darkest 
recesses of the cellar haunted by the spectre of Pythagoras. It 15 
self-assured, authoritative, larger than life; it repeats to all who will 
hear, ‘I thought of that first.” And it has convinced many. But it does 
not speak for itself; it merely parrots lines written for it by others. 
Some of its lines were composed as early as the fourth century BC, 
but its script was assembled and improved by N icomachus, Dio- 
genes Laertius, Porphyry, lamblichus, Proclus and others, those 
necromancers of late antiquity for whom it has done long service 
reshaping the origins of the mathematical sciences (and much else 
besides) in ancient Greece.? In harmonics, the cellar echoes with 
the sound of the monochord. Our first task in this chapter will be 
to separate the ghost stories from the reliable accounts, to shut the 
cellar door, and to begin our investigation from the more brightly 
lit corridors of the ground floor. 


Burnet 1920: L45. ? Szabó 1978: 138. ; 
The reshaping was varied, even within single disciplines. For an example, see Cuomo’s 
summary (2000: 81) of the way Iamblichus and Proclus ‘re-write or opportunely constuct 
previous mathematical traditions’ for their own Pythagoreanising apd ache she y ontras 
‘Proclus’ attempt at “annexing” Euclid to his own tradition with *Iamblichus' attempt 
at pushing Euclid aside to make space for his own people’. 

Kahn (2001) offers a helpfully balanced general account of Pythagoras and Pythagore- 
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MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 


Nicomachus of Gerasa (c. AD 100) is our earliest extant witness 
to what is surely among the most memorable and widely related 
anecdotes about Pythagoras: the one in which a chance encounter 
at a blacksmith's shop leads to the discovery of the ratios of the 
concords.? It was retold, with variations, by many authors, includ- 
ing Boethius.? The ringing of hammer-blows on the anvil attracted 
Pythagoras' attention, the Story goes, because the pitches he heard 
happened to be in perfectly tuned musical intervals. There were 
four hammers, and the intervals between their pitches were the 
octave, fifth, fourth and tone. Drawn to investigate this prodigy, 
Pythagoras discovered through many clever experiments (peirai) 
that it was the weight of the hammers, and no other factor, which 
governed their pitches. He found, furthermore, that the weights 
of the hammers which had sounded the concords were in the 
ratios 2:1, 3:2 and 4:3; the weights of the two that had emitted 
the tone between the fifth and the fourth were in 9:8 ratio. Next, 
the story continues, he went home (to the relief, no doubt, of the 
inconvenienced blacksmiths), suspended wei ghts of the same pro- 
portions from identical strings, and discovered that the strings, 
when plucked, gave the same intervals. He went on to prove the 
correspondence between these intervals and the same ratios in à 
wide variety of instruments and objects capable of emitting pitched 
sounds, including bowls, pipes and stringed instruments of several 
varieties. In Boethius’ account, his examination of string length 
and thickness as causes of pitch led him to innovate still fur- 
ther: and ‘in this way he invented the monochord’ (itaque inuenit 
regulam, 198.23—4). 

Many have pointed out the various ways in which the story is 
impossible. In the first place, when hammers of different weights 
are used in smithing there is next to no variation in the pitch 
of the different ringing Sounds, since it is the anvil, and not the 
hammers, whose ringing is heard. Secondly, even if the procedure 


? Nicom. Harm. 6, on whi 
in Barker 1989: 256-8. 


6 B 
oeth. Mus. : ; i ; 
us. L1; also Adrastus, Gaudentius, Censorinus, Iamblichus, Macrobius, Ful- 


gentius, Calcidius and Isidore of Seville: see Levin 1975: 74 and 1994: 86, 95 n. 2; Stahl 


1952: 186 n. 4, 187 n. 6: 
x 4, 197 n. 6; Lloyd 1979; 144 n. 95 and 1987: 295 n. 39; Barker 1991: 52 
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were modified so that, for example, four metal objects of I2, 9, 
8 and 6 units of weight were struck in pairs,’ the intervals heard 
would not necessarily be those of the fundamental concords and 
the tone: the mass of a metal body is not what determines its 
pitch when struck. Likewise, many of the procedures by which 
Pythagoras is said to have tested his discovery will fail to yield 
the desired ratios: when strings of the same thickness and length 
are tuned in concords, the ratios of their differing tension are not 
the same as the ratios of the differing lengths of strings of the 
same thickness and equal tension, similarly tuned. The ratios of 
string tension are the squares of the ratios of string length (octave 
= (2:1)? = 4:1, fifth = (3:2)? = 9:4, fourth = (4:3)? = 16:9), and 
their application to pitch is inversely proportional: four times the 
tension raises the pitch an octave, whereas double the length low- 
ers the pitch an octave. Unlike those of length, the tension-ratios 
do not seem to have been known in antiquity.® Furthermore, they 
are not easily obtained from the procedure Nicomachus describes; 
if it was actually carried out before the time of Ptolemy, no hon- 
est report of its results survives.? And even if the ratios of string 
tension could have been extracted from such a procedure, they 
would have allowed no ready connection between music and, for 
example, the tetraktys.'!° Given the many subsequent philosoph- 
ical applications of the harmonic ratios by the Pythagoreans and 
Platonists, the disjunction between the true results of this proce- 
dure and those claimed for it is not insignificant. The Pythagoras 


~ 


Nicom. Harm. 6, 247.10. The series 12, 9, 8, 6 gives the ratios in lowest terms (12:6 = 
2:1, the octave; 12:8 and 9:6 = 3:2, the fifth; 12:9 and 8:6 = 4:3, the fourth; 9:8 is the 
tone). 

Burkert 1972: 376 n. 24. 
Ptolemy rejects it as a ‘source of controversy’ (Harm. 1.8, 17.2; Barker 1989: 291). 
He was evidently aware that it would not work (17.7-12), but his explanation (ihe 
impossibility of acquiring truly identical strings, and the greater distortion of me a 
length and density by the heavier weights than by the lighter ones, increasing their 
inequality) suggests that if he tested it himself, he was unable to find the principal 
cause of its failure to generate the expected ratios. Ptolemy s account is uniquely iuis 
however, and he rightly recognises the impossiblity of making any scientific use of the 
procedure, given the primary postulates of his harmonics. duced ug 
The tetraktys was a representation of the ratios 4:3:2:T SeLOul as an b uk dere 
composed of ten dots. Because it contained the simplest and most musically significant 
ratios within a simple regular geometric figure, it became an important symbol of 


Pythagorean musical and mathematical doctr ine. 
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MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 


of the discovery narrative possesses a sort of scientific Midas 
touch."! 


Discovery, invention and experiment 


The ‘harmonious blacksmith’ tradition, taken as a whole, rests 
on two important assumptions: first, that for every significant 
discovery or invention there must be a protos heuretes, a ‘first 
discoverer/inventor';'? and second, that the discovery of the har- 
monic ratios and the invention of the monochord (as the instrument 
on which these were most easily demonstrated) must have occurred 
more or less at the same time. The assessments of John Burnet and 
Arpád Szabó (quoted at the head of this chapter) rest, in different 
Ways, on these assumptions.'3 To these we could add a third: that 
the initial role for which the monochord was devised was empirical, 
rather than (merely) demonstrative; that it was invented not simply 
for scientific proof (apodeixis), but for scientific experimentation 
(peira).'4 

Not even in antiquity was the first assumption uncontroversial. 
While many writers of Nicomachus’ age clearly saw it as one of 
the first duties of the historian of a discipline to name the protos 
heuretés of its every aspect,'> others did not. Theon of Smyrna, 
for example, repeats Plato’s anecdote about tragic portrayals of 
Palamedes inventing number in order to muster the troops and 


As Barbera remarks, ‘that the acoustical experiments of the myth did not work out must 
have only enhanced the perception of Pythagoras as magical. After all, the experiments 
did work when he performed them’ (1984a: 200). To these procedures we may compare 
the Similarly incredible proofs of the kinship between beans and humans given by Por- 
phyry (VP 44), which help to contextualise the explanation of key Pythagorean doctrines 
(e.g. the prohibition against eating beans) by means of misleading demonstrations in the 


Pythagoras narratives of late antiquity. (Riedweg (2005: 69—70), remarkably, defends 
one of the bean demonstrations.) 


On this topos in Greek lite 
historiography of science in 
Burnet was hardly alone in 
the concord ratios: compare the reacti 


- 
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ment and demonstration are not mutually exclusive: 
emonstrations, or as components of demonstrations. 


xample in the field of music. The heurematography of 
Zhmud (2006: 12-14, 23-44). 
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MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 


count the ships at Troy, 'as though before that time, they were 
uncounted and Agamemnon apparently did not even know how 
many feet he had, if in fact he did not know how to count'.'? 
My approach to the Pythagoras narratives will be to regard them 
as a product of this first assumption among authors for whom 
Pythagoras was already a figure of great stature in the history of 
science and philosophy. In Burkert's terms, it is the lore, rather 
than the science, which dominates the writing of such accounts, 
whether they are of Pythagoras and the forge, or of Archimedes 
and the bath.'7 The naming of a protos heuretes amounts to the 
setting of a chronological boundary point for a narrative, and I too 
must establish my termini in this chapter. But rather than asking 
"who first?’, I shall ask ‘by when?'; the paltry state of our evidence 
for early Greek investigations in harmonics and acoustics permits 
little more. On the question of who invented the monochord I 
shall go only so far as to argue that the ancient evidence which 
names Pythagoras is not compelling, that an alternative recorded 
by Duris of Samos is unverifiable, and that further speculation 
would be unwise. 

The second assumption, I shall propose, is unfounded, firstly 
because despite reliable evidence for a demonstration of the har- 
monic ratios in the early fifth century BC, there is no evidence of 
the monochord's existence before 300 BC; and secondly because 
none of the harmonic achievements of those who worked before 
300 BC rely on the instrument. 

The third assumption was made by later authors labouring under 
the first assumption, for whom the retelling of a discovery necessi- 
tated an account of how it was made and by what means it was con- 
firmed. The discovery narratives, not unreasonably, present instru- 
ments as components of an apparatus of discovery, in which the 
method of heuresis often includes tests (peirai). In contrast to this 
feature of the ‘harmonious blacksmith’ tradition is the absence of 
the language of experiment from the presentation of instrumental 


U Ayapeuvovos cos Zoixev oùt ócous eiye TIOSAS 
eiBóTos, elye un ATiotaTo apiOuely, 4.6-8; cf. Pl. Resp. 522d. Latar oe on 
has no qualms about quoting Adrastus on what Pythagoras was reportedly the first to 


discover (Trpó»ros avevpnKévat, 56.10) in the field of music. 
'7 Burkert 1972 (title); Archimedes: Plut. Non posse 1094b-c. 
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procedures in other discussions of mathematical harmonics until 
Ptolemy. This does not mean that early investigations in acous- 
tics and harmonics did not include ‘rudimentary empirical tests’, 
as G. E. R. Lloyd has put it (1991: 83); but it does force us to 
distinguish between methods of investigation and methods of pre- 
sentation. The presentation of the earliest instrumental procedures 
in harmonics and acoustics, I shall argue, is not clearly empiri- 
cal (in comparison, at least, with the presentation of instrumental 
procedures in the ‘harmonious blacksmith’ tradition), though the 
researches which preceded them may well have been. I shall argue, 
further, that in one case (Archytas’ presentation of instrumental 
examples) the method of presentation is much more similar to 
that in which the monochord first appears: the demonstrative con- 
text of the Sectio canonis. This distinction is important not only 
because it will allow us to appreciate more fully the difference 
between Ptolemy’s argumentative presentation of the monochord 
and those of his predecessors, but also because the assumption of 
experimentation which is so unequivocal in the discovery narra- 
tives of Nicomachus and others has often been applied, sometimes 
uncritically, to important figures such as Hippasus, Philolaus and 
Archytas. 

The chapter is divided into four parts. Parts 1 and 2 seek to 
establish the two termini already mentioned: (1) the date by which 
a demonstration of the harmonic ratios had been carried out, and 
(2) the date by which the monochord had come into use. This chro- 
nology will place Philolaus and Archytas, both early Pythagore- 
ans often credited with monochord use, between the two termini. 
Parts 3 and 4 accordingly attempt to show that there is nothing in 
the surviving work of either author which presupposes the mono- 
chord's existence. We shall see, in chapter 3, that this chronological 
argument helps to suggest an answer to the question which arises 
from chapter 1 about why mathematical harmonicists consciously 
chose to limit the scope of canonic division to rational intervals. 


Closing the cellar door 


Before launching into part I, however, we must deal with the 
spectre of Pythagoras. We have seen already that the discovery 
86 
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narrative which first appears in Nicomachus, some six centuries 
after the discovery was said to have occurred, gives methodolog- 
ical prominence to scientifically impossible observations, which 
are said (in later versions) to have led to the invention of a scientif- 
ically significant instrument. I shall focus on Nicomachus' version 
of the story here because I take it either to be or to be based on 
the common source of those which include the forge and priori- 
tise weights as the key to the discovery.!? The fact that the list of 
subsequent tests by which Pythagoras supposedly confirmed his 
discovery contains two which would under the right circumstances 
generate the expected ratios has been taken as an indication that 
these procedures, at least, may date from a period close to the time 
of Pythagoras himself: these are the tests which involve lengths 
of pipe and lengths of string on the monochord.'? But there are 
several reasons why these two ingredients of the story should not 
be counted as useful evidence for harmonic research in the sixth 
or fifth centuries, either by Pythagoras or by anyone else. The 
most important of these is that Nicomachus presents the weight 
experiments first, giving them heuristic priority; the arithmetical 
principle supposedly discovered through them is then said to form 
à stepping-stone or foundation (éripó0pa) and an ‘infallible indi- 
cator’ (ave€atrdtrtos yvoucov) for the instrumental tests listed 
subsequently, in which the same proportions are claimed to be man- 
ifest (Harm. 248.13—18). Nicomachus presents his list as a mere 
sampling of the ‘great variety of instruments’ (TroikíAa: ópyava) 
on which Pythagoras worked; to the five he specifies he adds, ‘and 
the like’ (kai Tà trapatrArjo1a). These are then merely the tip of 
Pythagoras’ experimental iceberg; he went on to find the ratios of 
the tetraktys (4:3:2:1) in some unnumbered quantity of objects that 
can be made to emit pitched sounds. The five Nicomachus cites 
(beaten vessels, auloi, panpipes, ‘monochords’, triangular harps) 


* Barker makes this assumption about the source of Aristid. Quint. III.1 (1989: 495 n. 4). 
'? The question of whether Nicomachus meant *monochords' by monochorda will be 
addressed below. Lloyd (1979: 144-5). though he is doubtful of Pythagoras’ personal 


involvement, does include ‘accounts relating to the measurement of lengths of pipe 
ions of the monochord' as ‘evidence that 


corresponding to different notes or to investigau 


tends to confirm that empir ; 
or acoustics] at least by the early four th century" (144: 


and Pl. Resp. 530d-531c as further support). 


ical investigations were carried out in this area (harmonics 
he goes on to cite Archyt. fr. 1 
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2 are given as representative, but they are not in fact ‘like’ in the 
d only way that matters: not all of them (e.g. beaten vessels) will 
s exhibit the interval-ratios under discussion. ]rue, monochords and 
E panpipes will work under the right conditions; but the manner of 
3 their presentation in this late narrative undermines their value as 
d evidence for the work of either Pythagoras or his earliest follow- 
3 ers. Nicomachus’ point is that everywhere Pythagoras looked, he 
3 found the same ratios: his very exhaustiveness makes the list an 
all-or-nothing proposition. 

2 Itis also important to note the role of Pythagoras in Nicomachus' 
3 Handbook more generally. The work is dedicated to an unnamed 
4 lady who has requested a simple account of the main points of 
3 the science of harmonics ‘without complicated (mathematical) 
E constructions or proofs’ (xcopis KATQOKEUTS kai TrOIKiANS &rroóet- 
E sews, 238.1—2). Nicomachus promises to write a more detailed 
a and lengthy treatment of the subject at a later date, but limits 
3 himself for the time being to the basics, starting at the begin- 
3 ning, with the explicit aim of being ‘easy to follow’ (Acovos éveka 
5 TapakoAouOTjoscs, 238.13). Since his starting points are those 
3 of ‘the Pythagorean school’ (238.18—19), it is reasonable to see 
4 his introduction of Pythagoras in chapter 5 as a natural combina- 
4 tion of his basic assumptions and his stated aims. Stories make 


elementary instruction easier to understand, and discovery stories 
all the more so, since they lead their readers and their protago- 
nists together from ignorance to knowledge. Pythagoras thus takes 
over the narrative for two chapters, like some scientific Anchises, 
and guides the reader through the notes of the scale (ch. 5) and 
q the ratios of the concords (ch. 6). In chapter 5 he is credited, 

quite Improbably, with the introduction of the eighth string to the 
originally seven-stringed lyre ‘for purely intellectual purposes’, 
as Barker has noted (1989: 255 n. 38), thereby creating the first 
octave scale. In chapter 9 Pythagoras' successor' Philolaus takes 
over briefly.?? Plato has a moment of glory in chapter 8. The suc- 
cession of guides seems calculated for didactic effect; the science 
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MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 


is taught (pseudo-)historically, and discovery narrative is part of 
a pedagogical strategy aimed at assisting the reader’s comprehen- 
sion of the discipline’s simplest principles. In such a project, it 
is easy to imagine how even a deliberate fiction could be counte- 
nanced if it made what was often regarded as a dry and difficult 
subject more interesting.^' 

This is not to claim that experimentation with panpipes (for 
instance) was not a part of sixth- or fifth-century Pythagorean 
investigations in harmonics — merely that the accounts which date 
from Nicomachus’ time are useless as evidence for those early 
centuries. In short, the entire narrative should be discounted, pipes 
and all. The remainder of the tradition stands on equally tenuous 
foundations. The earliest attribution of the discovery of the har- 
monic ratios to Pythagoras is in a fragment of Xenocrates, quoted 
at second-hand by Porphyry in his commentary on Ptolemy's 
Harmonics: ‘Pythagoras, as Xenocrates says, discovered that the 
intervals in music, too, do not have their genesis without number; 
for they are a comparison of quantity to quantity’ .*? Porphyry 1s 
quoting from an Introduction to Music by a writer named Hera- 
clides, possibly not the Academic Heraclides Ponticus (fl. c. 360— 
320 BC), but a first-century AD scholar of the same name.^? If 
the fragment is authentic to Xenocrates (head of the Academy, 
339-314 BC), it presents a late fourth-century Platonist view of 
Pythagoras’ contribution to the philosophy of number-speculation. 
Xenocrates followed Pythagorean tradition in defining the sub- 
stance of the soul as ‘number moving itself’,?4 and this on its own 
suggests that the fragment may be authentic to him: Pythagorean 
number theory, and its origins to some extent, were concerns of 





*! See for example Varro's assessment of the difficulty of harmonics, quoted by Aulus 


Gellius, NA XVI.18.6. 

lluGaryópas, cos prot zevokpartms, EU PIOKE xal Tà È 
&poi&uoU Thv y£veoiv čyovTa- fori yàp OUYKplo!s | 
fr 0 P = Porph. in Harm. MAN d. Sext. Emp. Math. VIII.94-5. The lines 
which follow this sentence in Porphyry’s Commentary provide further elaboration of 
the connection and Pythagoras’ role in investigating it; it is unclear from the context 
whether they derive from Xenocrates or from Heraclides. : ar 

In favour of the fourth-century Heraclides, see Jan 1895: 135, Schonberger saa "dene 
1934: 154, Guthrie 1962: 222. Against this identification, see Heinze e n. 2, : e 
1953: 113, Burkert 1972: 381, Gottschalk 1980: 157, Barker 1959: 230, Creese 2008D. 
The question is still a matter of uncertainty; see Barker 2007: 373 n. I7. 

^^ Plut. De an. procr. 1012d; see Burkert 1972: 65. 
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the late fourth-century Platonists. But even if Xenocrates really 
said or wrote something of the kind, we must not forget the first of 
the assumptions mentioned above. The attribution to Pythagoras 
of discoveries and innovations to do with number was common in 
philosophical authors of Xenocrates’ generation. One need only 
look, for example, at the fragments of Aristoxenus, so many of 
which were quoted by later writers to flesh out the legend of 
Pythagoras: he was claimed to be, among other things, 'the first 
to introduce weights and measures among the Greeks' ?? If it was 
credible to some late fourth-century writers that before Pythagoras 
there had been no weights or measures among the Greeks, we may 
not unreasonably be circumspect about their belief that before him 
the harmonic ratios were unknown as well.? Even Iamblichus, 
although he maintains a central role for Pythagoras, allows that 
the discovery may have predated him (In Nic. 118.23-4). 

The invention of the monochord is not attributed to Pythago- 
ras in any extant text before the third century AD. ]t is not even 
clear whether the monochorda in Nicomachus' list of Pythagoras 
instrumental tests should be understood to mean the laboratory 
instrument: it is quite possible that Nicomachus means *lutes" 7 
In any case, he does not say that Pythagoras invented the instru- 
ment; it is merely one of a great variety on which he tested the 
universality of the principle he had discovered. Diogenes Laertius 
and Gaudentius are the first to claim that Pythagoras devised the 
kanón; Aristides Quintilianus merely makes it a part of Pythagoras 
teaching.?® Many modern scholars have accepted the dating, if not 


F Aristox. fr. 24 = Diog. Laert. VIIL 14; Burkert 1972: 415. 
Burkert saw the Xenocrates fragment as part of ‘a falsified tradition about Pythagoras 
emerging from the Old Academy’ (1972: 376). Kirk, Raven and Schofield took it to be 
the ultimate source for the Pythagoras ratio-discovery narrative, but did not allow it any 
"A APR value (1983: 234; see also Neugebauer 1957: 149; Levin 1975: 74 n- 77): 

m Nicom. Harm. 248.16 (the list of Pythagoras’ instrumental tests) cf. 243.147 
I5: ‘and the single-stringed instruments (monochorda) . . . which most people call lutes 
(phandouroi), but which the Pythagoreans call kanones’ (tå xe uovóxop8a.. . . & of 
En pavdoupous KaAoUctv ol torio, Kavéovas 8 of TTuOaryopikot). If Nicomachus means 
les a monochorda at 248.16 (as Pollux probably does at Onom. 1V.60), this is 
Re ae there is no evidence to suggest that lutes had reached Greece before 
ee Es koi fourth century BC, when the first artistic representations of the 
Paquette i jn e ei Meee E y aren = 


ee e NET. Gaud. Harm. 11 (341.13), Aristid. Quint. 97.3. With Diogenes 
ertius and Gaudentius cf. lambl. VP 119 and Boeth. Mus. Lt11 (198.23-4. cited 
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the substance, of this late tradition. John Burnet, who believed that 
Pythagoras discovered the concord ratios, thought that the discov- 
ery was made with the monochord (1920: 1.46). W. K. C. Guthrie, 
though he did not take a position on the monochord's invention, 
did conclude that Pythagoras must have used it if the discovery 
of the concord ratios was indeed his own (1962: 220-4). Kathleen 
Schlesinger assumed that the monochord ‘was used in the schools, 
as enjoined by Pythagoras’ by the time of Aristoxenus (1933: 96). 
Others have followed suit.?? Although more cautious voices have 
been raised in recent decades,?? the late-antique tradition remains 
persuasive: Leonid Zhmud has maintained that Pythagoras used 
the monochord in a scientific investigation of harmonics (1997: 
197—201). But the lack of any evidence for this position datable 
to within seven centuries of Pythagoras' lifetime, and the fact that 
the testimonies we do possess seem to be accretions on a narra- 
tive which we have already had cause to discount in toto, render 
Pythagoras' personal involvement in the history of the monochord 
nothing more than a mirage. It is not impossible that the mono- 
chord had been invented by the late sixth or early fifth century BC, 
but there is no credible evidence to suggest it. 

The tenacity of the mirage appears to stem mainly from the 
second of the assumptions cited above. Since the monochord had 
little use outside the role of demonstrating the ratios of musical 
intervals,?' authors from late antiquity on have been tempted to 
date the instrument concurrently with their earliest accounts of 
investigations of the concord ratios. Some even went so far as 
to date the invention of the monochord before the discovery of 
the concord ratios. A ready example can be found in Porphyry. 
In commenting on Ptolemy's discussion of why the Kanon is the 
best instrument for displaying the concord ratios to perception 
(Harm. 1.8), he lists various instruments said to have been used 


above). It is possible that Diogenes Laertius and Gaudentius read Nicomachus and 


interpreted his monochorda as kanones. 

^? For examples, see Guthrie 1988: 47. 

30 E.g, Burkert 1972: 373-5; Barker 1989: 497 n. 14; Huffman 2005: 135. 

3! The monochord may also have been used to play melodies, but probably as part of a 
harmonicist's epideixis (display); see Ptol. Harm. II.13, and Barker's conclusions on the 


passage (1994a: 71). 
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for the procedure.?? Ptolemy's topic was the available methods of 
offering proof of the ratios! correspondence to heard intervals, but 
Porphyry goes out of his way to link that discussion with their 
discovery, rather than merely their demonstration: 


&AAoi SE oU Tcv BokoÜvTes Eri &pervov gpovelv EAeyov, ÖT! ÈK Tis TOU KAVOVOS 
KaTaTouAs eüp£8noav oi Aóyoi, kai Bokel uot kaAcos A&yecOo1. 61611 Kai Ó Lire 
Uaios rrávra TH Trpoetpruéva TTAPAITNOAHEVOS, 61 ds elonkev AUTOS aitias, ETI 
TAV TOU KAVOVOS KATATOUTY TAGEv. 


But others considered still wiser than these said that the ratios were discovered 
from the division of the kanón, and I think they are right. Therefore Ptolemy, 
too, rejected the methods discussed above, for the reasons he himself gives, and 
turned his attention to the division of the kanon.?? 


Following this brief parenthesis Porphyry returns to an elabo- 
ration of Ptolemy, Harmonics 1.8, which deals only with why ‘the 
string stretched over what is called the kanon will show us the ratios 
of the concords more accurately and readily’ than other devices.’ 
Porphyry’s assertion that the discovery of the ratios depended on 
the use of the monochord is therefore tangential rather than inte- 
gral to the discussion at hand, and it is the intrusiveness of this 
statement as much as its content that helps to illustrate the extent 
to which the harmonic ratios and the monochord were associated 
by the age of Porphyry: doing mathematical harmonics, however 
basic, without a monochord was nearly unimaginable. 

The argument of the remainder of this chapter is that doing 
mathematical harmonics without the monochord was not only 
possible, but that there is no credible ancient evidence to sug- 
gest that there was any other way to study the subject before the 
late fourth century; furthermore, that results of some sophistication 
could be achieved without the instrument; and most importantly 
that it was precisely during this period, probably before the mono- 
chord was introduced, that the science came into existence as a 
separate branch of learning (a mathema) and that both its con- 
ception as a species of arithmetic and its basic postulates came 


32 
Porph. In Harm. 119.12-121.14. — 33 Porph. In Harm. 120.17-20. 
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I THE DEMONSTRATION OF THE CONCORD RATIOS 


to be established with such rigidity that not even the introduction 
of a geometrical instrument could challenge the way in which its 
practitioners defined musical intervals. 


I The demonstration of the concord ratios 


With the cellar door now safely shut, we can proceed to the first 
of our termini: the date by which a demonstration of the harmonic 
ratios had been carried out. By ‘demonstration’ I mean in this 
context no more than a procedure in which the correspondence was 
exhibited, without implying the existence of formal notions like 
axioms, hypotheseis or the type of deductive logic that underpins 
the apodeictic demonstrations of the Sectio canonis. 

The account of the earliest such demonstration comes down 
to us independently of the traditional stories of Pythagoras. It is 
a procedure reportedly carried out by ‘a certain Hippasus’, the 
Hippasus of Metapontum known to Aristotle and Theophrastus? 
and claimed in late sources as a Pythagorean,3° who lived in the 
early part of the fifth century.37 The source of the account is a 
fragment of Aristoxenus quoted by the scholiast to Plato's Phaedo 
as a gloss on the phrase ‘skill of Glaucus’, which was said of things 
either difficult to accomplish or ‘made with great care and skill’: 


"Trrratoog yao Tis KaTEOKEVATE YAAKOUS TETTAPAS Siokous OUTWS, MOTE TAS HEV 
o1rapéTpous a Tov Toag UTrápyxetv, TO Se TOU TrpwTOU SidKOU Tráx Os ETITPITOV 
EV civar ToU Beurépou, fjuióAiov 58 ToU Tpí TOv, SittAdotov SE TOU TeTápTov, 
Kpououévous 5è TOUTOUS érrreAeiv oupgoovíav TIVE. 


For a certain Hippasus made four bronze discs in such a way that while their 
diameters were equal, the thickness of the first disc was epitritic [4:3] in relation 
to that of the second, hemiolic [3:2] in relation to that of the third, and double 
[2:1] that of the fourth, and when they were struck they produced a concord,3® 


35 Arist. Metaph. 984a7, Theophr. fr. 225 (= Simpl. In Phys. 1.2, 24.1). 
36 Theo. Sm. 59.8 (= DK 18.13). Iamblichus reports in one passage that he was from 
Metapontum (Comm. math. 76.19), and in another that he was from Sybaris (VP 267). 
37 See Barker 1989: 31 n. 5. Hippasus' dates are uncertain; Huffman ventures c. 530—450? 
(1993: 8). 
Aristox. fr. 90 (= 
my additions. Zhmud's translation (20 
third’ and fjuióAiov ‘half’, which wou 
but not what the text says). 


Schol. Pl. Phd. 108d4 = DK 18.12), trans. Barker 1989: 31, with 
06: 195) is erroneous: he renders &rrírprrov *one- 
ld generate the proportions 2:6:4:1 (consonant, 


oo 
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Glaucus of Rhegium is then claimed to have been the first to play 
music on such discs.?? 

Unlike any of the other procedures involving metal objects 
(either sounded by percussion or as weights for strings, whether 
attributed to Pythagoras or not), this one will work as described. If 
the discs have an equal diameter, varying their thicknesses in the 
ratios described (12:9:8:6 in lowest terms) will produce exactly 
the opposite result as varying the speaking length of a true string 
or à cylindrical pipe: the disc that is twice as thick will sound an 
octave above the first, and so on.^? 

The fact that the procedure will work as described does not in 
itself guarantee that Hippasus actually carried it out. We have seen 
already that not all fragments of Aristoxenus are credible. Paul 
Tannery, noting the lack of an earlier version of the story, and 
the fact that Hippasus appears to have left no writings himself, 
treated the account with some doubt.4' Burkert was less dubi- 
ous, and Barker treats Aristoxenus in this context as a 'reliable 
authority .4 M. L. West notes that as far back as the eighth cen- 
tury BC there was a tradition of disc-chime-making in southern 
Italy, where Hippasus lived.^? This suggests that the materials and 
method of manufacturing such discs would have been available 
to Hippasus. The concord ratios had probably been known empir- 
ically for centuries: Greek panpipes (syringes), which had been 
around long before Hippasus, could have provided a basis for their 
observation. The syrinx of the classical period was made from 
hollow reeds of more or less the same diameter and equal length. 
pitch variation being obtained primarily by means of wax plugs 
which reduced the individual pipes to different speaking lengths. 
A syrinx-maker would recognise, whether or not he counted ita 
scientific discovery, that to tune pipe A an octave above pipe B, 


39 On what this music-making may have involved, see Barker 2007: 84-5. Glaucus was à 
performer and a writer about music, active in the late fifth century. 


Fletcher and Rossing 1998: 60-3. Ptolemy was aware of this principle (Harm. 8.10—12; 
see also Porphyry’s comments, In Harm. 51.16-52.3). 


Tannery 1913: 319. Several works were later ascribed to Hippasus (Diog. Laert. VIIL 7). 


Thesleff takes these to be forgeries of the third century BC or later (1961: 14, 113-14» 
1965: 91-3). 


Burkert 1972: 206 n. 71, 377 with n. 33; Barker 1989: 31 n. 6 and 2007: 84 n. 32 
(quoted). See also Mueller 1997: 292. 


West 1992: 234 and 126, citing Zancani Montuoro 1974-6: 27-42 and pll. IX-XVI. 
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I THE DEMONSTRATION OF THE CONCORD RATIOS 


pipe A would have to be blocked with wax to half the speaking 
length of pipe B.^^ The instrument is mentioned in Greek literature 
as early as the Jiad (X.13, XVIIL 526); it is attested in the sixth 
century by a vase-painting dated c. 575 BC,^ and in the early fifth 
by a reference in the Prometheus Bound (574-5).*° 

Further support for the fragment's credibility comes from the 
fact that unlike Xenocrates’ or Aristoxenus’ testimony about 
Pythagoras, Aristoxenus’ report here does not (at least in the 
brief quotation preserved) make Hippasus the protos heuretes of 
anything. Rather, it is Glaucus who is credited with being first, 
and not as inventor, but as performer. The fragment is so short, 
however, that what it does not say cannot be made to carry much 
weight. Something more substantial, perhaps, can be drawn from 
the mathematical consequences of the procedure it relates. It is 
noteworthy that Hippasus' discs generate ratios in which higher 
numbers go with higher pitches, rather than the opposite. Unlike 
demonstrations with cylindrical pipes (such as we shall find in 
a fragment of Archytas a century later) and stopped strings, the 
discs present the concord ratios in a non-linear, non-geometric, 
non-canonic fashion. This presentation of the arithmetical relation- 
ships between notes has the advantage of suggesting that height 
and depth of pitch can be thought of as greater and lesser quantity, 
not lesser and greater distance: in other words, the behaviour of 
pitched sound becomes visibly and directly (not inversely) anal- 
ogous to the behaviour of numbers. In Hippasus’ procedure this 
connection is made through visible thicknesses of bronze; later, 
after Archytas’ problematic thesis that force and speed are the 
determinants of pitch, the raising and lowering of pitch would 
come to be thought of as addition and subtraction of movement 
(Sect. can. 149.3-11), which brought the complication — never 


44 This procedure is detailed in the pseudo-Aristotelian Problems; see part 4 of this chapter 


and n. 131 below. 
45 The François Vase (Florence 4209), where it is played b 
Bundrick 2005: 42 with n. 107. Roughly contemporary 15 


where the instrument is mentioned by name (512). 
46 Burkert was apparently unaware of this evidence when he considered the question of 


how the concord ratios might have been known in Pythagoras’ lifetime, and his statement 
that ‘the syrinx [panpipes] was not used in the music of the classical period’ (1972: 374) 
continues to mislead scholars interested in the question (e.g. Mueller 1997: 291). 


47 Xenocrates fr. 9, Aristox. fr. 24 (both quoted above). 


y Calliope: Landels 1999: 69, 
the Homeric Hymn to Hermes, 
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MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 


elegantly handled in antiquity — of applying ratios of temporal 
density of impacts inversely to lengths of string.48 The advantage 
of Hippasus' procedure, then, and an important corroboration of 
Aristoxenus’ report of it, is that such complexities are altogether 
absent: the arithmetic of pitch is the arithmetic of thickness. There 
are separate discs for separate notes, each of which possesses its 
own numerable quantity. The procedure as we receive it thus fits 
well in the chronology of developments by which physical acous- 
tics was connected to mathematical harmonics in the fifth and 
fourth centuries. (This chronology will occupy our attention more 
directly in chapter 3.) 

It has often been assumed that Hippasus' procedure amounted 
to an experiment.4? Our account of it, however, is devoid of the lan- 
guage either of empiricism or of demonstration. Hippasus merely 

constructed’ (kateokevaoe) four bronze discs in certain dimen- 
sions, and a certain acoustic result followed from the manner 
of their construction. If Aristoxenus’ choice of vocabulary tells 
us anything about the scientific context of the procedure (and 
it may well not), his use of the verb kataskeuazein could sug- 
gest that he thought of Hippasus as engaged in a mathematical 
project, 1n which a construction (kataskeue) can be the solution of 
a problem (problema) or a stage leading toward a demonstration 
(apodeixis).9? While it would be anachronistic to see Hippasus 
as a sort of harmonic Archimedes of the early fifth century, it 
I5 certainly possible that Aristoxenus thought of Hippasus' con- 
Struction as a component of the sort of rigorous mathematical 
argument which had been developed in the fourth century. The 


48 Arch ( ; 
tas acous i : : x ; 
oe an s Hs be discussed In part 4 of this chapter; on the complications it 
the quantities dis is PER EUER using strings, see ch. 3 part 3; on the notion that 
TRACER nel. dm ns n of the monochord are inversely proportional to 
FII are 
Insisted), see ch. s part 2. the cause of the pitches (as Nicomachus and Thrasyllus 
?? E.g. by Mueller 1997: 292, Sol 
Huffman 2005: 135 Riedy 9'omon 2000: 25 n. 135, Kahn 2001: 35, Gibson 2005: 10, 
counts Hippasus’ discs as M ea "99; Zhmud 2006: 195. Lloyd (1991: 82) merely 
early Pythagoreans. » evidence for ‘empirical investigations in acoustics’ among the 
"RC e thing as sugeesti ippasus Il 
resented the : 8 as suggesting that Hippasus actually 
p discs themselves (in whatever way he may have done so) 2 experiment. 
diorismos, kataskeué. a Dd. prior to Proclus’ scheme (protasis, ekthesis, 
Eudemus. s > podeis, SuMperasma), including the sense of kataskeuazein in 
. See Netz 1999b: 300-1. : ataskeuaz 
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point of this speculation is to show that interpretations of Hippa- 
sus' procedure depend largely on what readers expect to see. A 
brief hearsay report by Theon of Smyrna about Lasus of Hermione 
(a poet-composer of the late sixth and early fifth centuries) and ‘the 
followers of Hippasus of Metapontum, a Pythagorean' pursuing 
‘the speeds and slownesses of the movements, through which the 
concords arise’ has been taken by some as evidence of empirical 
approaches to quantitative acoustics in the early fifth century.?! 
Those who accept this view also tend to read Hippasus' procedure 
as an experiment.?^ If it was, our only source does not tell us so. 
All that we can be sure of is that Hippasus’ discs were capable 
of illustrating the point that certain ratios appear to correspond 
to certain concords; anyone who was interested enough to strike 
them and observe their dimensions could see and hear the corre- 
spondence between ratio and concord which was a consequence of 
their design. This no doubt ensured their preservation. The story 
about Glaucus shows that by the end of the fifth century, the discs, 
or a copy of them, were still around to suggest their transformation 
into a performance instrument. 


2 The first appearance of the monochord 


Our earliest references to the monochord are in the Sectio cano- 
nis and in a fragment of the Samian tyrant and historian Duris, 


>" A&cos 8t ó Epuiovelis, 5 pact, kai of mepi Tov Metatrovtivoy "Irrracov THu8ayopikóv 
dvSpa ouvétreobar TOv kivtjoecv TA Tay] Kod TAS pourras, Si cv ai SULPOVIAl, 
Theo. Sm. 59.7-10, trans. Barker 1989: 31. Hiller (Theon’s editor) marks a lacuna 
after ouugovíot, and there are other textual problems on the same page. Compare the 
different report of Lasus at Aristox. El. harm. 3.21-33. As Barker points out (n. 9 ad 
loc.), ‘there is no good evidence that the early investigators associated pitch with velocity 
of movement’; the first such theory appears in Archytas fr. 1 (discussed in part 4 of this 
chapter). See Huffman 2005: 138-9 for a brief but detailed discussion of the passage in 
Theon and the problems of its interpretation. 

52 Zhmud even goes so far as to suggest that Hippasus' ‘acoustical experiment’, whose 
proportions necessarily included the arithmetic and harmonic means, ‘implies that the 
first three means were known to Pythagoras, whose experiments Hippasus followed’ 
(2006: 174 n. 31). Evidence that Hippasus worked on means is late and by no means 
certain (lambl. Jn Nic. 100.21—4, 113.16-17, 116.1—4, where he is consistently lumped 
in with Archytas, whose interest in means (fr. 2) is certain). Mueller (1997: 292) is 
willing to entertain the possibility that Hippasus worked with ‘at least the first three 
means’. I am not convinced that Hippasus (let alone Pythagoras) studied the means at 
all, or that experiments were involved. In Kahn’s blunt assessment, ‘we know almost 


nothing about Hippasus’ (2001: 38). 
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preserved by Porphyry. Neither can be dated with precision, but 
the Sectio was probably written around 300 BC, and Duris (c. 340- 
c. 260 BC) was active at the same time. The Sectio, which provided 
a starting point for our examination of the ways in which the 
monochord was made to function as a kind of audible diagram in 
chapter 1, will be discussed further in chapter 3, and the problems 
of its date and authorship will be delayed until then. Since it 1S 
Porphyry’s quotation from Duris’ Annals, a local history of Samos 
([Samión] Hóroi), which provides an independent confirmation 
of the terminus suggested by the Sectio, we shall deal with it 
here.?? 

The date of Duris’ Annals is unknown, but his history (possibly 
Macedonian History) included the events following the battle of 
Corupedium (281).54 His passing reference to the monochord in 
the Annals, therefore, can be dated only very approximately. 

Porphyry's quotation runs as follows: 


AoŬpis 8 ó Zóápiog év SeutTépw THv pov maidd T avToU [sc. ITuGaryópov] 
dvayedaoer Apiuvnotov koi SiSdoKardv qnoi ysvéo9oü AnpoKpitov. Tov 8 
Apipvnotov kareAGóvT &rró Tis quyfis xoAkotv àváðnua TO ieoa@ THs “Hpas 
dvobsiven tiv Siduetpov Éyov żyyùs 5Uo mxew, oU Ertypouua TY EY VEY POR 
UEVOV TOE: 
TIuGaryópeo pidos viós Apipvnotos K &véOnke 
Togs teupa eivi Aóyois copias. 

ToUto 9 óàvcAÓvra 2ipov Tov å&ppovikòv Kal TOV kavóva OQETEpIOGUEVOV 
&Ceveyxelv cos iSiov. ivan u£v ov &rrr& Tas &voyeypouuévas Topias, Sick SE TNV 


iav, fiv Zivos Ueideto, cuvaqavicOfjvot Kal Tas &AAas Tas £v TÓ ávogiuai 
YeY pauuévos. 


Duris of Samos, in the second book of his Annals, records that his [sc. Pythago- 
ras'] son was Arimnestus, who (he claims) was Democritus’ teacher. Arimnestus, 
on returning from exile, dedicated a votive offering in bronze in the temple of 
Hera, which had a diameter of nearly two cubits. On it was inscribed the following 
epigram: 
‘Arimnestus the dear son of Pythagoras set me up 
because he discovered many sophiai in logoi.’ 


But ie the harmonicist destroyed55 the votive, appropriated the pend 
PCAC O E aS Dis Owl seven sophiai had been recorded, but because of the 


53 On the Annals, from which about tw Traem 
: : enty frae : z k —88, 
Landucci Gattinoni 1997: 205-58. Papoea sevite ee PERC MAUD 2 


54 Pédech 1989: 314. 
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55 Or perhaps ‘carried off” (see Landucci Gattinoni 1997: 255)- 





ces ANREISE MIS SERES S RS SES PER EQ SR tiic A chang RD ce AP NR Ah Toe oN mane once "M TRE DEUM 
mat T ako uh Le Code Peta Men pu, BE IRI SRAY IS T MI ae ke eS e Li Cae E: Greets BA Rede SETS YS cue NID FPO USE S AR C REL EU E TERN TE RENE Maso — ee SENTIS 
à RI c i Qoi CP TAE ie eS ERE ey IRON op ERTS Sk VTE REX RE CTE OS IS OAR SEP RON NE RET E ALAS "s AUR PAS XE ETATE Mgr OTT oem oa a ere ON, aea PT MR ERA T gray eges d Mns. uu 
€ AEN ker X. fione ` d jie abe PET eS FS Se en RAD arte wy HRS AUNA SOLOS TARE MEAL CIPLC, UO EAS Speier E dr e TCR LED a dc aE a E TIN a ASTE E are 
d.a 3:4 9 ALME ugue, SOIR MES 0E Le se HITS ae sp S ens Atl ye yw. : heise s j = R E EO EAEE NT Bi Ae R vii E AAA m AIE PE SEANA paca: pre eat: eS SS SEES Pur 
MSIE UCM a 2 di rae $ y ad i AUN ACE Sh . VES Do : N Pocos d na As ge cae nat i er dE me 
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one which Simos had stolen for himself, the others which had been written on 
the votive as well disappeared along with it.5° 


What exactly did the inscription claim Arimnestus had discov- 
ered or invented? The oblique phrase TroAAds ££eupóxv eivi Aóyoig 
cogias in the pentameter line of the distich is not easy to interpret.57 
It has been suggested that the sophiai referred to akousmata or 
bits of Pythagorean wisdom, but the kanón would be difficult to 
describe as a ‘saying’ (akousma).55 Outside Pythagorean contexts 
sophia could have a more general sense: ‘skill’, ‘craft’, ‘learning’; 
it was also applied to scientific knowledge. The word logoi sug- 
gests reasoning, reckoning or calculation: /ogos in this sense is also 
the usual word for ‘ratio’. Accordingly we might suggest *having 
made many discoveries/inventions in the mathematics of ratio’ as 
a possible paraphrase.5? This may be too generously scientific, but 
since the invention of the kanón was evidently one of the seven 
sophiai attributed to Arimnestus on the monument, it is unlikely to 
be far off the mark. Knowing what the other six were would help 
to provide context; but then Duris would have had no story to tell. 

If Porphyry's faithful quotations and paraphrases of known 
fourth-century authors such as Aristotle and Aristoxenus are any 
indication,?? we may be safe in assuming that this fragment has 
been faithfully transmitted, despite the fact that aside from the 
epigram, he reproduces it entirely in indirect discourse. Duris' 
reputation for accuracy was never very good,?! but questions of 
accuracy in this fragment rely less on Duris for present purposes 


? Duris fr. 23 (FGrH 76F23 = Porph. VP 3). . 

>? Page was baffled: ‘we have no idea what is meant by all this’ (1981: 405). See also Diels 
1922, 1.343 n. 15; Jacoby, FGrH II c.122 (on 76F23); Michel 1950: 378. : 

55 Diels’ interpretation of the seven sophiai as the seven means (mesotétes: see previous 

note) is similarly ruled out: the monochord can exhibit means, but cannot be described 

as one. 

Thesleff makes a similar suggestion (1961: 11). It is possible that CpeASy o ORPI 

means something like 'skills in reasoning' in a philosophical sense, but it is hard to 

imagine how a Kanón that would tempt a harmonicist to theft could be placed under 

such a heading. . : 

60 Compare, for example, Porph. In Harm. 52.15-17 with Arist. De an. 419b25-7; Porph. In 
Harm. 49.16-21 with Arist. De an. 420a19—26; Porph. In Harm. 84.12-15 with Aristox. 
El. harm. 10.25-8. Cf. also Porphyry's quotations of the Sect. can. in his commentary 


on Ptol. Harm. 1.5 (Porph. In Harm. 90.7-22, 99.1-103.25) : : 
See e.g. Cic. Att. VL 1.18, Plut. Alc. 32 and Pericl. 28; Pédech 1989: 258, Dalby 1991: 


5 


o 


o 


539 n. 2. 
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than they do on Porphyry. Thus we need not be unnerved by Duris’ 
claim that Democritus was a pupil of Arimnestus,®? nor need we 
believe that Arimnestus was literally Pythagoras’ son.°3 The fact 
that this fragment seems to contain the only ancient reference to 
Arimnestus®4 could be taken to suggest either that it is authentic 


a 
S 
P 
i 


" (because it is not merely a repetition of a rumour that appears else- 
; where) or that it is a complete fabrication (the conveniently named 
1 Samian Arimnestos, *Most Worthy of Memory', ironically suffers 
1 a damnatio memoriae at the hands of a (foreign?95) mone 
3 who plagiarises a seventh of his wisdom and ditches the rest); 
4 the word ££eupcov, ‘having discovered/invented', shows that this 
1 is another prótos heuretés narrative. But neither picture affects 


M 
D 
AF , 

^ 


A, 


the value of the fragment for the history of the kanon, since even 
3 If the entire account (epigram and all) were Duris' invention, he 
3 still provides us with the first use of the word in an unequivocally 
musical sense. | 
There can be little doubt that the word kanon in the Duris frag- 
ment means ‘monochord’. The Simos accused of having stolen 





: : ; ' (Page 
62 ‘Duris was fond of inventing master-pupil relationships, . .. however improbable’ (Pag 


1981: 406); cf. Müller’s reaction: ‘De Democrito Arimnesti discipulo jure dubitabis 
(FHG 11.482, Duris fr. 56 n.). 


? If he was, then KarrEAOÓvT Atrd T 
after the fourth-century Athenian 
Traides avTOU [i.e. AokAntiov] for 
autot [sc. Tu8aydpou] as merely 
specific enough to rule out this re 
which mentions Pythagoras; 
(1.15 and VIII.43). 


°4 So Thesleff 1961: 11, Landucci Gattinoni 1997: 255. The only other candidate 
Arimnestus whose aphorism about the greatest good for a man being a good death Is 
quoted by Stobaeus (Apiuvnotos époo reels Ti u£yio-ov &yaóv &vOpcorro, eire A 
KaAGs &rroBaveiv' , Flor. IV.51, 26). The remark was probably meant to have been sal 


by the fifth-century Spartan of the same name, who killed Mardonius at Plataea and 
who was himself later killed in the Messenian 


all of whom died with him (Hdt. IX.64); I tak 
which specifies ‘the son of Pythagoras’ to hay 
Duris fr. 23 (Apinvnotos, ó Mu8aydpou vids, 
EPT: ‘Td KO o6 &rro8aveiy' , Sent. Vat. 118). 
lambl. VP 267; see n. 67 below. 

Page regarded ‘the w 
his own imagination’ Waste of time to inquire what Duris may have 
meant by the details of his fiction’ (198 i, 

argued that since the primary audience 


local knowledge of Samos, it would have been difficult for Duris to have passed off a 
deliberate fabrication such as this witho i 
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fis puyñs cannot refer to the return of exiles in 2: 
cleruchy of Samos had ended. On the ML : 
‘physicians’ (Pl. Resp. 407e), we might read rroibá 
‘a Pythagorean’. But the epigram’s oíAos vids Pan 
ading. Fr. 23 is the only extant passage from aed 
Diogenes Laertius gives Pythagoras a son named Telaug 
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2. THE FIRST APPEARANCE OF THE MONOCHORD 


credit for the invention is called a harmonikos — not, for instance, a 
mousikos; the term is specific (but probably does not yet carry the 
particular refinements of meaning later outlined by Ptolemais).97 
The context is also explicitly Pythagorean: this is the right place to 
hear about the monochord. Finally, logoi (ratios) are exactly, and 
only, what a harmonikos demonstrates by means of a kanon. 

The instrument may have been well known enough by the end 
of the fourth century that Duris did not need to explain what it 
was. The most generous interpretation of the fragment would be 
to accept Arimnestus as a son of Pythagoras and as inventor of the 
monochord. This would place the instrument in the fifth century, 
possibly even earlier than Hippasus’ disc demonstration. The pos- 
sibility of a fifth-century origin for the monochord cannot be ruled 
out conclusively, but this dating is unlikely for at least one reason 
besides the suspicion that Duris may not be a reliable witness. 
It is, in fact, a corollary of one of my arguments for accepting the 
account of Hippasus’ disc procedure. We noted in support of the 
latter that the necessary materials, methods and knowledge were 
available in southern Italy by the beginning of the fifth century. 
Now while the technology of stringed instrument manufacture was 
well developed by this time, the instruments themselves would not 
have suggested the monochord; the disc-chimes of southern Italy, 
by contrast, would have offered a more suggestive starting point for 
Hippasus. In instruments of the lyre family, whose strings were 
either parallel or minimally radial, pitch variation was achieved 
primarily by varying string thickness. In harps, at least one variety 
of which is attested in Greek lands by the late sixth century,’° 
it was obtained by a combination of string length and thick- 
ness. In neither instrument was string division the primary way of 


°7 p orph. In Harm. 23.5—-9. Duris’ ‘Simos the harmonicist’ may be the Pythagorean Simos 
from Posidonia mentioned by Iamblichus (VP 267; see also Michel 1950: 268-9). 

os Unless, of course, he was attempting to impress his readers with his own learning by 
being deliberately cryptic. Pédech (1989: 268-70) gives some reasons for thinking that 
Duris may have had a special interest in music, but Iam not convinced by his arguments 
for supposing that Duris’ Peri nomdn was a book about musical nomoi (despite the 
instruments mentioned in fr. 81). : 

?9 See n. 61 above; Arimnestus is also clearly starring in a protos heuretés role here. 

7 Athenaeus (635d-e), quoting Pindar; Hdt. L17.1; Alcaeus 36.5; Sappho 22.11, 156; 


Anacreon, PMG 373, 386. 
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MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 


changing pitch.?' This is not to say that these instruments did not 
have the capacity to reveal the concord ratios,’* but rather that they 
did not suggest string division as a simple means of demonstrat- 
ing the ratios to perception. In fact, string division is suggested 
by no instrument available to the Greeks until the arrival of the 
lute in the late fourth century Bc. Nicomachus’ exercise in ono- 
mastics and classification in chapter 4 of his Handbook reveals a 
conceptual connection between the lute and the monochord which 
may go back to the Hellenistic period. He refers to one group 
of instruments as ‘the monochorda’ (the single-stringed instru- 
ments), “which most people call lutes (phandouroi), but which the 
Pythagoreans call kanones’ .73 

All this hints at a fourth-century origin for the monochord. 
Beyond this we cannot say anything with certainty. Faced with 
such an irremediable scarcity of information, some have offered 
guesses for a terminus post quem: 300 BC (Van der Waerden), 
or the time of Aristotle (B urkert).’4 Van der Waerden’s is probably 
too late; Burkert’s may be too early, but it cannot be very far 
from the mark. None of the arguments for a pre-Aristotelian date 
for the monochord are convincing. One of the most problematic 
was put forward by Arpad SZabó, who claimed that ‘the canon Fan 
be conclusively proved to have existed at least at the time of Plato 
(1978: 118). The sole basis for this claim was a passage in the 
pseudo-Platonic Epinomis, where it is observed that the hemiolic 
and epitritic ratios, by which the arithmetic and harmonic means 
are found, happen to fall within the ratio 6 to 12.75 By taking 
a passage of Gaudentius (Harm. 341.13—342.6: Pythagoras' first 
canonic division) as an indication that the division of the string 


7! [n lyres and harps with strin 


gs at high tension, placing a finger lightly at the mid-point 
of a string would generate a 


n octave above the pitch of the open string. But there is no 
unambiguous mention of this technique in Greek literature (see ch. 3 part 3). 
Triangular harps were later used in the pseudo-Aristotelian Problems to demonstrate the 
octave-ratio (XIX.23, 919b). The compilation of the Problems may date from the early 
third century Bc, and the materials from which it was assembled may differ in date. 
The Greek is quoted in n. 27 above. 
Van der Waerden’s conjecture follows from his rejection of Sect. can. props. 19-20 as 
post-Euclidean in date (1943: 172-7); Burkert 1972: 375 n. 22. 

tv Éo 6E TOU EE Trp ds Tà BooBeko ouvéBn TÓ Te HUIdAIOV Kal TO ettitpitov, Epin. 991a. 


The discussion depends heavily on the ideas of Republic VII and Timaeus 35b—36b 
(on which see ch. 3 part 2). 
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2 THE FIRST APPEARANCE OF THE MONOCHORD 


of the monochord into twelve was more or less standard,"? Szabó 
concluded that the numbers 6 and 12 for the octave ratio in the 
Epinomis passage are only explicable if one assumes the existence 
of the monochord: 


believe that these questions cannot be answered properly unless one bears in 
mind that the measuring instrument of the Pythagoreans (the canon) which was 
used to illustrate the proportional numbers of the consonances was divided into 
twelve parts. In other words, Plato's remark proves convincingly that the canon 
existed at that time. Modern attempts to regard the canon as ‘an artificial piece 
of apparatus which was devised later' have not been successful." 


Because he credited Gaudentius’ account of the invention of 
the monochord with some historical value, accepting the date if 
not the attribution to Pythagoras,” Szabó thought that the content 
of Gaudentius’ division could be applied directly to the harmonic 
landscape of the fourth century Bc simply because some of the 
numbers were the same.79 But Gaudentius himself evidently knew 
very little about the instrument's early history: his repetition of the 
Pythagoras-and-the-forge myth proves as much. Szabó adduced 
no other evidence from any of the undisputed dialogues of Plato, 
nor did he attempt to integrate the monochord into the harmonics 
of Plato's generation. He may not have been wrong about the date, 
but his argument fell far short of proving that he was right. 

On the other hand, the fact that Aristotle does not mention 
the instrument (to say nothing of Aristoxenus and Theophrastus) 
cannot be considered sufficient basis for a terminus post quem, 
as Burkert suggested. I prefer the opposite approach: rather than 
attempting to establish a terminus post quer (which, given the 
state of our evidence, is impossible), we must satisfy ourselves with 
an approximate terminus ante quem, and Duris provides one 


76 Szabó 1978: 115-16. Gaudentius may have lived as late as the fourth century AD. A 
twelve-unit monochord may have been standard — if there was ever such a standard — by 
the time of Thrasyllus (see Theo. Sm. 89.10; Thrasyllus died in AD 36), but this does not 
help Szabó's argument. Part of the Gaudentius passage is quoted in the oe | 

7! Szabó 1978: 119, original emphasis. The quotation appears to be from Burkert (cf. 1972: 


116). 


75 See n. 2 above 
79 The Epinomis was probably written in the fourth century even though Plato was almost 


certainly not its author; Diogenes Laertius (111.37) attributes it to Philip of Opus (claimed 
to be Plato’s literary executor); see Taran 1975. 
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E MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 
(c. 300 BC) even if the Sectio canonis does not.®° The fact that 
E we cannot trace the instrument before Duris means that at least a 
4 century and a half elapsed between the earliest date by which we 
E can be certain that the concord ratios had been demonstrated (Hip- 
3 pasus) and the first surviving literary reference to the monochord. 
d The two most prominent early Pythagoreans who wrote about har- 
monics, Philolaus and Archytas, lived between these two dates. 
3 It remains to be shown that what survives of their work neither 
; requires the kanón nor presupposes its existence. 
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3 Philolaus 


Nearly all that survives of Pythagorean harmonics before the time 
of Aristotle is represented by a few brief fragments from the writ- 
ings of Philolaus and Archytas. The remnants of Philolaus’ discus- 
sions of musical intervals do not appear to have been conceived as 
contributions to an independent branch of scientific investigation; 
rather, they seem to have served as an illustration of the principle of 
cosmic order and unity. Until Archytas the ratios of musical inter- 
vals, and especially those used to divide the tetrachord, seem not 
to have been studied either with a view to explaining their concor- 
dant or melodic qualities, or for their application to contemporary 
musical practice. Both of these concerns were of interest to Archy- 
tas, however, the latter of which drew criticism from Plato (Resp. 
531b-c), and from Archytas’ pursuit of them many scholars have 
concluded that he, at least, must have used the kanón. Those who 
assume this much have usually been generous enough to share the 
instrument with Philolaus as well. 

Proponents of this hypothesis have included Hermann Koller, 
who dated the monochord to the second half of the fifth century 
BC, assuming that it had been instrumental in the discovery of 
the concord ratios (1960: 67). Those who have accepted an even 
earlier date for the monochord also make it available, by exten- 
sion, to both Philolaus and Archytas. Among the more cautious, 
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Some reasons for considering the Sectio canonis a unified document of Euclidean date 


(i.e. Cc. 300 BC) will be considered in ch. 3; if accepted they would allow the Sectio to 
support the terminus ante quem provided by Duris. 
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3  PHILOLAUS 


M. L. West entertained the possibility that Archytas used the mono- 
chord to construct and test the intervals of his tetrachordal divi- 
sions (1992: 237, 240); among the less cautious, Giovanni Comotti 
placed the monochord in the hands of the earliest Pythagoreans 
(1991: 26). Despite the doubts which had been raised for over half 
a century,°! Comotti’s argument was taken up soon afterward by 
Robert Wallace: 


As G. Comotti so ably demonstrated, since the late sixth century Pythagoreans 
in southern Italy and elsewhere had been analysing music experimentally, by the 


monochord and other devices, as a means of revealing the mathematical basis of 


the universe.9?? 


Philolaus describes the three main intervals of the harmoniai in terms of mathe- 
matical ratios obtained by means of experiments on the monochord. This type of 
research continued in the fourth century (and later), for example in the work of 
the Tarentine Archytas.*? 


We have seen already that there is no evidence to support the first 
set of assumptions quoted above. The goal of parts 3 and 4 of this 
chapter is to show that the second set is equally unfounded: there 
is nothing in the fragments of Philolaus to suggest that his pre- 
sentation of the magnitudes of musical intervals owes anything 
to experiments on the monochord; Archytas, unlike Philolaus, 
actually mentions musical instruments by name, but they are not 
stringed instruments, and he introduces them only to demonstrate 
the truth of his acoustical theory. His instrumental procedures are 
presented exclusively within statements of the form ‘if one does 
this, such-and-such will happen’, and never within statements such 
as ‘I did this, to find out if such-and-such would happen’. However 
experiment may have participated in the investigative method of 
early Pythagorean harmonicists, 1t was never (so far as we can tell) 
part of the presentation. As we saw in chapter I, the monochord, 
when it was eventually introduced, performed a role broadly con- 
sistent with this picture: it appeared in the final propositions of 
the Sectio canonis as a diagrammatic instrument, where its func- 
tion was demonstrative. My aim 1s not to prove that Philolaus 
and Archytas made no use of the monochord, or that they did not 


81 Van der Waerden 1943: 179. 192: Burkert 1972: 375 n. 22; Barker 1989: 50. 


82 Wallace 1995: 17. ?? Wallace 1995: 20-1. 
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MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 


conduct acoustical or harmonic experiments with instruments, but 
simply that conclusions to the contrary are not supported by any 
of the available evidence. 

For the moment I shall ignore many aspects of the fragments of 
Philolaus and Archytas which tell us important things about their 
notions of harmonics, and focus simply on showing that there 1s no 
reason to assume their knowledge of the monochord. Indeed, we 
shall see that the presence of the monochord can never be inferred. 
Not even an author’s description of an instrumental procedure can 
be taken as unequivocal evidence that he actually performed it, 
as we saw from the array of acoustic experiments retailed by late 
antique writers who either never attempted them or were not candid 
about the results. But the monochord can sometimes be presup- 
posed even when its physical presence is not strictly required; the 
‘canonic’ diagrams of Ptolemy’s Harmonics are a case in point 
(see ch. I part 2). We do not need a monochord to follow the 
argument of Harmonics 1.9, for example, but the demonstration 
nevertheless relies on the principles of its operation (intervals are 
conceived as ratios of linear distances) which were spelled out 1n 
detail in I.8. My approach to Philolaus and Archytas will be to 
show that on the most generous reading of the extant fragments, 
their achievements did not require the monochord, and the pre 
sentation of their conclusions does not presuppose its existence. 
The simplest way to demonstrate this will be to show that every- 
thing they say about musical sounds can be obtained directly or 
indirectly from the connections between observable phaenomena 


and numerical relationships already demonstrated by Hippasus, oF 
from observations made in their own accounts. 


The magnitude of harmonia 


The earliest writings that contain an explicit link between musi- 
cal intervals and numerical ratios are those of the fifth-century 
Pythagorean Philolaus, of whose works only a small number 
of fragments survive.94 Roughly a contemporary of Socrates. 


84 Pons : 
A small number of genuine fragments, that is: many more have been discounted as 


ped The fragments and testimonia are collected, with commentary, by Huffman 
1993). 
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3 PHILOLAUS 


Philolaus was born in about 470 Bc and lived into the early fourth 
century.55 He was an Italian Greek, probably from Croton,®° who 
later spent time in Thebes.?7 His name is firmly attached to the 
Pythagorean tradition, and the genuine fragments of his work rep- 
resent the earliest writings of that school.®® 

Those fragments which most scholars now accept as the authen- 
tic work of Philolaus indicate a Pythagorean concerned with the 
means by which the parts of the universe cohere and through which 
it maintains its unity.’ Two of these are important for present 
purposes: number and harmonia. Number is of primary episte- 
mological significance for Philolaus; in fr. 4 he presents it as the 
key to knowledge and understanding: ‘and all things, indeed, that 
are known have number: for it is not possible for anything to be 
thought of or known without this'.9? Harmonia, ‘fitting together’, 
is a unifying principle, invoked to explain the apparent unity of a 
world composed of things which are dissimilar.9' ‘All the things 
that exist must necessarily be either limiters or unlimiteds, or else 
both limiters and unlimiteds’ (fr. 2);?? ‘it is clear that the universe 
and all the things in it are harmonised together (cuvopuóyx0n) from 


55 Huffman 1993: 5-6; he allows that Philolaus ‘could have been born as early as 480 or 

as late as 440’. 

Tarentum is also a possibility; see Guthrie 1962: 329. 87 PI. Phd. 61d. 

88 Diog. Laert. VII.84-5. ‘After Pythagoras himself there are really just three prominent 

names in Pythagoreanism: Hippasus (c. 530—450?), Philolaus (c. 470—385), and Archytas 

(C. 430-350). There is no good evidence for any Pythagorean, including Pythagoras 

himself, writing a book before Philolaus' (Huffman 1993: 8). 

The authenticity of the Philolaus fragments was the subject of much disagreement 

in the nineteenth and twentieth centuries; for a complete account of the debate from 

1819-1961 see Thesleff 1961: 41—5; see also Michel 1950: 258-61, Guthrie 1962: 

329-33. Burkert (1972) and Kirk, Raven and Schofield (1983) also offer important (and 

divergent) discussions. Huffman (1993) assesses each of the fragments and testimonia 

and groups them as either ‘genuine’ or ‘spurious or doubtful’; about half the fragments 

are in each category. His assessments have been widely accepted (see Kahn 2001, ch. 3), 

but not universally: on the fragments relevant to harmonics see especially Barker 2007, 

ch. 10. 

90 Kal mrávra ya pov Ta yryvoxoxópeva &piOpóv EXovTi. oU yòp otidv (oióv) te ovdev 
oUTe vongfiuev ote yumoOfuev &veu TOUTE, Stob. Flor. 1.21, 7b = DK 44 B 4, trans. 
Barker 1989: 36. E 

91 Compare the use of the word in Homer to denote the physical means of joining the 
parts of a ship together (Od. V.361). In Herodotus it is used of caulking (11.96); in the 
Hippocratic treatise on surgery the word harmoniai (in the sense ‘joins’ or “fittings 


together’) apparently refers to sutures (Off. 25). . " ; cae 
9? avdyKa rà ¿óvta elev mrávra 7} Trepadvovra Ù &rreipat f] TEPAIVOVTE TE Kad TEPA, 


Stob. Flor. L21, 7a = DK 44 B 2. 
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3 MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 

4 both limiters and unlimiteds’ (fr. 2).93 In fr. 6. Philolaus says that 
3 since limiters and unlimiteds were ‘neither similar nor of the same 
3 kind’ (ovy ópoloi ot8 óuóQuUAor), it required Harmonia for them 
s to be ‘ordered with one another’ ( avais koounrjvor) if they were 
: to be ‘kept together in a kosmos’ (£v kóouo Karréyeo0ar).?! 

z Harmonia for Philolaus is thus primarily a principle of ‘fitting 
a together’ at the cosmic level: our understanding of the universe 
3 and its structure will consequently rely on our understanding of 
4 harmonia. 'The naturally immiscible fundamental principles may 
3 have been understood numerically, although the link between lim- 
E iter and unlimited on the one hand (frs. 1, 2, 6), and odd and 
4 even on the other (fr. 5), may have been made by Aristotle and 
E not by Philolaus himself.°5 In fragment 6a, Philolaus employs the 
3 terminology of mathematical ratio to describe the sizes of the inter- 
3 vals in music; here, harmonia is the intervallic framework of the 
3 octave scale. Fragment 6a comes not from a work on harmonics, 


but from a book On Nature which was also the source of frag- 
ment 1.9? Harmonia is a structural, epistemologically significant 
concept based on number, and music is of primary value to such 
a discussion because it can be shown to possess harmonia.?! The 
first point, then, is a general one: the scope of Philolaus' project 
was much broader than merely to investi gate the intervals in music. 
This does nothing to exclude the possibility of his having used the 
monochord, but it is nevertheless important to keep in mind that 
harmonics was not Philolaus’ central concern, and harmonia was 
not for him a narrowly musical idea. 

The second and more specific point is that nothing Philolaus says 
about musical intervals relies in any way on principles uniquely 
demonstrable on the monochord. There are only two fragments 
and one testimonium which tell us anything about how Philolaus 
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?3 6fAov Tapa STi èk TEPAIVOVToOV TE kal &rrelpcov 8 Te KOOHLOS Kai TH Ev AUTH cvvapuox9n, 
Stob. Flor. 1.21, 7a, trans. Barker 1989: 36. Compare the similar statement of fr. 1 (Diog. 

" aper — DK 44 B 1), where the verb is the uncompounded &puóx8n. 

s or .21, 7d = DK 4486. 95 See Huffman's discussion (1993: 179-84). 

r. 6a (= DK 44 B 6) is quoted by Stobaeus (Flor. 1.21, 7d) and Nicomachus (Harm. 
| 252.17-253.3). Nicomachus quotes from the first book of Philolaus’ Quotkós (Adyos) 
à (252.14); Diogenes Laertius quotes fr. 1 as the first sentence of Philolaus’ [Tepi pucews 
E (VIIL85): Nature in the universe was harmonised (&puóx9n) from unlimiteds and 
a " limiters, both the whole universe and all things in it’ (trans. Barker 1989: 36). 

See Michel 1950: 71; Burkert 1972: 378; Huffman 1988: 19, 28. 
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3  PHILOLAUS 


thought about musical intervals. None of these three has been 
accepted unanimously as the genuine work of Philolaus, but in 
order to grant him the widest possible latitude, we shall consider 
them all. The first is fragment 6a, already mentioned; the second 
and third are fragment 6b and testimonium A26, preserved only in 
Latin by Boethius (Mus. II.8 and III.5). 

Fragment 6a runs as follows: 


&ppovías Se péyeOós got cUAAa& Kal SP d€erav. TO Se Sr OFe1av usiGov TAS 
ouhAaBas ETroySdw. oti yàp &rró UTraTtas &ri uéocav ovAAaBá, &rró SE péocos 
£rri ve&rav Sr ó£ei&v, &mró SE vedtas £g Tpitav cuAAaQá, &rró Se TpiTas és UTTATAV 
St O€e1av. TO 8 &v éo uécoos koi Tpitas étrdy5oov, & SE cuAMa à ETITPITOV, TO 
Se or O€eiav HdAtov, TÒ Sià tracay SE SitrAdov. ov Tas áppovía mévTe ETIOYSOG 
kal Svo Siéges, Sf SEeiav SE tia &rróy80a Kal Sieois, ouAAGBa Sè SU ETTOySoa 
Kal Sieois, 


The magnitude of harmonia is syllaba and di’ oxeian. Di’ oxeian is greater than 
syllaba by an epogdoic. For from hypata to messa is a syllaba, from messa to 
neata is a di’ oxeian, from neata to trita is a syllaba, and from trita to hypata is a 
di' oxeian. Between messa and trita is an epogdoic, the syllaba is epitritic, the di" 
oxeian is hemiolic, and the dia pasan is duple. Thus harmonia is five epogdoics 
and two diesies, di’ oxeian is three epogdoics and a diesis, and syllaba is two 
epogdoics and a diesis.’ 


In this passage, harmonia has the specific sense ‘octave scale" .?? 
Its internal structure is defined in terms of named intervals (syl- 
laba, ‘fourth’: di’ oxeian, ‘fifth’; dia pasan, ‘octave’) which lie, as 
the author seems to assume his reader already knows, between cer- 
tain named notes. Philolaus’ hypata, messa, trita and neata are the 
Doric forms of the notes called hypaté, mese, trité and nere which 
we encountered in the Introduction, and with one exception he uses 
them to indicate the same scale degrees: his trita is located where 
later theorists placed the paramesé, a fourth below neata/nete. ^^ 


9 Stob. Flor. 1.21, 7d; Nicom. Harm. 252.17-253.3 (= DK 44 B 6). My translation is 
based on that of Barker 2007: 264, retaining the punctuation of Huffman's text ü 993); 

I include the six words omitted from Barker's translation (cuAAaBá, &ró SE TpíTas és 
Uné&rav). The fragment’s authenticity has been defended at length by Burkert (1972: 
387-94) and Huffman (1993: 147-56). I accept their arguments, but this has little 
bearing on the present discussion, since my aim here is to show that even an overly 
generous reading of Philolaus will not support a pro-monochord hypothesis. . 

99 Harmonia in the sense ‘fitting-together of notes within an octave’ is to be distinguished 
from dia pasón, ‘octave interval’; see Huffman 1993: 161, Barker 2007: 265. 

ce is one of the aspects of the fragment which convinced Burkert 


f its authenticity. 


100 This difference in usag 
(1972: 394) and Huffman (1993: 156)0 
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MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 


The intervals between these notes are then quantified by terms 
now familiar from the language of ratio, in ascending order of 
magnitude: epogdoic (9:8), epitritic (4:3), hemiolic (3:2), duple 
(2:1). Finally the three largest intervals are quantified, in descend- 
ing order of magnitude, according to the number of epogdoics and 
diesies they each contain.!°! 

The mere fact that Philolaus names four ratios in this frag- 
ment cannot be taken to suggest that a monochord lurks between 
the lines. The connection between octave, fifth and fourth and 
the duple, hemiolic and epitritic ratios had been demonstrated at 
least as early as Hippasus; Glaucus’ adaptation of Hippasus' discs 
shows that the demonstration was still known in Magna Grae- 
cia during Philolaus’ lifetime.'?? The epogdoic ratio is calculable 
once one knows the hemiolic and epitritic ratios,!°3 and noth- 
ing in this fragment indicates that Philolaus bothered to calculate 
the ratio of the diesis.'°4 An important and curious aspect of the 
way in which he names his ratios, however, may cast further light 
on how he thought of their combinations. Andrew Barker has 
drawn attention to the fact that the substantive adjective 'epog- 
doics’ (epogdoa) in the final sentence is neuter, and therefore 
cannot be assumed to refer to ratios (logoi, masculine), but must 
mean 'epogdoic intervals’ (diastémata).'°> In fact, it is not only 
the epogdoics in the final sentence to which this feature applies: 
every named ratio in the fragment is in the neuter.'?? But lest 
we assume that this feature of Philolaus’ language implies, on 
its own, a kind of analysis in which intervals and their combina- 
tions are not thought of primarily in terms of the mathematics of 


Philolaus' diesis (Doric plural diesies) is equivalent to what later harmonic writers called 
the leimma; its ratio was 256:243. (Compare Aristoxenus’ use of diesis to indicate a 
smaller interval: E]. harm, 21.21—31 and 46.2—8, quoted in ch. I part 1). 

The relative proximity of Metapontum, Rhegium and Croton may be a significant 
element in the transmission of harmonic ideas in the fifth century. 

If the operation 2:1 + 3:2 = 4:3 was already known, 3:2 ~ 4:3 = 9:8 was an easy step. 
The simplest way to demonstrate that the diesis is smaller than half of an epogdoic, 
however, involves the calculation of its ratio; in our terms it is the statement that 
(4:3 + (9:8?)? < 9:8, 

Barker 2007: 270. 

This grammatical point is 
only mean ‘the sy/laba is a 
the noun. 
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3 PHILOLAUS 


ratio,'?7 it is worth noting that the same feature reappears in the 
Sectio canonis, where intervals are both defined and limited by 
their rational expressions, and where the monochord has a culmi- 
nating demonstrative role.!?? 

The strongest case that could be made for the monochord would 
be to read fr. 6a as a canonic division. To do this, we would note 
that the way in which Philolaus leads his reader’s ear up and then 
down the octave scale in the second sentence can be followed 
very economically on the monochord, where only three bridge 
positions would be necessary. Of the four intervals constructed in 
that sentence, the first pair are ascending, the second descending. 
On a twelve-unit monochord where Aypata was sounded by the 
open string, we would place the movable bridge at the nine-unit 
mark for messa, the six-unit mark for neata and the eight-unit mark 
for trita. Finding messa at 9 and trita at 8 would immediately 
show us that the interval between them is epogdoic, and that is 
precisely what Philolaus tells us next; the rest of the ratios are 
simple arithmetic. 

But the order in which Philolaus presents the intervals can be 
explained just as simply without recourse to the monochord, and 
in such a way as to account for the peculiar names he uses for 
the fourth and fifth. Later harmonic writers call the fourth dia 
tessaron and the fifth dia pente; the terms mean ‘through four 
(notes or strings, counting inclusively)' and 'through five’. The 
octave interval, by extension, was called dia pason, ‘through all’, 
and Philolaus uses this term (in the Doric form dia pasan) when 
he needs to specify the octave interval, as opposed to the arrange- 
ment of notes within it. If he knew the terms dia tessaron and 
dia pente, he preferred syllaba and di’ oxeian instead.'°? Andrew 
Barker draws attention to a passage in Porphyry which suggests 


'°7 Barker (2007: 269-71) offers other reasons in addition to this one for making this 


suggestion. 


a Set 2 , À H Fo TI SlaoT + ATO 
Compare e.g. Sect. can. prop. 9: TÀ && &rróy ooa 8100 rr]pacra usiGova £o T)uarros 


vòs BimrAaotou, ‘six epogdoic intervals are greater than one duple interval’. Cf. also 
Porphyry's discussion of the uses of diastema and logos by his predecessors in his 
commentary on Ptol. Harm. 1.5 (especially Jn Harm. 92.9-94.26). | 

109 It is possible that the terms dia tessarón and dia pente had not yet been coined; they 
do not occur in a musical sense in any text written in the fifth century. Syllaba and di 
oxeian may have been the more usual names for the intervals in the fifth century; this 
is suggested not only by the remarks with which N icomachus prefaces his quotation of 
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that syllaba, literally ‘grasp’, meant ‘fourth’ because this was the 
compass of the four lowest strings on the lyre which lay under 
the performer's left hand in its ‘starting position’.''° To say ‘from 
hypata to messa is syllaba’ is therefore to state the obvious to 
anyone familiar with the lyre, as a philosophically literate Greek 
of the late fifth century might be expected to be, and this, Barker 
points out (2007: 266-7), would explain the causal connective 
‘for’ (yap) with which the sentence is introduced. Di’ oxeian, lit- 
erally ‘through the higher-pitched’, thus means ‘fifth’ because the 
remainder of the octave, a fifth, fell under the player’s left hand in 
its ‘upper’ position. 

The truth of Philolaus’ next statement, ‘from messa to neata is 
di’ oxeian’, will have been equally obvious to a reader of the sort 
he seems to assume. The third and fourth clauses of this sentence 
then appear to serve the purpose, as Barker argues, of showing the 
equality of magnitude between the ascending fourth and fifth and 
the descending fourth and fifth: the syllaba on the way up is the 
same size as the syllaba on the way down, even though these are 
located between different strings on different ends of the lyre. What 
must be assumed (as Barker admits, 267) is ademonstration some- 
where else in Philolaus’ book in which syllaba and di’ oxeian were 
identified as (respectively) epitritic and hemiolic, for otherwise he 
could not simply proceed with ‘the (interval) between messa and 
trita is epogdoic’, as though this fact had already been established. 
Since we know that such a demonstration was possible without the 
monochord, the assumption of the instrument’s absence is simpler 
than the one which our first hypothesis necessitates (that a mono- 
chord is presupposed and that we have a canonic division in fr. 
6a), and it has the advantage of allowing us to make sense of 


Philolaus' terminology in a way that the canonic hypothesis 
does not. 


fr. 6a (Harm. 252.4—-10; cf. Porph. In Harm. 96.21—2 and 96.29-97.11, Aristid. Quint. 
15.8—10), but also by a passage in the Hippocratic treatise On Regimen, which has been 
dated, somewhat insecurely, to about 400 BC (Joly 1967: xiv-xvi). The identification 
relies on an emendation of the otherwise unintelligible MSS readings cuugcovías 1ptis, 
OUAANPSny, Bre€idv (or Sieg), Sià track (Vict. 1.8); see Huffman 1993: 152, 
Barker 2007: 280. Barker considers it likely that the author knew Philolaus’ book Or 
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One further feature of Philolaus' method supports this reading: 
the magnitudes of the intervals are not expressed according to a 
consistent direction of musical travel (up and down, in our ter- 
minology). This is important: on a monochord, where ratios are 
always in view, we must say 'the interval from messa to trita 1s 
epogdoic’, and not the other way round, because the length of string 
required to sound messa is longer than that needed to sound trita by 
9:8. Now we might read Philolaus' phrase ‘the (interval) between 
messa and trita is epogdoic’ as meaning the same thing, and in a 
certain sense it does. But to say Td 9 év uéoco (SicxoT NY) is not the 
same as to say, for instance, dro UTra&tas ¿mì uécoav, “from hypata 
to messa’. It merely states position, not direction, and direction 1s 
an essential aspect of the means by which the monochord presents 
intervals as ratios.!!! Furthermore, while &ró Utratas &rri uéocav 
presents direction, so does &rró 8& ve&ros és ToITav, “from neata 
to trita', but this time it is the opposite direction. Both phrases 
give us the fourth, but they present it as an interval conceived spa- 
tially as a hand-position (syllaba), not arithmetically as a ratio (an 
epitritic). 

This is not so very surprising if the instrumental demonstration 
of the concord ratios Philolaus had in mind was that of Hippa- 
sus’ discs. Philolaus’ hypata, messa, trita and neata — even if 
they are conceived of as lyre strings — are sounded like discs, 
and they give out the same concords whether one strikes them 
in ascending or descending order. The four lyre strings which 
Philolaus seems to be thinking of, unlike Hippasus’ discs, do 
not exhibit the concord ratios in their physical dimensions (late 
fifth-century vase-paintings show strings virtually equal in length), 
but they do not need to: this arithmetical reality has been estab- 
lished otherwise. The fact that the ratios of disc thickness must 
be applied inversely to string length in order to sound the same 
notes is thus irrelevant to the discussion in fr. 6a: ratios are here 
merely a measure of intervallic magnitude (péy£90s), not of string 


length. 


terms, e.g. oTe TOv MB to EB 
of MB to EB is epogdoic' (Sect. can. prop. 20, 


''' Direction can be stated in purely mathematical 
y£v£c0od &rróy8oov, ‘so that the (ratio) 
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Dividing the tone 

3 Fragment 6b and testimonium A26 may be dealt with more briefly. 
1 The diesis, which appeared in the final sentence of fr. 6a, was 
4 undefined there, leaving the expectation that Philolaus had speci- 
z fied elsewhere what it was. What it was not, clearly, is a semitone, 
4 as his usage makes clear: harmonia is not six tones, but five epog- 
2 doics and two diesies; two diesies therefore do not combine to 
7 make one epogdoic. It is not even certain that the word ‘tone’ had 
q come into use by Philolaus’ time, although it is difficult to accept 
that musicians had no name for this important interval;!'? there can 
of course be no ‘semitone’ until there is a ‘tone’. The expectation 
4 of a definition for the diesis left by fr. 6a is met in fr. 6b, complete 
with the word for ‘tone’: 

1 diesis, inquit, est spatium quo maior est sesquitertia proportio duobus tonis. 
a comma uero est spatium, quo maior est sesquioctaua proportio duabus diesibus, 
a id est duobus semitoniis minoribus. schisma est dimidium commatis, diaschisma 
S uero dimidium dieseos, id est semitonii minoris. 

E A diesis, he says, is the interval by which the epitritic ratio is greater than two 
h tones. A komma is the interval by which the epogdoic ratio is greater than two 
E diesies (that is, than two smaller semitones). A schisma is half of a komma, and 
zl a diaschisma is half of a diesis (that is, of a smaller semitone).''? 

q In testimonium A26 the counterpart of the diesis is introduced: 
E this is the apotome, and together they make up a ‘tone’. The mag- 
4 nitudes of both are calculable as ratios.!!^ The komma is defined in 
d two different ways. In fr. 6b above, it is ‘the interval by which the 
E epogdoic ratio is greater than two diesies" ; in testimonium A26 it is 
q the difference between the diesis and the apotomé. The two defini- 
j tions of the komma are consistent, and if followed mathematically 
4 they will generate the same ratio."'> The schisma and diaschisma 
4 "^ Barker (2007; 2677) suggests both the possibility and the objection to it, citing Rocconi 
Si 2003: 23—4 on the history of the word tonos. 

3 ''3 Fr. 6b = Boeth. Mus. II.8. 

4 di a = diesis + apotomé: 9:8 = 256:243 x 2187:2048. 

Er € ratio I$ 531,441:524.288. the result of either 9:8 —(256:243)? (fr. 6b) or 
E 2187:2048 = 256:243 (testimonium A26). Ptolemy (Harm. l.11, 25.18-26.2) offers 
a the epimoric approximation 65:64 for the interval by which six tones exceed an octave; 
E this is another Way to define the komma, but Ptolemy does not use the term. The same 
a m. i lab Run Prop. 9 (whose point Ptolemy is arguing in Harm. L11), 
A y quantified there. 
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3  PHILOLAUS 


are of a different order from the diesis, apotomé and komma: unlike 
the latter, they cannot be found ‘in numbers’, as Greek mathemati- 
cians put it. In other words, they are irrational,''® and this is one 
of the reasons fr. 6b has been judged spurious.''7 But the fact that 
this group of intervals will yield a combination which divides the 
tone exactly in half (diesis + schisma) has also been taken as sig- 
nificant, especially since the impossibility of dividing an epimoric 
ratio equally may not have been proven by Philolaus’ time.'!* 

All this can be done without a kanon. It is true that two of the 
intervals can be constructed relatively easily on a monochord (the 
diesis and apotome; the komma less easily and less exactly because 
of its size), but the question is rather whether the monochord is 
presupposed at any point in the scheme. As we shall see, the num- 
bers in testimonium A26 suggest that Philolaus may have known 
the ratio of the diesis, but this would have been the result of cal- 
culation, not of experimentation on a monochord; ratios such as 
256:243 (unlike 2:1 or 3:2) cannot be extracted empirically from 
the instrument. Nor is it reasonable to suppose that the smaller 
intervals were constructed on the monochord as a test. We saw in 
chapter I that it is possible to determine string lengths for irra- 
tional intervals using steps available to fourth-century geometers, 
but these methods are not attested in the fifth century. Further- 
more, while it is possible to bisect the komma geometrically, it IS 
difficult to believe that the minuscule interval which results from 
this procedure (the schisma) could have been sounded on a mono- 
chord with sufficient precision. So far from being presupposed, the 
monochord would be an albatross in such a method. 

Testimonium A26 presents one further, and very different, 
way of thinking about musical intervals. Here the epogdoic 
tone is expressed both as the relationship between 243 and 216 


116 That is, there exist no ratios of arithmoi (positive integers greater than the unit) in which 
the schisma (./531,441 .524,288) and diaschisma (4/256:243) can be RE | 
''7 Huffman (1993: 364-7), who considers the fragment seriously, ultimately prefers to 
see 1t as spurious. l 
Boethius m: such a proof to Archytas (Mus. III.11, 285.7-9). dro aed 
275-8) argues that the halving of the epogdoic une messa m ji : D 
have been an important aspect of Philolaus' cosmological app aa ei di | 
of harmonia: an attempt, as it were, to pinpoint the exact centre of the symmetrica 


structure of the universe. 
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(243:216 — 9:8) and also as the number 27, which is the arithmeti- 
cal difference between the two terms of the ratio (243 — 216 = 
27); the tone is also the relationship between 27 and 24 (27:24 — 
9:8) and the number three (27 — 24 — 3). Boethius says that the 
significance of 27 for Philolaus was that it is the cube of the first 
odd number (3). The diesis is expressed in similar fashion both 
as 256:243 and as 13 (256 — 243 — 13). Hence the apotome is 14 
(because 13 + 14 = 27), and the komma is the unit (14 — 13 = 1). 
Intervals are thus treated both as ratios and as numbers, as though 
they could be added and subtracted. This presentation stems not 
from an inability to think in a mathematically consistent way about 
musical intervals, but, as Burkert says, from a tradition in which 
numbers themselves are meaningful, and in which the numerical 
terms of a ratio are considered as significant as the ratio itself." 
We find another manifestation of this tradition much later in Aris- 
tides Quintilianus, who lists the properties of the first twelve num- 
bers in his De musica (II.6). 

The numbers of testimonium A26 can all be calculated from the 
ratios of fr. 6a. Moreover, presenting these numbers on a mono- 
chord (see fig. 2.1) would do nothing to emphasise the significance 
Philolaus is reported to have given them, since it would only be 
plainer in this context that if a tone somehow ‘is’ 27 because 


119 Burkert 1972: 400; see also Huffman 1993: 369. Burkert was inclined to see this aspect 
of Philolaus' programme as evidence for a picture of fifth-century Pythagoreanism 
in which harmonic analysis was less about mathematics or physics than it was about 
number-mysticism. Huffman (e.g. 1999: 81), who preferred to see more science in 
Philolaus than Burkert did, used the numbers of testimonium A26 to argue against 
its authenticity (1993: 374). Mueller, noting that the approach to number found here 
is hardly unique to Philolaus among those in what he called ‘the Pythagorean tradi- 
tion of Greek music’, for whom ‘the sense of the cosmic power of pure numbers and 
the willingness to indulge in meaningless numerical manipulation is always present , 
still singled out Philolaus for the ‘pure nonsense’ of his discussion and his ‘appar- 
ent confusion between numerical relations or ratios and absolute numbers’ (1997: 
293). Modern readers’ approaches to the testimonium depend very much on what they 
think constitutes the ‘scientific’ or even the ‘mathematical’. Archytas, a generation 
after Philolaus, recognised a branch of learning (mathéma) ‘concerned with numbers 
(Tepi... doiOuddv, fr. 1 ap. Porph. In Harm. 56.9), but there is no reason to assume 
either that such a science in Philolaus’ day was limited to the sort of arithmetic we 
find in Euc. El. V and VII-IX, or that the two approaches to number in Philolaus 
testimonium A26 would necessarily have been seen in the fifth century as nonsensical, 
or meaningless, or even inconsistent. Our definition of ‘harmonic science’ may have 


to be sufficiently broad and sufficiently flexible to include both analysis of ratios and 
manipulations of their terms. 
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4:3 
maaa 
256:243 9:8 9:8 
MM M ————————A 
256 243 216 192 


Fig. 2.1 The intervals of Philolaus testimonium A26 set out on a kanon: ratios 
are above the string, distances below. 


243 — 216 = 27, the tone of identical size which lies above 216 
‘is’ only 24, and the one below 256 ‘is’ 32, and so on.?? The kanon, 
with its linear, rational way of representing intervals, works against 
the grain of testimonium A206. 

We can find, then, no reason to imagine that the monochord 
had any part in Philolaus’ work, and several reasons why the most 
inclusive reading of the surviving fragments suggests a way of 
thinking about the intervals of harmonia which are either not eas- 
ily compatible with the generation of intervals on the monochord, 
or completely alien to it. With the concord ratios already demon- 
strated by Hippasus, the instrumental example of the lyre ready 
to hand, and an approach to number which may have gone well 
beyond the mathematics of ratio, Philolaus was capable of con- 
structing a detailed account of cosmic harmonia without hinting 
that the ratios of musical intervals can be found in lengths of the 
same string. If some of the items I have discussed here were not 
components of that account, the case for the monochord in the fifth 
century only weakens. 


4 Archytas 


If one is seeking a probable context for the monochord before 
Duris and the Sectio canonis, the extant fragments of Archytas 
of Tarentum seem at first glance more promising than those of 
Philolaus. Here, at last, is an author who investigated musical 
phaenomena from several scientific approaches, apparently for 
their own sake rather than as part of a cosmological discourse as 


120 See Burkert 1972: 396 and Barker 2007: 272 - 19- 
I17 

















UMEN T e Vana 
Sig ta RA elu ize Ag. percer hte ree o4 5e up OA TA 3 en 
AA DA Peptic tg tebe LIVE CDI IX PCT De FB hod deir ir Oe a A 
Pleté d A Bri Nl e equ MD DEM 


PERRET Ror 
Kr CEA SS fus fue pA Se 


es 


SOURCES 


AM 
Z5, 
2s 


POSU 


OG HS 
C E E hd iri me c 


AAT REA 


MISMA 
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Philolaus had done. Ptolemy says that among the Pythagoreans, 
Archytas was ‘the most dedicated to the study of music',"' and 
this assessment is borne out by what survives of his work. We 
have a fragment which attempts to explain the causes of pitched 
sound, replete with instrumental examples (fr. 1). a fragment on 
the three mathematical means “in music’ (fr. 2). anda testimonium 
attributing three tetrachordal divisions to him. complete with ratios 
(A16). More encouraging still is the fact that the authenticity of 
these three important passages is no longer a matter of serious 
doubt.'** If it were possible to show that these texts tell us things 
about Archytas’ work in acoustics and harmonics which are most 
reasonably explained by assuming the presence of the monochord, 
then we would be in a position to speculate that the instrument had 
come into use by at least the middle of the fourth century, if not 
earlier.'^? But here, too, we shall find that there is nothing whatever 
to suggest that the monochord had any part in early fourth-century 
harmonics, and in fact some reasons to suspect that it had not. 


Acoustics and the kalamos 


Of the three passages singled out above, the first two may be dis- 
counted in fairly short order. The Archytan fragment on acoustics 
(fr. 1) comes from the opening lines of a book entitled either On 
Mathematics or Harmonics quoted at some length by Porphyry 
and more briefly by Nicomachus.'?4 Its starting premise is that 
sound occurs when things strike each other; it goes on to argue 
that there is a causal relationship between the force and speed of 
this striking and the pitch of the sound produced. Archytas uses 


I21I 


KaMota tæv Tluðayopsiwv £rripeAnfels uoucikfis, Harm. 30.9-10 (trans. Barker 1989: 
304). 


Authenticity questions are treated com 
general overview; 112—14, fr. 1; 166, fr. 2; 406-7, testimonium A16). 

On Archytas' dates, see Huffman 2005: 5; his ‘best estimate’ places Archytas' birth 
between 435 and 410, and his death between 360 and 350. Huffman's first chapter gives 
à full account of what is known about Archytas' life, writings and reception. 

Tepi no€muorrikfis: Porph. Jn Harm. 56.4; &ppovikós (Aóyos): Nicom. Ar. 1.3.4 (6.17). 
The fullest version of the fragment is at Porph. Jn Harm. 56.4—57.27, but the two sources 
are in serious conflict. I follow Bowen (1982), Huffman (1985, 2005) and Barker (1989: 
39 n. 42) in preferring Porphyry's version to that transmitted by Nicomachus, and in 


treating the fragment as genuine. For text, translation and commentary, see Huffman 
2005: 103-61. 
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several examples to illustrate this, including the whirling of a stick 
through the air, our voices when speaking or singing, missiles 
when thrown (Porph. In Harm. 57.3—7), and finally a series of 
musical and quasi-musical instruments: 


GAA àv Kal ëv ya Tols aùAoTs TÒ eK TH o róperros pepóuevov mrveOga £s HEV TO 
éyyus TO oTOpATOS TPUTÁLATA éuTriTrTOV 81& T&v loxüUv TAV opoðpàv O€uTEpOV 
&xov åpinoiv, és S Ta Trópoc BapUtEpov, Hote SiAov OT1 & rota Kivaols 
óCUv moci, & St BoaSeia Bapùv tov &yov. &AA& uàv Kal rois bóupotrs rois Ev Tats 
TeAETAIS KIVOULEVOIS TO AUTO cuupaíva- fjoux& uiv kivoUuevor Bapuv &gíevri 
&x ov, iloyupds 8 úv. &AA& àv Kal 6 ya xáAapos ad KÅ TIS CUTE TO KATO pépos 
&rogpóá&as éuguofj, &prjoe (Bapéav) Tiva &uiv gwvav- ai SE ka &s TO Tulou 7 
OTTOOTOV pépos AUTO, SEU peyta. TO yàp avTO mvveUua ià p£v TCO UAKPCO 
TOT Gobeves ExpépeTar, Sià Se TA ueíovos OMOSpov. 


In auloi too, if the breath travelling from the mouth goes into the finger-holes 
near to the mouth it emits a higher-pitched sound, because of its vigorous force, 
but a lower one if it goes into the holes that are further away. Hence it is clear that 
a swift movement makes a sound high-pitched, while a slow one makes it low- 
pitched. The same thing happens, once again, with the rhomboi that are whirled 
about in the mystery cults: moved gently they give out a low-pitched sound, 
moved powerfully a high-pitched one. Similarly, again, with the kalamos: if one 
blocks up its lower end and blows into it, it will give out a low-pitched sound, but 
if one blows into its half-length or any other part of it, it will utter a high pitch. 
For if the breath travels through a long passage it comes out weakly, but if the 
same breath travels through a shorter passage it comes out more vi gorously.'^? 


Of prime significance to the present discussion is the fact 
that Archytas employs simple instrumental demonstrations in an 
attempt to explain the causes of pitched sound. This would seem 
to be the place to include the monochord, but Archytas does 
not oblige; more glaring still is his failure to mention stringed 
instruments of any kind.'?9 Now it is possible that Archytas did 
mention stringed instruments in a part of the discussion which 
no longer survives. But Porphyry says that he continued, at least 
in the lines which originally followed the end of the quotation 
above, with ‘other facts about how the motion of the voice is 


s. Barker 1989: 41-2. The text printed here is that 
1 in the last sentence; Huffman 
d translates accordingly: ‘For the same breath 
through a shorter distance’ 


75 Porph. In Harm. 57.14-23, tran 
of Düring, whose emendations include EKPEPETO 
restores the MSS reading (pépetat), an 
is carried weakly through a long distance and strongly 
(2005: 106). 


26 Huffman also notes this absence, and specifically the absence of the kandn (2005: 142). 
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MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 


voice (57.5—7, 9-14); "9 | 
: (3) there is also a connection between force/speed and distance, which 
2 is most obvious in the case of missiles (57.7—9); the implication that 
: the force of an impact decreases according to the distance an object 
travels (though left unstated in as many words) is most demonstrable 
in the case of auloi (57.14~-17), where that object is conceived to be 
the breath itself (TÒ &k TH oTduaTos. .. TrveUpat, 57.14-15; cf. 22-3); 
(4) if force/speed diminishes as distance increases (3), and if there is 
à causal connection between force/speed and pitch (2). then there 
will also be a similar relationship between pitch and distance. which 


4 intervallic’ (GAAa Trepi TOU SiactHyaTiKhy Eivar Thy Tfjg Qoovf|s 
3 kivnoiv, 57.24—5) before making the summary statement that high 
j notes move more quickly, and low notes more slowly (57.26-7). 
d Furthermore, the acoustic point he is making is that speed and 
: force of impact determine pitch — a point which would be difficult, 
1 if not impossible, to illustrate (at least in the manner Archytas 
4 does here) with chordophones of any sort.'^/ It is a difficulty 
3 which will turn out to have implications extending well beyond 
: the scope of Archytas’ project in fr. 1. A summary of the argument 
4 will help to make the point clearer. 

: (1) Sound is caused by impact (plaga, 56.12);'28 

a (2) at the point of perception, faster and more vigorous impacts are 
s perceived as high-pitched, and slower and less vigorous impacts are 
3 perceived as low-pitched (56.2 1—57.2); and this connection between 
2 force/speed and high pitch can be seen in sticks (57.3) and rhomboi 
4 (57.18) when these are whirled through the air, and in the human 
: 


La AE LER ap hei ey Me a eni e A eS 
nde a aora aaa eta QW erar M b 


3 Is most evident in the example of the kalamos (57.20—2). in which 
: distance now becomes a measurable attribute of pitch. 

3 What Archytas does not do is make use of the measurability 
3 Of distance to demonstrate a connection between intervals of 
A pitch and ratios of numbers. The kalamos example certainly 
: furnishes such an opportunity, and because (as we know from 
A Ptolemy's testimony) Archytas produced tetrachordal divisions 
a in ratio form (A16), it is possible that he went on to make the 
4 E olus an in Ptol. Harm. 1.3, see Barker 2000: 48—50. 


€comes common after 
De an. 419b10; [Arist.] Pr. XIX. 

242.20 and Adrastus 
7? Barker (2002: 31) 


Archytas: cf. mAny?, in Pl. Ti. 67b3; Arist. 
39 (9212); Sect. can. 148.5; T'ATrj&is at Nicom. Harm. 
see also [Arist.] De audib. 800a. 
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connection explicit; this conclusion may even have been the 
purpose which his acoustical argument was ultimately meant to 
serve.'3° If so, its importance can hardly be overemphasised: in 
the absence of a quantitative theory of pitch as rate of vibration, 
Archytas' line of thinking, flawed as it is, would have represented 
the only developed link between acoustics and harmonics in his 
generation, and thus the only way of attaching numbers to notes 
in a way which accounted both for the propagation of sounds and 
for the relationships between their pitches. 

The example of the kalamos is obviously crucial to such an 
argument: it is the only instrument in Archytas' list in which 
the distance-pitch correlation is unambiguously quantifiable. The 
Word is a generic term for reed, of which the many species were 
used in antiquity for everything from thatching and bedding to 
fishing and surgery; as a naturally hollow tube, it lent itself to 
many uses, and the word came to mean, among other things, a 
reed pen (Latin calamus). But here Archytas is thinking of its 
use as a component of the syrinx or panpipes, in which all the 
kalamoi, roughly identical in diameter, were bound together and 
cut to the same length, and each blocked with wax at the point 
necessary to produce the desired attunement.'?' What the kalamos 
can do which the monochord cannot is connect steps (2) and 
(3) of Archytas’ acoustic argument: it takes a faster and more 
forceful breath to sound a reed blocked halfway than one blocked 
at its end. In other words, nete requires more force and speed (2) 
and a shorter distance (3) than hypaté. The kalamos is what per- 
mits the inference of step (4), something which no stringed instru- 
ment can do — nor, interestingly, can Hippasus' discs. From frag- 
ment I, it appears that the kalamos may well have been Archytas’ 
kanon. 


'3° See Bowen 1982: 96; Barker 2006: 306 n. 13. 

?' On the SUR "e context of the ee ratios, see part 1 of this chapter. The method 
of tuning the instrument is described in a discussion of the concord ratios alates 
Pr. XIX.23 (919b), where the kalamoi are referred to simply by the dpi : : nee 
they sound: ‘Again, those who tune panpipes cram the wax into i po A i 
but they fill nete up halfway. And they obtain the fifth by a i » m x i] 
‘interval’: diastéma] and the fourth by an epitritic distance in a simi! ar in i a z 
Tos oUpry yas épporrópevot els uev Tiv urarny äkpav TOV die UL a) 
St vfyrnv uéxoi TOU njuiceos avaTrAT|poucly. pois BE Kai ae ES l 
Kal thy Sic rerrápoov TH ETITPITH $1xc Trjuarri Aagipavouo ww). 
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It is worth pointing out that Archytas does not present his instru- 
mental examples in the language of experiment.'?? His way of 
introducing the kalamos provides the clearest example of this. The 
sentence 1s phrased as a condition: ‘if one blocks up i lower end 
and blows into it, it will give out a low-pitched sound (ai KA TIS 
AUTH TO KETO uÉpOŞ aTroppagas èupuoñ, cpnoet (Bapeav) Tiva 
åuiv qovóv, 57.20-1). The same type of condition (future " 
vivid) later became one of the prevailing syntactical forms fort 
protasis (enunciation) of mathematical proofs; four Propositions 0 
the Sectio canonis begin with a protasis of this form ( I, 2,4, 5): fe 
if a multiple interval put together twice makes some interval, t I 
interval too will be multiple’ (àv SidoT Ha VEOARGGIUAGOIOM 2 
ouvTebév TOI) TI Slao THA, Kal aÙTÒ TrOAAATTAKCIOU — 
An important difference between Archytas' usage and that of the 
Sectio is that whereas the protasis of a proposition enunciates a 
general theorem which has then to be proven in a specific p 
Archytas here states that the general argument already enunciate 
will be exhibited in the specific instrumental example introduced. 
But one can no more reasonably suggest from this that Archytas 
method is empirical than that the early propositions of the Sectio 


are empirical. The future more vivid condition is the language 0 
demonstrative challenge. 


Three means in music 


Fragment 2, which is also preserved by Porphyry later in the same 
Work, 34 ; 


i : ic and 
1s a discussion of three means (arithmetic, geometric à 


Although Archytas’ examples confor 
definition of 


a "thought experiment’ 
isfy her definition, but the comparis 
relevance is the form of the conditi 
experiment presented in a text a 


132 m in some respects to some elements of ie 
(2000: 21-2), I do not think that they (quite) i 
Ons are interesting and instructive. Of particu 3 
on used in one of Gera’s examples of a thoug i 
pproximately contemporary with Archytas, the ro 
oi Logoi: ‘if one were to send a newborn Greek intan 
off to Persia and raise him there, wi 


OTTOTTERWOl Kad TNveŤ Tp&goi, Kcgóv EAAGSOS ae 
TEPSICO! ka: ai Tis Tr|vóOev THSE koniga, ÉAAeviZoi Ka, 6.12)' (Gera 2000: 23). The 
future less vivid conditi provides a useful grammatical point of contrast to 
Archytas’ future more vivid. 


Barker 1989: 194. 
In Harm. 93-60-17; text, translation and commentary in Huffman 2005: 162-81; trans- 
lation and commentary in Barker 1989: 42; discussion in Michel 1950: 387-91, Barker 
2007: 302-3. 


I22 








SG lu amaa i EE: oo ae oie’, nis alt aber aera y Cnr Venen PT DUERME n ELT TATE " 5 ee = anne NGHE REN 
Qu E : 5) RPP ORS GRIESE VC S ERN SUA N nena « $ TEY , ag Ae FUN p" "Y TU 1L MOGI be th 
uS SOR ESE OES. ital Atanas V Du AL E aC etd ot A MOSES MM M AN ZO SACS ett So sey ye K st 25259 SICOLAC À ed KOA : ; 

easi. ee CO Sem PCI Cra est UT ICI PL RL SIR IS IOI HET FE Is STR Meri rea RG aS Jt ra 


4  ARCHYTAS 


subcontrary or harmonic) which can be found ‘in music’. Just how 
they can be found there is not spelled out in the passage Porphyry 
quotes, but Porphyry is clearly not interested in that issue; he 
quotes the passage not for its definition of the three means, but 
for Archytas’ use of the word diastéma (interval), confusions over 
the usage of which term proliferated from at least the time of 
Eratosthenes.'35 

The fragment offers a definition of each mean, and specifies 
the consequent differences in the sizes of the intervals between 
the greater and lesser terms.'3° The application to harmonics 
is not hard to see: if we imagine a set of interval-ratios such 
as 24:12:9:8:6, the geometric mean of the extremes (12) will 
lie an octave below the highest note and an octave above the 
lowest note (24:12:6); the arithmetic mean of the lower octave 
(9) will lie a fourth from the bottom and a fifth from the top 
if higher numbers go with lower pitches (12:9:6); the subcon- 
trary or ‘harmonic’ mean (8) will lie a fifth from the bottom 
and a fourth from the top (12:8:6). The subcontrary mean is 
significant to music, then, because it gives a mathematical basis 
for the division of an octave into two tetrachords separated by 
a tone; this justifies the new name *harmonic'.'?7 But once the 
ratios of the fundamental concords are known, as they had been 
at least since Hippasus, no observations of musical phaenomena 
are necessary: this is a numbers game. If Archytas included an 
instrumental demonstration of the application of these means to 
music (and this is a generous speculation), his kalamos would have 
sufficed. 


O5 On this see ch. 4. !36 The means are defined in ch. 1 n. 37. | 
37 On the name, and the merits of the claim that it was Archytas himself who coined it 
(suggested by the way he introduces it: & 8 wrrevavtia, Gv kaAoUpev óppovtkav, ‘the 
subcontrary (mean), which we call ‘harmonic’, 93.13-14). see Huffman 2005: 170-7. 
Note that by contrast to the scales of Greek music, our modern equal-tempered scale 
is built entirely on the geometric proportion, and that in it no note is the arithmetic 
or harmonic mean of any other. All octaves are 2:1, and therefore each note is the 
geometric mean of the notes that form an octave above and below it; similarly, since 
the octave is divided into twelve equal semitones (each the twelfth root Of 2:1), every 
note is the geometric mean of the two that lie an equal number of semitones on either 


side of it. 
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: Tetrachordal divisions 

1 We come finally to Archytas' divisions themselves (testimonium 
a A16).'3° This collection of ratios is what has suggested to many 
A scholars that the monochord was available to Archytas. Ptolemy, 
4 our source for the divisions, does not appear to make such an 
d assumption, but he does set out Archytas' tetrachords in tables 


MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 


(kanonia) of string lengths both in Harmonics I.13 and in a later 
chapter (II.14). Obviously this presentation facilitates their con- 
struction on the monochord, and that is part of Ptolemy's purpose. 
But he also includes string lengths for Aristoxenus’ tetrachords in 
the tables of II. 14. Presenting tetrachords as string lengths means 
thinking of them as ratios, and we know that Aristoxenus rejected 
this approach to harmonic analysis. We cannot then infer from 
Ptolemy's tabular presentation of Archytas' ratios that they were 
originally conceived or demonstrated on a monochord. 

We can, however, examine the ratios themselves and ask whether 
their formulation requires the use of such an instrument. It is now 
generally agreed that the divisions are informed both by obser- 
vation of the tuning procedures of early fourth-century musicians 
(the tuning of instruments of the lyre family specifically) and by 
predetermined mathematical priorities, although the precise nature 
of this combination is still a matter of disagreement.'39 The bal- 
ance between the concerns of theory and practice will be easier to 
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3 see with the passage before us: 

pe 

3 Tpig uv ToÍvuv otros Upiotatal yévn, TÓ Te Évapuóviov kai TO YPCPATIKOV 
A ph TO Siatovixdv: Ek&otou 6€ aU TOV Torta Tiv Siatpsoiv oUTes. TOV HEV 
a yer ETOLEVOY Aoyov ¿rì TOv TpiQV ytvGv TÓv aUTóv ÜgíoTarrod Kal érrl KC, 
E ek dé pécov emt] piv ToU Evapuoviou éri Xe’, &ri. SE ToO SiatoviKow èri CZ, 
28 WOTE KAİ d Ty oOusvov ToU Kev évappovitou YEVOUS ouvayeoba étri 6, ToU 6E 
3 SieTovikoO ETI n’. TÒv SE £y TO XPOUATIKED yével SeUTEDOv Aird TOU SEUTATOV 
5 ployyou AcuBaver dia TOU thy avr 0£oiy EXOVTOS èv TH Sratovikd. onol yàp 
5 Aóyov Éyeiw Tov tv TÖ XPOUATIKED GeUTepov åTÒ ToU ó£uT&TOU Trpós TOV ÕLOIOV 
8 TOV £V TO SlatoviKd tov TÕv Ove’ TPOS Ta ouy’. CUViotaTal ON TA TOLAUTO 
P. 


138 Ptol. Harm. 1.13; text, tr 
which see also Barker 2 


p mE 


anslation and commentary in Huffman 2005: 402-28 (on 


006: 307-9); translation and co tary in Barker 1989: 
43-52; further discussion in Barker 2007: 292-302. diac e 


139 : pe 
See Specially Winnington-Ingram 1932. Barker’s position (1989: 46-52; 2000: II- 
13, 120-8) is followed in general and challenged in particulars by Huffman (2005: 
410-25); Barker's interpretation is adjusted in 2006: 307 and 2007: 294-302. 
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TETOAYOPSA KAT TOUS ékkeiuiévous Aóyous v TPWTOIŞS àpiOuols TOUTOIS. È&V 
yao Tous pév ó£uré&rous tæv Terpayóp8ov UTTOOTHOMUEa ,agip', Tous dé 
Baputatous KaT& Tov étritpITOV Adyov TÕV aAÙTÕV Bis’, TalTa p£v TroINoEL TOV 
él KZ’ Trpós Ta aX AUS’ Kal rocoUTov Écovrad Tr&Aiv v TOIS Tpiol y&vsoiv oi 
SeUTepo1 &rró TÕv Bapur&ro. rv 9 dd ToU ótuTé&rou SeuTEpwv Ó p£v TOU 
tvappuovtou yévous £ooa ,aw?’. TaŬTa yap Tpds èv TA a Aus moie TOV Tl 
Ag’ Aóyov, Teds SE Tà ,o«piD' Tov &rri ©- ò SE TOU SiaTovikoU yévous TOV QU'TOOV 
total aya’. Kod Tata yap reds pèv Ta a AS’ Tov eri Z’ moie Adyov, rrpós 8€ 
Ta apip’ Tov étri n’. 6 SE TOU xpoxuarrikoU Kal AUTOS EoTAI TÕV aU TOV oup". 
TaUTa yap Adyov čys Trpós Ta aya dv Ta ovs" Trpós TA ouy’. Urroy£yporrrotd 
6€ kai Ñ TOUTaV TO &p1Oudv Ekbeors Éxouca OUTS. 


He posits three genera, the enharmonic, the chromatic and the diatonic, and he 
makes his division of each of them in the following way. He makes the ‘following’ 
ratio the same in all three genera, 28:27; the middle one in the enharmonic 36:35 
and in the diatonic 8:7, so that the ‘leading’ interval in the enharmonic turns out 
to be 5:4, in the diatonic 9:8. In the chromatic genus he locates the note second 
from the highest by reference to that which has the same position in the diatonic. 
For he says that the second note from the highest in the chromatic stands to the 
equivalent note in diatonic in the ratio of 256 to 243. Such tetrachords, on the 
basis of the ratios set out, are constituted in their lowest terms by the following 
numbers. If we postulate that the highest note of each tetrachord is 1,512, and 
the lowest, in epitritic ratio with this, is 2,016, this latter term will make the ratio 
28:27 with 1,944, and that will be the quantity of the second note from the lowest 
in all three genera. As to the second note from the highest, that in the enharmonic 
genus will be 1,890, since that makes with 1,944 the ratio 36:35, and with 1,512 
the ratio 5:4. The equivalent note in the diatonic genus will be 1,701, since that 
makes with 1,944 the ratio 8:7, and with 1,512 the ratio 9:8. The equivalent note 
in the chromatic genus will be 1,792, since that has a ratio to 1,701 as is 256 to 
243. The table of these numbers is set out below. "4° 


ETM——————————————————————————————————————— 


enharmonic chromatic diatonic 
£vapuóviov xpouariKóv SIQTOVIKÓV 
/ 
jai p 1512 app’ 1512 ppp 1512 
erri 8 5:4 (32:27) ud 9:8 
raw P" 1890 ox ep" 1792 aya s 
&rl Ae 36:35 (243:224) erri G :7 
i , ou" 1944 
LAYS 1944 jr APS 1944 
eri KC! 12 
Em KZ 28:27 eri KG, 28:27 emi KG 2e 
pis" 2016 
ipis 2016 Bis" 2016 / 
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49 Ptol. Harm. 30.17-31.18, trans. Barker 1989: 44, 304- 


125 





TATAD ARAIA h Thaan C PA 





OIN IPC E YR aper FT et or Ree PEE A ART n a Lal GS cri 





: MATHEMATICAL HARMONICS BEFORE THE MONOCHORD 

j These tetrachords are simple enough to construct mathemati- 
q cally. Practically, however, the matter is more complex. Andrew 
T Barker has raised the difficulty of how Archytas could have known 
4 in the first place that the enharmonic Jichanos he heard musicians 
d commonly play was not a ditone below mese, but the marginally 
1 sharper and 'sweeter' 5:4 major third, about which Aristoxenus 
: later complained.'^' In answering this question Barker notes that 
1 if Archytas had used a monochord to measure this upper enhar- 
E monic interval, he would have required an instrument capable 
: of distinguishing the 5:4 major third from the 81:64 (= (9:87) 
1 ditone with enough precision to allow him to identify the major 
third as the interval familiar from musical practice. This dif- 
ference is minuscule (81:80), smaller even than the difference 
between six epogdoic tones and a true octave (the komma, which 


Ptolemy approximated to the epimoric ratio 65:64).'4? Barker 
accordingly concludes that the monochord, were it in use by 
this time (‘which is disputable’, he adds) is not likely to have 
been ‘a sufficiently accurate device’ for the task, and this, among 
other concerns, leads him to seek another explanation (1989: 
50). 

If the monochord — which was (later, in any case) a means of 
demonstrating predetermined interval-ratios rather than determin- 
ing them by measurement — could not have assisted Archytas in 
assigning ratios to the intervals of his tetrachords, it remains to be 
shown how he was able to content himself that his ratios offered, 
at least in some ideal sense, a true representation of the scales 
familiar to him. Barker’s answer is that observation of musicians 
provided the key. A lyre can be tuned by the method of concor- 
dance (up a fifth, down a fourth, up a fifth, and so on, or the 
Inverse) to a version of the diatonic genus in which the two upper 
intervals of each tetrachord are epogdoic tones, and the lowest 1s 
s leimma (diesis in Philolaus' terminology).'43 This attunement 
is Often called the ‘Pythagorean’ diatonic; Ptolemy calls it the 
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‘ditonic’ (6rroviodov) diatonic because of its two epogdoic tones 
(9:8 x 9:8 x 256:243).!44 It is often assumed that Philolaus fr. 6a 
presupposes a tetrachord of this form, and that may be true;'^? but 
itis worth noting that Philolaus only says that the magnitude of the 
fourth (syllaba) is two epogdoics and a diesis, not that the fourth 
was actually subdivided in this way in real music, nor indeed in 
what order these three intervals were placed in such an attunement. 
But even if Philolaus was not thinking of tetrachordal divisions in 
his discussion of ‘the magnitude of harmonia’ in fr. 6a, it is a 
reasonable assumption that Archytas was familiar with the ditonic 
diatonic. The method of concordance made it a starting point in 
the tuning process,'4° and Plato employed it in the harmonisation 
of the world soul (Timaeus 36a—b). 

Once a lyre was tuned in this way, Barker suggests, the trite 
string, which now lay at 81:64 (— (9:8)?) below nete, was flattened 
slightly until the musician had satisfied himself that it lay a minor 
third above mesé.!47 Since mesé is a fifth below nete, and since 
paranété has been tuned by concordance to a tone below nete, mese 
must be a perfect fourth below paranété (3:2 + 9:8 = 4:3). If trite, 
which had been 9:8 below paranété and 32:27 (= 9:8 x 256:243) 
above mese, has now been flattened to a pitch still lying a large 
tone below paranété and a minor third above mese, then Archytas’ 
reasonable guess (and it may have been a consciously approximate 
one) was that the large tone above the new trité was 8:7, and the 
minor third separating it from mese was 7:6; these together make up 
the fourth that separates mesë from paranéte (8:7 x 7:6 = 3) e 


‘44 ‘Pythagorean’: Barker 1989: 48; Sitoviaiov: Ptol. Harm. 40.19. 

'55 See for instance Huffman 2005: 415. 

MP ARGS possible that this was its only practical rol 
a performance attunement on any instrument in the fourth century: Barke 
Huffman 2005: 418. 

‘47 Barker 1989: 51. 

148 On the importance of this 7:6 minor third see Winnington-Ingram 1932: 206-7. I 
omit here any discussion of the important question of what mathematical priorities 
were at play in Archytas’ selection of ratios to approximate the adjusted intervals he 
observed (specifically, the question of how much weight Archytas gave to epimoric 
ratios in his scheme). The issue is fully discussed by Huffman and Barker (see n. 139 
above), and does not bear directly on the present argument; my aim here 1s simply 
to show that Archytas did not require à monochord to posit the ratios recorded by 


Ptolemy. 


e, and that it was not in fact used as 
r 1989: SI, 
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A further calculation will determine that paramese stands at 28:27 


below the new trité (7:6 — 9:8 = 28:27), and once parhypaté has 
been flattened to a perfect fifth below trité the attunement is com- 
plete (9:8 x 8:7 x 28:27). Thus by positing the adjustment of only 
one note in each tetrachord, Barker is able to su ggesta way in which 
to read the ratios of Archytas' diatonic as a deliberate mathemat- 
ical guess informed by observation of real musicians tuning their 
lyres. A similar set of tuning procedures can be posited to suggest 


a basis for the ratios of his chromatic and enharmonic tetrachords 
as well.!49 


All this relies on a number of assumptions about how lyres were 
actually tuned in Archytas’ lifetime, and there are great uncer- 
tainties on this point. But as a conjecture, what it offers is a way 
of accounting for the ratios of Archytas’ tetrachords from the 
resources we can be sure he had at his disposal (certain math- 
ematical operations, and certain types of instrument). We could 
certainly speculate that Archytas went on to set out his divisions 
on a monochord in order to ensure that they sounded like the 
attunements which he was seeking to quantify. Equally, however, 
we could speculate that the monochord had not yet been invented. 


^? Ptolemy tells us that Archytas located his chromatic lichanos and paranété at 256:243 
below their diatonic equivalents (31.2-6). This could be achieved by first tuning me 
instrument to Archytas’ diatonic by the procedure above; next, by tuning the par hy- 
pate string to a fourth below paramese, and then flattening paranété to a fifth above 
this parhypaté, the new chromatic paranété will have been made to lie a tone above 
paramese, and consequently 32:27 below nete and 2 56:243 below the diatonic paranete 
(9:8 x 256:243 — 32:27). Since trité has already been located (by the diatonic attune- 
ment procedure above) 28:27 above paramese, it can be found by calculation to be 
243:224 below paranete (9:8 — 28:27 — 243:224), and when parhypaté and lichanos 
have been retuned at a fifth below trité and paranété respectively, the instrument will 
match Archytas’ chromatic. 

The enharmonic could be produced by starting with the upper tetrachord tuned to 
Archytas’ diatonic and the lower tetrachord tuned to the ‘ditonic’ diatonic. Paranete 
would then be retuned a fifth above parhypaté. This new paranéte, standing for the 
moment two whole tones below nete, must then be Sharpened slightly to produce a 
‘sweetened’ major third; Archytas will have assigned this interval the ratio 5:4 (the 
nearest epimoric smaller than the ditone: (9:8)? = 81:64 and 5:4 = 80:64). By calcu- 
lation the new enharmonic paranéte will be found to lie 36:35 above rrite, which has 


already been located 28:27 above paramesé. Again, retuning lichanos and parhypate à 
fifth below paranéte and tritt respectively will complete the procedure and the instru- 
ment will sound an enharmonic 


i from which Archytas could conceivably have derived 
his ratios. 
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4 ARCHYTAS 


Given Archytas’ reputed talent for gadgetry,'>° it seems likely that 
a device like the monochord, plainly superior to the kalamos in 
a demonstrative role, would have appealed to him sufficiently to 
have presented a disconcerting challenge to his theory of acoustics. 
Had he encountered the kanon, Archytas might well have revised 
the work from which our fr. 1 survives. 


Conclusion 


The argument of this chapter has so far been entirely negative: that 
none of the evidence for mathematical harmonics in the work of 
the two earliest Pythagoreans to write about the subject can be used 
to argue for the presence of the monochord in the fifth or fourth 
centuries. From this negative conclusion, however, we can make 
some positive suggestions (and they can be no more than that). Let 
us first take it as an assumption e silentio that the monochord was 
invented after 360 Bc.'5' On this basis we might tentatively con- 
struct a picture of what could be called ‘pre-canonic’ mathematical 
harmonics. Its achievements are in many ways quite respectable: 
the relationship between concordant intervals and their ratios were 
demonstrable (Hippasus); this set of ratios could be invested with 
cosmic significance in order to explain the structure of the universe 
(Philolaus); the behaviour of various instruments could be used to 
propose an explanation of how pitched sound arises, one which 
may even have gone on to derive ratios from distances (Archy- 
tas fr. 1); the mathematical properties of the intervals in musical 
scales could be investigated, both abstractly (fr. 2) and as a means 
of quantifying the intervals in real music (testimonium A 16). If all 
this could be done without a monochord, then we ought to consider 
what the monochord brought to its science, and to what extent its 
presentation of musical intervals determined both the questions 
and the answers pursued by later harmonicists. This will be the 


ker named after him (Pol. 1 340b25-8); Aulus 


150 
as constructed a wooden dove that 


Aristotle mentions a children's noise-ma 
Gellius even reports (quoting Favorinus) that Archyt 
flew (NA X.12.8—10). 

5! Archytas probably died between 360 and 350 


(see n. 123 above). 
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subject of chapter s. But first we must turn our attention to the 
3 Sectio canonis, where the instrument first appears in a demonstra- 
t tive role, and ask the opposite question: how did the advances in 
harmonics, acoustics and scientific method in the fourth century 


prepare the way for the apodeictic use of the kanón in the final 
4 propositions of the Sectio? 
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3 
THE MONOCHORD IN CONTEXT 


‘Scientific progress goes “boink’’?’.' 


Scarcely more than half a century separates the end of Archy- 
tas’ career from the earliest surviving written evidence for the 
monochord.* The conclusions of the previous chapter suggest that 
the instrument first came into use during this interval, but no 
fourth-century authors whose work included musicological dis- 
cussions — Plato, Aristotle, Aristoxenus and Theophrastus are the 
most important — give any more indication of its existence than 
Archytas himself. Aristoxenus, for example, whose treatise on har- 
monics was written within a few decades of Duris' local history 
of Samos, does not offer so much as a clue; since the instrument 
facilitated an approach to harmonics whose fundamental tenets 
Aristoxenus considered extraneous to the science, and given his 
adversarial temperament, one might have expected a snide remark 
at the least. This makes its sudden emergence in Duris fr. 23 and 
the Sectio canonis all the more surprising: the monochord is cat- 
apulted into a starring role before anything else is heard of it. 
Perhaps this is no more than should be expected; why, after all, 
should a gadget deserve mention until there is something to say 
about it? 

The aim of this chapter is to show how the monochord's dra- 
matic entry on the literary stage around 300 BC was prepared by a 
number of important advances in harmonics, acoustics and math- 
ematical argumentation in the fourth century. From our texts, the 
kanon appears simultaneously to spring fully formed from the head 


! Hobbes, in Bill Watterson, Scientific Progress Goes ‘Boink’: A Calvin and Hobbes 
Collection (Kansas City, Missouri, 1991), 55. 

? On Archytas’ dates, see ch. 2 n. 123; Duris fr. 23 and the Sectio canonis provide a 
terminus ante quem for the monochord of c. 300 (see ch. 2 part 2). 
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of Euclid and from the thigh of Simos, but there is evidence to he 
gathered about its obscure gestation. Our earliest account of itg 
use (as opposed to its mere existence) is in Sectio canonis proposi. 
tions 19—20, where it is integrated into a rigorously demonstrate 
argument designed to derive the primary theorems of mathemat- 
ical harmonics from first principles. Our first task, then, will be 
to examine the argumentative and demonstrative background to 
the Sectio; here we shall find an inheritance which includes both 
demonstrative uses of instruments in harmonics and the logica] 
framework of deductive proof in mathematics (this is the subject 
of part 1 of this chapter). The Sectio also has debts to the harmonic 
developments of the fourth century; these are most evident in the 
selection of the ‘ditonic’ division (9:8 x 9:8 x 256:243) of Plato’s 
Timaeus (instead of any of those offered by Archytas, for exam- 
ple) and in the rigidly arithmetical treatment of musical intervals 
(part 2). Thirdly, the Sectio is indebted to fourth-century acoustics; 
here we shall see the influence not only of Archytas (most promi- 
nently in the starting premise that sound is caused by impact), 
but also of accounts of quantitative acoustics which allowed for 
demonstrations on stringed instruments (part 3). Finally, we shall 
consider the ways in which Euclid (or his imitator) makes use of 
this complex inheritance in deploying the Kanon at the conclu- 
sion of the little treatise that inaugurated ‘canonical’ harmonics 
(part 4). 

Before we begin, a few words need to be said about the treatise 
itself. Its transmission is complicated by its survival in three tra- 
ditions: directly, where it is ascribed to Euclid in the majority of 
manuscripts, to Cleonides in a minority; indirectly in partial quo- 
tation by Porphyry in his commentary on Ptolemy’s Harmonics, 
and the first half of it via a Latin version in Boethius’ De institu- 
tione musica. The text has suffered much at the hands of modern 
scholarship, not only on account of its transmission, but also on 
the basis of its content. Cleonides’ authorship has (rightly) been 
excluded altogether, Euclid’s authorship has been doubted, and 
the treatise itself has been topped and tailed to such an extent that, 
on the most critical reading, only the first sixteen propositions are 
left as possible, but not certain, third-century material, the intro- 
duction and last four propositions having been excised as later 
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accretions.? The work was known to several authors in antiquity 
besides Porphyry, who cites its title twice (Kanonos katatome, 
«Division of the monochord") with attribution to Euclid both times, 
and quotes the first sixteen propositions and the introduction sepa- 
rately without attribution. Boethius does not attribute it to anyone, 
and his Latin version (Mus. IV.1—2) includes only the introduction 
and first nine propositions.? 

The very fact that Porphyry quotes its title, in Andrew Barker's 
view, goes some way to making up for his omission of the 
actual division of the monochord (contained in the disputed 
propositions 19-20), and based on this and other factors, he has 
recently advanced a defence of the traditional dating of the treatise 
(c. 300 BC) and of its integrity as a single work from a single hand, 
whether that be Euclid's or not.’ 

Firstly, he argues, the fact that Porphyry quotes only the first 
sixteen propositions with the attribution to Euclid cannot be used 
to prove that the introduction was not part of the same document; 
the lack of attribution counts no more against Euclidean author- 
ship than it does for it (2007: 369). Secondly, Porphyry's quotation 
of the title Kanonos katatome would be difficult to account for if 
the final propositions containing the division were not part of the 
treatise as he knew it, despite the fact that he does not quote them 
himself (370). Furthermore, the canonic division of propositions 
19-20 is extraneous to Porphyry's discussion in this part of his 
Commentary, and so the omission, on its own, can hardly be used 
to excise the last two propositions. Thirdly, the claim that the 


3 Therelevant discussions are in Jan 1895 (including an edition of the text); Tannery 1904a; 
Barbera 1977, 1984b and 1991 (with new editions and translations of the text in its three 
traditions); Mueller 1980; Barker 1981, 1989 (with translation), 1991 and 2007; Levin 
1990; Bowen 199rb. See also Winnington-Ingram 1932: 198; Düring 1934: 177; Burkert 
1972: 375 n. 22; Barker 1978b: 338-40; Fowler 1999: 138-46. 

Title and authorship: Porph. In Harm. 92.29—30 (followed by brief quotations from props. 
6 and 4 introduced by the phrase ‘for Euclid says’) and 98.19; introduction: 90.7—22; 
props. 1—16: 99.1—103.25. Part of Ptolemy's discussion of the Pythagoreans' postulates 
on concords (Harm. 1.5) relies on the arguments of Sect. can. props. 3, 10-12 and 
16 (see Barker 1989: 286 and 2007: 367). Proclus gives Euclid an Elements of Music 
(ZToiyeicoceis KATH povoikhv, In Euc. 69.3) which may refer to what we know as the 
Sectio canonis (see Barbera 1991: 7). 

Fora full account of the textual transmission of the Sectio, see Barbera 1991. On Boethius' 
version, see also Bower 1989. 

5 Barker 2007, ch. 14. 
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introduction is irrelevant to the content of the first sixteen propo. 
sitions is challenged by the argument of the introduction itself: 
beginning from the connection between motion and sound, it pro. 
gresses by careful and methodical steps to the conclusion that 
concords are either multiple or epimoric in ratio, a statement on 
which much of the rest of the document is based, in one form 
or another (370-8). As for the alleged problems with propositions 
17—20, Barker argues that anomalies in the note-names given there 
indicate an early date, despite some differences in discursive form 
between these propositions and the first sixteen (391—406). His 
arguments cannot be conclusive,’ but they do suggest strongly 
that attempts to dismember the treatise and assign certain portions 
of it a date later than Euclid's are unwarranted. He proposes that 
the Sectio (more or less as we have it) was composed not long after 
300 BC as a single document by a single author, perhaps Euclid. 

If Barker is right (and I find his arguments very persuasive), 
then we may be justified in viewing the entire document, from 
the opening sentences of the introduction to the end of the divi- 
sion itself in proposition 20, as a unified project whose objective, 
indicated by its title, is finally introduced at the end of the work: 
the division of the monochord is, as Barker puts it, “what it is “all 
about” (370). 

Like the genuine works of Euclid, the Sectio is innovative not 
so much in its content as in its systematic organisation of mate- 
rial already current — that is, in its presentation of this material 
within an axiomatised deductive system where each proposition 
relies only on postulates already laid down or on theorems already 
demonstrated. This, at any rate, is the expectation raised by the 
author's use of the Euclidean mathematical form and style. But a 
logical error in proposition II creates a rupture in the deductive 
framework of the treatise, and this has often been cited as grounds 
for denying its Euclidean authorship. Proposition 11 attempts to 
prove that the intervals of the fourth and fifth are epimoric. The 
method is (a) to construct two fourths between named notes, then 


7 As he himself admits (Barker 2007: 365, 367). 
8 The flaw was first pointed out by Tannery (19042); cf. Fowler 1999: 138, 146 (who does 
not connect prop. 11 with the question of the treatise's authorship). 
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(b) to state as a consequence that the combined interval, a dou- 
ble fourth, is discordant, and (c) to conclude from this that it is 
not multiple. The author then relies on proposition 5 and conclu- 
sion (c) to state (d) that if the combined interval is not multiple, 
the component intervals are not multiple either. But (e) since the 
component intervals, fourths, are concordant, they must then be 
epimoric; this relies on premises stated in the introduction. 

The error is conclusion (c), on which relies not only step (d), but 
also proposition 12 (the proof that the octave interval is duple).? 
Conclusion (c) itself is in fact correct: the interval of the double 
fourth (16:9) is not multiple. But it is not logically valid, since 
the introduction established only that all concords must be either 
multiple or epimoric, not that all discords must not be multiple 
or epimoric. (Examples of discordant intervals which are multiple 
are easy to find: e.g. the double octave plus major third — a discord 
no matter which ancient definition of concord one adopts — whose 
ratio is 5:1.) In fact, the association of concords with multiple and 
epimoric ratios is not even given in the introduction as a proof, but 
only as a ‘reasonable’ conclusion from mathematical and perceived 
evidence. ° 

These difficulties notwithstanding, the treatise is otherwise 
largely careful, methodical and successful in its argumentation, 
and is clearly indebted, as is immediately apparent from the style 
of its prose and the formulaic composition of its proofs, to an intel- 
lectual tradition that includes Euclid himself.'' It is also clearly 
polemical in its aims: in the course of its argument, several shots 
are fired over the bows of the Aristoxenian school (e.g. prop. 18). 
The purpose of the text, in certain passages at least, appears to be to 


9 This then creates a logical domino effect throughout the treatise, since prop. 14 (the 
proof that the octave is less than six tones) relies on prop. 12; prop. 15 (the proof that 
the fourth is less than two and a half tones, and the fifth less than three and a half tones) 
relies on prop. 14. Prop. 18 (the proof that the parhypatai and tritai do not divide the 
pyknon equally) relies directly on prop. 11. The construction of the scale-system in 
props. 19-20 then relies on many of the mathematical relationships established in these 
proofs (e.g. by constructing octaves by means of duple ratios of string length). The error 
of prop. r1 thus compromises the logical validity of the canonic division which is the 
final goal of the treatise. 

10 Fowler 1999: 139; Barker 2007: 375-8. The ‘reasonable’ (eikos) assumption is made in 
the concluding sentence of the introduction (149.20). 

.!! Netz (19992) offers a careful analysis of the structure of Euclidean proofs and, more 

generally, of the formulaic language of Greek mathematics. 
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use formal argument to counter recent charges against mathemat. 
ical harmonics.'* Thus by its integration into such a project, the 
monochord becomes part of the apparatus of mathematical demon. 
stration, and also a weapon with which to defend the applicability 
of this method to harmonic science. 

The role of the monochord in the polemic of mathematical har- 
monics against the non-rational approach (by which I mean merely 
‘not thinking about musical intervals as ratios of numbers") of Aris. 
toxenus was essential in drawing the lines of argument between 
the two traditions and crystallising the debate for future genera- 
tions. But both the instrument itself and its use in the Sectio owe 
much to advances in demonstrative argument and the employment 
of instruments by harmonic theorists of various persuasions in the 
fourth century. The first task of this chapter is to consider these 
antecedents in order to see more clearly how this watershed trea- 
tise employs them in a careful and methodical argument in which 
the kanon proves to be indispensable. 


I Demonstration, harmonics and the Sectio canonis 


It may be useful to begin by distinguishing between harmonic 
demonstrations which could be classified as epideictic, and those 
which were more strictly apodeictic. By the former I mean declam- 
atory or rhetorical displays of musicological learning, in which 
an instrument could be brought out rather like a stage prop at 
the appropriate moment, to provide a demonstration of the thesis 
under discussion.'? By the latter, on the other hand, I refer to formal 
scientific demonstrations of a kind methodologically indebted to 
Aristotle's Analytics; these are deductive proofs derived from first 


'? Proposition 18 demonstrates that ‘the parhypatai and the tritai do not divide the pyknon 
into equal intervals’. The pyknon (‘compressed (interval)') was the small composite 
interval at the bottom of an enharmonic or chromatic tetrachord (hypaté to lichanos or 
paramesé to paranété); see Aristox. El. harm. 24.11—14, 50.15—-19. Aristoxenus had 
described the two small intervals which comprised the pyknon as being of equal size 
(El. harm. 50.28—51.11). ‘The task of proposition 18...like that of proposition 16, is 
mainly polemical rather than constructive; it shows that the work of a rival school had 
been based on a mistake’ (Barker 1989: 204 n. 57). On prop. 16, see ch. 1 part I. 

!3 On epideictic displays see especially Lloyd 1979, ch. 2: ‘Dialectic and demonstration’. 
On music as a subject of epideixis in the fourth century see Barker 2007: 68-78. 
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principles (the *apodeictic proofs’ described in chapter I part 1). 
The former may often involve uncontroversial theses; the latter, 
on the other hand, may advance new positions antithetical to those 
held by scientific opponents, or offer proof for positions commonly 
(or even unanimously) taken to be true but not previously proven. 
We shall find that this distinction can be applied to harmonic 
demonstrations as early as the fourth century, and in a moment 
Į shall outline some of the reasons why this approach is helpful 
in tracing the history of the monochord. It should be pointed out, 
however, that the categories themselves were not rigidly defined in 
antiquity; both the nouns (epideixis and apodeixis) and the verbs 
(epideiknumi and apodeiknumi) were sometimes used interchange- 
ably, and an argument that began life as an apodeictic demonstra- 
tion could reappear in the content of an epideixis.'^ 

The distinction is useful nonetheless because it helps to place 
the appearance of the monochord in Sectio canonis proposition 19 
within the broader context of harmonic demonstration, in both the 
epideictic and apodeictic senses, in the fourth century. To get a 
better sense of the relevance of this distinction for monochord use 
specifically, let us first look ahead for a moment. An ideal (if late) 
example of what I have termed epideictic demonstration is the type 
of musical activity implied by Ptolemy's comments on the insuffi- 
ciencies of the kanon, and some improvements to it introduced by 
the first-century AD musicologist Didymus,'> at Harmonics II.13— 
14. Ptolemy's discussion presupposes the playing of melodies on 
the monochord (a task for which it is not as well suited as 'per- 
formance’ instruments, he notes), and he records certain changes, 
proposed by Didymus, which facilitated this practice. We know 
from portions of Didymus' musicological writings quoted by Por- 
phyry that he was a serious musical scientist, much concerned with 
problems of method (Porphyry quotes him for his discussion of the 
differences between harmonicists who placed varying degrees of 
emphasis on either perception or reason), though unarguably more 
interested in the musical systems preserved in the writings of his 


^ [t should also be pointed out that some demonstrations could proceed without argument 
at all (anatomical demonstrations, for example). 
5 Discussed at greater length in chs. 5 and 6. 
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predecessors than in those of the music of his own time. Andrew 
Barker has argued that Didymus’ monochord-informed researches 
were designed to facilitate a reconstruction of the music of Aristox. 
enus' day, which he could then present to a philhellenic audience 
eager to hear with their own ears the music of the by-gone age 
which their aristocratic paideia had taught them to revere.!7 

In this context the monochord fulfils an epideictic function; this 
of course does not preclude the possibility of Didymus' musico- 
logical pursuits having included a more apodeictic role for the 
kanon, nor did it prevent him from criticising 'all those who even 
now are commonly said to make use of a non-rational procedure 
(alogos tribe) because 'as far as was at all possible they offered 
no demonstration (apodeixis) and referred nothing to reason’.'® 


Social contexts for musical epideixis: late examples 


Plutarch gives us an idea of the social context for the type of 
musicological epideixis in which Didymus made melody with his 
monochord. Like Didymus' audience, Plutarch's was made up 
of educated Greeks or Hellenising Romans, the focus of whose 
scholarly discussions lay some four or five centuries distant in 
the classical age of the Athenian polis. In an anti-Epicurean essay 
Plutarch berates his long-dead opponents for their attention to 
the pleasures of musical entertainment rather than to the learned 
dinner-discussions of serious musical scholars: 


Ti A€yeis, c Ettikoupe; KiPapwddav kai avAntdyv Éo0cv ókpoacóputvos eis TO 
0éarrpov BadiZeis, £v SE OUUTTODIOD OcoppóoTou Trepi CUUQeoVIdV SiaAEyoue- 
vou kal Aploto€gevou Trepi ueraoAóGv Kai ApiototéAous Trepi Ounpou Ta ata 
KATAANWT rods xepoi SuoYEepaivoov koi BSeAUTTOLEVOS; 


What’s this, Epicurus? To hear singers to the cithara and performers on the aulos 
you go to the theatre at an early hour, but when at a banquet Theophrastus holds 
forth on concords, Aristoxenus on modulations, and Aristotle on Homer, you will 
clap your hands over your ears in annoyance and disgust?'? 


!6 The fragments are preserved at Porph. /n Harm. 26.6—29, 27.17—28.26. 

'7 Barker 1994a: 71-2. 

18 Didymus ap. Porph. /n Harm. 26.14—15, 26.10—11 (trans. Barker 1989: 242). 

'9 Plut. Non posse 1095e, trans. Einarson and De Lacy 1967: 77. Both here and in the 
next quotation I print ‘aulos’ for the translators’ ‘flute’: the aulos, a double-reeded 
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Later in the same discussion Plutarch elaborates further the 
range of topics on which learned guests could be expected to *hold 
forth’ at such symposia: 





nolos yàp AV AVACS 7) KIPapa Sınpuoouévn TrPOS WS T] Tis xopós 'eüpuorro 
KEAASOV &kpocógov cryVUUEVOV Sia orou&rov' pley yóuevoşs OUTS EUPPavEV 
Eqrixoupov Kai Mntpodwpov ws ApiototéAn kal OeóppaoTov Kai Aikaiapyov 
«oi lepcovupov oi mepi xopóv Aóyo: Kal SiSacKaAldv Kai Ta SiavAwv Trpo- 
BANATA Kai puOucv kai &puovióv; olov 81& TÍ TÕV locv oUAOv 6 OTEVOTEPOS 
ó£urepov Ó SE EUPUTEPOS papurepov PbEyyeTal: Kal Sia Ti THs oUpryyos &va- 
OTTOMEVTIS TÕIV OFUveTal TOs PVOyyols, kAivoyuévns SE TaAIV BapUveTat, koi 
cuvar8els Trrpós TOV Érepov Bapurepov, SiayxOEis SE OEUTEPOV yE Kai TI StyTroTE 
t&v Oc&rpo»v àv &yupa TIS OPxNOTpaAs KaTAOKESdOTS ó T]xyos TUPAOUTA, Kai 
yoAKoÜv AAé&av6pov ev TTÉAA v] BOUAOHEVOV rroifjood TO Trpookr|viov OUK elacev 
6 TexviTNS cs SiaplepoUVTaA TOv ÜrrokprrOv THY Pov: Kal Tí ST]rroTE TOV 
yevoov O1oxel TO KYPWLATIKOV, ń SE &ppovía cuvíornoiv; 


For what aulos or cithara attuned to vocal music or what chorus sending forth 
‘a rolling thunder from melodious throats’ could so have enthralled the mind 
of Epicurus and Metrodorus as the minds of Aristotle and Theophrastus and 
Dicaearchus and Hieronymus were enthralled by discussion of choruses and the 
production of plays and by questions about double-auloi and rhythms and scale- 
systems? For example: why of auloi of equal length does the narrower have the 
higher pitch, the wider the lower? And why, when the syrinx is drawn back, are 
the notes all raised in pitch, but when it is released again, they are lowered? And 
why, when one pipe is brought close to the other, does it have a lower tone, but 
a higher when the pipes are drawn apart? And why, when chaff is spread over 
the orchestra of a theatre, is the resonance muffled, and when Alexander wanted 
to make the proscenium at Pella of bronze, did the architect demur, as he would 
thus have spoiled the effect of the actors’ voices? And why of the genera does 
the chromatic relax the hearer, the enharmonic make him tense??? 


Such questions, very much in the style of the pseudo- 
Aristotelian Problems,*' will no doubt have been answered — at 


pipe, should be distinguished from ancient reedless flute-type instruments such as the 
plagiaulos or photinx; see e.g. West 1992, ch. 4. LSJ’s ‘pipe, flute, clarionet’ is corrected 
in the 1996 supplement to ‘oboe-type musical instrument, reed-pipe, aulos'. 
? Plut. Non posse 1096a—b, trans. Einarson and De Lacy 1967: 77-81. I have written 
‘scale-systems’ for the translators’ ‘harmonies’. Plutarch probably means to employ 
the term harmoniai here as Plato does (e.g. at Phib. 17d, where they are also called 
systemata); harmonia in this sense is an arrangement of intervals, often more specifically 
an ‘arrangement of intervals within the octave’ (see e.g. Aristox. El. harm. 36.31). 
See especially books XI and XIX, acoustical portions of which are discussed in part 3 
of this chapter. 
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least at dinner-parties, real or imagined — with a view to enter- 
taining the other guests, rather than presenting rigorously demon- 
strated arguments. (Indeed, it is difficult to imagine how rigorously 
demonstrated arguments could be made about most of Plutarch’. 
sample questions.) This is not to say that the answers were not per- 
suasive; an argument can be persuasive without being apodeictic. 
Sympotic epideixis is sometimes persuasive (when it is persuasive) 
primarily by being a sort of potted apodeixis, in which rigoroys 
argument is digested and regurgitated as table-fare. 

The musical discussions in Athenaeus’ Deipnosophistae are of 
a piece with this picture: in book XIV Masurius, ‘an excellent and 
clever man on every subject’ who ‘devotes himself unceasingly to 
music, and even plays instruments’, asserts, citing Heraclides Pon- 
ticus, ‘that Phrygian should not even be called a harmonia, and no 
more should Lydian’.** Later he cites Polybius’ contention against 
Ephorus’ claim ‘that music... was brought into use among men 
as a device for deception and cheating’ .*> Both of these statements 
are elaborated and defended, but not with any degree of rigour; 
the point of the exercise is the convincing display of learning that 
each guest can bring to the dinner-table.?4 


Fourth-century harmonic epideixis 


I do not mean to suggest that Plutarch and his contemporaries 
should be taken as reliable witnesses to the finer details of musical 
epideixis among the educated aristocracy of their fourth-century 
models. What they do offer, however, is an indication of the extent 
to which the harmonic apodeixeis of serious scholars like Claudius 
Ptolemy can be seen alongside the more informal epideixeis pre- 
sented by the polymathic drinkers and diners of Second Sophistic 
dialogues. This dichotomy parallels an earlier one, which is most 
visible in the contrast between the formal demonstrations of the 
Sectio and the displays of contemporary harmonic experts. One of 
Plutarch's fourth-century symposiast-scholars, Theophrastus, in a 


^^ Ath. 624c-e, trans. Barker 1984: 280-1. 
*3 Ath. 626a, trans. Barker 1984: 284. 74 See Lukinovich 1990: 268. 
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assage of his Characters (5.6—10), presents a sketch of a dis- 
tastefully ostentatious person, whose excessive displays of wealth 
include, among many other things, 


TOAAIOTPISIOV KOVIOTPAV EXOV «od OPAIPIOTNPIOV. Kai TOUTO rrepióv xprvvuvot 
qois GOPLOTAIS, TOIS órrAou&yots, rois &ppovikois &verrioefkvuoOad- Kal AUTOS EV 
tañs éTr5ei€eoiv VoTtepov £rreiciévoa &rreibàv HSN cuyKaavtai iv Ó Érepos ETN 
Tov Oecouévoov Trpós TOV ETEPOV OTI “TOUTOU EOTIV f] TAAGIOTPM.’ 

a little palaestra with a sanded area for wrestling and a room for boxing practice. 
He goes around offering this arena to sophists, drill-sergeants and music lecturers 
(harmonikoi) for them to perform in (enepideiknusthai). And he arrives at these 
performances (epideixeis) after the spectators are already seated, so that they will 
say to each other “This is the owner of the palaestra. ^? 


Jeffrey Rusten translated harmonikoi *musicians',?? but Dig- 
gle's ‘music lecturers’ is preferable on several fronts. Each of 
the three groups (sophistai, hoplomachoi, harmonikoi) is appar- 
ently welcome to draw an audience to the man's performance 
space because this will show off his wealth to the greatest possible 
effect. It is in keeping with his varied tastes in other things (5.6—9) 
that those to whom he lends his little palaestra form something 
of a spectrum, even though they are not listed in that order: the 
hoplomachoi present the most physical sort of display, and the 
sophistai the least; the harmonikoi presumably fall somewhere in 
between the two. It is a programme designed to attract the widest 
range of spectators, in order to illustrate that their host is a patron 
of the widest array of arts, from the military to the musical to the 
rhetorical. 

Furthermore, one noun describes the activities of all three types 
of performer: they give epideixeis for their audiences. An epi- 
deixis is a performance or a ‘show’ (as Rusten translates it), but 
it is not the same sort of show as the thea mentioned at 5.7. The 
latter is a spectacle or a theatrical performance; the former is 
a declamation, demonstration or display.*’ The use of epideixis 
and epideiknumi to describe military displays is common,?5 and 


^5 Char. 5.9—10, trans. Diggle 2004: 81. Char. s.1-5 is about ‘the obsequious man’ 
(ó &peokos), but 5.6—10 belongs to a different character. 

2 Rusten, Cunningham and Knox 1993: 73. 27 LSJ s.vv. 6£a, &ríBei£is. 

?5 "Thuc. III.16, Pl. Lach. 179e. 
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the name hoplomachos (‘instructor in fighting with weapons’29 

makes clear that this was not a blood-sport spectacle of fighters 

but a demonstration of the art of fighting in heavy armour.?? Sime 
ilarly, the epideixeis of sophists are well documented.?' Thus the 
two ends of the spectrum suggest that the ‘shows’ all contained 
some pedagogic elements: the purpose was presumably not merely 
to entertain, but also to display knowledge or skill so as to attract 
potential students. In this context, then, we might even render 
harmonikoi ‘musical sophists’. It is true that a musical perfor- 
mance can be referred to in the language of epideixis,** but it 
would be surprising if performing musicians were mentioned here 
by a term used elsewhere to describe specialists in musical theory, 
The word harmonikoi had already come into use to mean ‘experts 
in harmonia’ by Theophrastus’ time. We noted in chapter 2 that 
it is this word which permits an unequivocal reading of kanon as 
'monochord' in Duris fr. 23, where harmonikos 1s the epithet of 
the kanon-thieving Simos. Its use here thus makes the most sense 
if understood in the same way. The wealthy man caricatured in 
5.6—10 is one whose ostentation is of a distinctly cultured bent, 
and what we are being led to imagine taking place in his private 
venue is more of an illustrated public lecture series than a popular 
entertainment programme.?? 


Harmonikoi on stage 


Theophrastus' sketch, while it helps to clarify one possible context 
for demonstrations by harmonikoi in the late fourth century, tells 
us nothing about what such epideixeis involved. What happens 
when these people get on stage? What do they do, and what are 


^9 LSJ rev. suppl. (1996) s.v. 

On the hoplomachoi and the sophistic character of their displays, see especially Wheeler 
1983. 

3! Pl. Phdr. 235a, Grg. 447c; Isoc. 4.17, 5.17. Who counted as a sophist was, of course, 
problematic. 

Plato uses the verb epideiknumi not only of poetic recitation (rhapsdidia) but also of 
accompanied song (kithardidia), tragedy, comedy and even puppet shows at Leg. 658b. 
For a later example of the verb used in a musical sense, cf. Ael. VH IX.36; for an 
ambiguous case, see n. 37 below. 

Compare Lloyd's discussion of the epideixeis of medical experts given before lay audi- 
ences in the fifth and fourth centuries BC (1979: 86—98). 
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their demonstrations like? Most importantly, for present purposes, 
do their demonstrations involve instruments? 

A few preliminary clues to these questions can be gleaned 
from the opening lines of the pseudo-Platonic dialogue Sisyphus. 
Socrates speaks first, chiding Sisyphus for arriving late (“we waited 
for you a long time yesterday, too, Sisyphus’) and telling him that 
he missed an excellent epideixis put on the previous day by a certain 
Stratonicus. This Stratonicus is a ‘brilliant fellow’ (aner sophos), 
who demonstrated (the verb is epideiknumi) many excellent things 
‘in both word and action’ (387b). 

At first glance it might seem an unlikely source; the dialogue 
is almost certainly not by Plato, although it may have been com- 
posed by one of his students near the end of his life.?4 Secondly, 
there is no reference to music or harmonic theory here. But it just 
so happens that this Stratonicus was a well-known musician and 
teacher of music and musical theory. He was a contemporary of 
Plato's, and died around 350 Bc.? His claims to fame (many of 
them surely inflated, particularly those which make him a protos 
heuretes) show just how well he would fit in as one of Theophras- 
tus' musical sophists: he reportedly introduced *many-notedness' 
(polychordia) into kitharistic music; he was famous for his sharp 
wit, which was not infrequently aimed at rival musicians; he was 
the first musical theorist to make a diagramma, probably mean- 
ing a diagram on which various scales could be mapped out in 
overlapping fashion.3? From the Sisyphus passage it seems he also 
gave epideixeis, to which he was evidently able to draw audi- 
ences, who may even have paid to hear him;?7 and no matter 
how seriously Socrates means the compliment about Stratonicus’ 


34 The Sisyphus has long been regarded as spurious. Thesleff (1989: 9) preferred to clas- 
sify it as 'semi-authentic', to allow for the possibility of Plato's influence even if the 
composition itself was the work of a student. D. S. Hutchinson gives some reasons for 
maintaining a mid-fourth-century date and assuming the author to be a ‘follower of 
Plato’ (in Cooper 1997: 1706-7). 

Burkert 1972: 203; West 1992: 217, 367-8; Barker 2007: 75-7. 

Phaenias fr. 32, Ath. 347f-352d; Burkert 1972: 372 n. 12, West 1992: 367-8. 

"When he was giving an epideixis in Rhodes and no one applauded, he walked out of 
the theatre with the words “Since you do not give what costs nothing, how can I expect 
to receive a fee from you?” (iv Pode 8 EtrideiEiv Tro1oUpevos, cos oUbels érreorur|varro, 
Korrarro»v TO 0£arrpov &6T]A0&v siv *órrou TÒ &Satravov ov morete, THs Èy% ÈNTO 
Trap vuv &pavov Ańysoða;’ , Ath. 350b). But Gulick may be justified in translating 
epideixis as ‘recital’ here (1930: 85). 
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brilliance, sophos is precisely what a sophist aims to be. There are 
no details about his presentation, but from the small hints here jt 
appears to have been a lecture on music interspersed with musica] 
examples: he demonstrated ‘many splendid things in both speech 
and action (Kai Adya Kai &pyo»)'. Since both of these terms are 
applied to a single epideixis, the previous evening's activities seem 
not to have constituted (just) a kitharistic recital. 

The specific epideixis in question is certainly fictional: Straton- 
icus’ performing career may not even have begun before Socrates’ 
death in 399. Its narrative function is merely to provide Sisyphus 
with a reason to say what important civic business detained him 
the previous day, and it is the theme of political deliberation, not 
of musical epideixis, that takes centre stage for the rest of the 
short dialogue. But as a dramatic hook to open a dialogue, it can 
only have served its purpose if what it described was accurate in 
type and did not distract from the focus of the work at its very 
outset. 

The fact that many of our stories about Stratonicus mention 
the kithara (either his own performances on it, or his critiques of 
those by others or their students) suggests that when Socrates says 
‘action’, he means a musical illustration or example performed 
on the instrument.?? If we could be sure of this, it would tell 
us that some sort of public musicological demonstrations with 
stringed instruments were being carried out within a decade or so 
of Archytas’ death. But the Sisyphus gives only a likelihood, not 
by any means a certainty, and we can do better. More useful clues 
can be found in one of the Hibeh papyri (1.13), in a fragment of 
what appears to be a sophistic diatribe (itself an epideixis, of sorts) 
against performing harmonicists, copied in the mid-third century 
BC and recovered from Graeco-Egyptian mummy-cartonnage in 
1902. Grenfell and Hunt, who excavated and published the papyri, 
suggested an early date for the content of PHib. I. 13, even going so 
far as to support Blass's fanciful conjecture that the speech was by 
Hippias, attacking Damon. More recently it has been argued that 
the fragment is a product of the early fourth century, to be dated 
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35 The stories are preserved by Athenaeus (see n. 36 above). 
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possibly around 380 BC.?? The papyrus is (like most) mangled in 
places, but what we have is largely legible, and presents precisely 
the sort of details we are after: 


[roAAa]kts errrjA0€ uoi PauLaoal w avdpes [EAAnves 
[et a]AAo1pios Tiv[es] Tas ETTIOEIEEIS TWV O[1keicov TE 
[yv]ov moioupev[oi] AavOavouolv upas Aleyovtes yao 
[o]T! APHOVIKOI E101 kat TIPOXELPIOAEVO! co[1das5 TIvas 
TAUTAS OUYKPIVOUGIV TWH LEV GS ETUXEV 

KATH YOPOUVTES Tas 9e elk! eykoo[uiroc oves 

Kal Aey ouo! HEV cos ou 8& AUTOUS oufTe y]oXros 

oute widous Oscopsiv Trepi pey yap T[avr]a erepois 
@aolVv Tapayopl[e]iv : auTwv $e i610v [el] vai To 0€ 
WPNTIKOV pepos PAIVOVTAI ÕE TEPI PEV TAUTA 

WV ETEPOIS Trapa oopouoctv ou PETPIWS EOTTOUSAKO 

res EV O1S 6€ PAOIV IOXUEIV EV TOUTOIS ox[seóiar] 


(pvTES. 


It has often occurred to me to be surprised, men [of Greece],*° at the way certain 
people construct demonstrations (epideixeis) not belonging to [their own areas 
of expertise], without your noticing. [For they say that] they are harmonikoi, and 
they pick out [various songs] and judge them against one another, condemning 
some, quite at random, and unsystematically extolling others. Again, they say that 
it is not their business to think about instrumentalists and singers: these matters, 
they say, they leave to others, while their own special province is the theoretical 
branch. Yet they actually display an immoderate enthusiasm for the things they 
leave to others, while improvising haphazardly in the areas where they say their 
own strength lies. 


[ets T]ovo Se epxovrad ToAUNs oos [oAov Tov Bio|v kafta 
[To1P ]etv ev aas xopóots : yaAAovtes ug [Tou x]e[pov vo]v 
[wo | rov : aldovTes Se TWV coi60v : oUvkpivovres Oe 

[rou T]uxov1os pniropos TravTa Trav ro»[v xei]gov TrOLOUVTES 
[kai Tr]ept1 pev To»v apu[o]vikoov kañoupfevæ]v ev ois OT 
g[ac1i]v 81aet090ad Troos : ovO nvriva gow[nv] ExovTes Aeyav : 
ev[Oo]UcioovTes SE : kot mapa TOV puOy[ov 8s] TralovTeEs 

TO UTTOKEIMEVOV Oavidiov auToIS[aua Totis] omt[o] Tou 


yLaA]tnpiou vogots. 


These people have the effrontery to waste [their entire life]^' on strings. They 
play on strings [much worse than real instrumentalists], they sing much worse 


39 See particularly Avezzü 1994, Barker 2007: 69 n. 1. 

4 Square brackets indicate editorial conjectures to fill gaps in the papyrus. Avezzü suggests 
‘of Athens’ here (1994: 113). 

^' [a lot of time] Avezzü. 
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than real singers, and in their critical comparisons they do everything worse than 
any orator (rhetor) one might come across. As to what is called ‘harmonics’ 
(ta harmonika), with which they say they have a special familiarity, they have 
nothing articulate to say, but are carried away with enthusiasm: and they beat the 
rhythm all wrong, on the wooden bench where they sit, [simultaneously] with the 
sounds of the psalterion.* 


This is a caricature, of course, and cannot be taken as a faith. 
ful portrait; the author is presumably a sophist himself, and his 
polemic is intended to distort and discredit the practice of his 
rivals. But his damnatory assessments of the epideixeis given by 
these self-styled harmonikoi can only hit home if the criteria for 
judgement are taken at face value: they cannot be called incom. 
petent instrumentalists if they never played for their audiences, 
and they cannot be criticised as bad orators if their presentations 
included nothing like a speech. Their speeches must have included 
some theoretical discussions about music (they concentrated on the 
‘theoretical branch’ of music, and claimed familiarity with ‘har- 
monics’), but they must also have played stringed instruments: the 
vocabulary is clear, varied and repeated (chordai, 'strings', the 
verb psallo, ‘play (a stringed instrument)’, and its cognate noun 
psaltérion, ‘stringed instrument’). 


Empirical procedures with stringed instruments 
in the fourth century 


What these passages indicate, then, is an identifiable epideictic 
context for harmonic demonstrations with strings by the mid- 
fourth century. Nothing in the Sisyphus or the Hibeh papyrus 
suggests either that these demonstrations included ratios, or that 
the kanon was being used. A psaltérion is literally a ‘plucked 
instrument’, but the word is often used to mean ‘harp’,*? and an 
approximately contemporaneous description of an empirical pro- 
cedure involving a stringed instrument in book VII of the Republic 
(531a—c) is detailed enough to rule out ratio-based harmonics in 
that instance. 


^ PHib.].13.1—13, 23-31, trans. Barker 1984: 184-5. 
43 West 1992: 74; see also the 1996 supplement to LSJ, s.v. 
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Two types of harmonic theorists are mentioned in the passage, 
and in making Glaucon initially misunderstand Socrates, Plato is 
able to distinguish one from the other with a certain degree of 
care. (The word harmonikos, incidentally, is not used to describe 
either group; Plato does use the term elsewhere.^^) Socrates crit- 
icises some of those who work on harmonics for their devotion 
to the sort of pursuit he labels ‘pointless’ (ateles, 530e), claiming 
that ‘they measure heard concords and notes against one another, 
and so labour to no purpose’ (Tas yap åkououévas aŬ ouugovías 
«al Poy yous GAANAOIS &voperpoOvres &vr]vura.. . . TrovoUolv).45 
Glaucon assumes that Socrates is referring to theorists of a decid- 
edly empirical sort: 


yt] TOUS OgoUs, EMT, Kai yeAotoos ye, rrukvoopacr ATTA dvoudCovTes Kal TrapapóA- 
hovTEs TA COTA, oiov Ek yerróvoov Poovi|v 0npeuóusvoi, oÍ Év PAOIV ETI kacrokouelv 
iy WEO* TIVO NXTV Kal ouikpórarrov Eival TOUTO SidoTNUA, @ uerpryréov, oí 5E 
aupioBnToUvTes cos óuorov Sn Pley youeveov, AUPOTEPO! era TOU vow rrpoorn- 
OCUEVOL. 


‘Yes, by the gods,’ he said. ‘Their behaviour is quite ridiculous, when they name 
some things “pyknomata” and incline their ears as if hunting out a sound from 
next door, some of them asserting that they can still just hear a sound in between, 
and that that is the smallest interval, by which measurement is to be made, while 
others take issue with them, saying that the notes sounded are already the same, 
each group putting their ears ahead of their mind.’4° 


Socrates then sets Glaucon straight, and in the process we hear 
more about each of the two types of harmonicist Plato is at pains 
to distinguish: 


où HEV, fjv 9 yw, ToUs xproToUs AÉyeig TOUS Tais yopSatis T'p&y poro 
TapEXOVTAS Kal Bacaví&ovras, mi THv KOAAOTIOV OTPEBAOUVTAS: iva SE ur) 
MaKpoTepa f| eikaov yiyvntal, TAKTE TE TANYdVv yryvouévow Kal KATN- 
yopias Trépi kai e€apvnoews Kai dAaGoveias yopSav, travouai Tis elkÓvosg 
Kal OU nui ToUTous Aéyelv, &AX ékelvous oUs Epauev vuvdi) Tepi &puovias 
tpnoeo8a. TavTOv yàp TroloUol Tols èv TH &orpovouío- roUs yap èv TaU- 
Tas Tals ouugQovíais Tails &Kououévaug åplðuoùs GnroUciv, GAN ovK Eis 


M Phdr. 268d-e. 45 Resp. 531a, trans. Barker 1989: 55. 
jo Resp. 531a—b, trans. Barker 1989: 55. 
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EKATEPOL. 


‘You are talking,’ I said, ‘about those worthy persons who bully the strings ang 
interrogate them with torture, racking them on the kol/opes. But I must not spin 
out the image too long by talking about the blows inflicted by the plectrum, about 
accusation and denial and the strings’ false pretences, and so I shall abandon the 
image and say that I do not mean these people, but those whom we said just now 
we would question about harmonia. They do the same as those concerned with 
astronomy: they seek the numbers in these heard concords, but do not rise to 
problems, to investigate which numbers are concordant and which are not, and 
why each are so.' ^? 


Glaucon's theorists are certainly no Pythagoreans.4? Their con- 
cern to find the smallest perceptible interval empirically and use it 
as a type of theoretical ‘harmonic unit’ by which to measure larger 
intervals is reminiscent of the activities of those whom Aristox- 
enus labelled harmonikoi.*? They may even be the sort of theorists 
who roused Aristoxenus’ indignation by their use of what he called 
‘compression diagrams’ (El. harm. 28.1), which apparently made 
use of a minimal unit (the enharmonic diesis or quarter-tone) in 
order to map out several overlapping musical systems on one dia- 
gram: Glaucon's use of the word pyknomata is a plausible hint 
that the procedure to which he refers is somehow related to what 
Aristoxenus calls katapyknosis (‘compression’ ).5° 

Like some of Aristoxenus' harmonikoi, Glaucon’s theorists 
made use of instruments in their empirical researches; for the latter 
it is stringed instruments, while in the case of the former it was 
auloi.?' But there is no chance of the strings in question at Republic 
531b belonging to the kanon.^^ Socrates’ image of slaves being 
tortured for their testimony on the rack only works as a metaphor 


^! Resp. S31b—c, trans. Barker 1989: 56. 

45 Levin (1994: 157) assumes that they are Pythagoreans, but does not argue the point. She 
is right that they seek ‘a minimum unit measure with which they could fix the size of all 
the intervals in their melodic vocabularies'; but a minimum intervallic unit expressed as 
a ratio (the customary analytical language of Pythagorean harmonics) is impossible to 
extract from strings by twisting the kollopes. See West 1992: 240. 

49 El. harm. 2.30; see Barker 1989: 124-5. 

59 El. harm. 38.3, 53.4—5; Arist. Metaph. 1016b18—24. See also Barker 1978a: 8-16 and 

1989: 72 n. 16, 132 n. 34. 

Aristox. El. harm. 39.4—43.9. 5 Barker 1989: 56 n. 4. 


el 


_ 


5 


148 








I DEMONSTRATION, HARMONICS, THE SECTIO CANONIS 





because Glaucon's theorists are trying to obtain their minimal 
intervallic unit by changing the tension, not the length, of the 
strings. Instead of the movable bridges of monochords, the tuning 
devices here are the kollopes of lyre-type instruments, thick leather 
‘collars’ on the crossbar, round which the strings were wound. 
They could be twisted one way or the other to tighten or slacken 
the strings, tuning them up or down.’ In most of the lyres depicted 
on classical period vase-paintings the kollopes appear as lumps or 
bulges along the crossbar.?^ In Socrates’ vivid analogy they stand 
for the rack, on which slaves were tortured to extract forensic 
information. Glaucon's harmonicists, he says, ‘bully’ the strings, 
‘interrogate them with torture’, ‘racking [or twisting: orpeBAoCv- 
tas] them on the Kollopes'.»» What we are being led to imagine, 
on the musical side of the metaphor, is a group of enthusiastic per- 
sons gathered in heated debate around a lyre or kithara on which 
two strings, perhaps, have been tuned nearly to the same pitch; the 
flatter of them is being gradually sharpened by the twisting of its 
kollops, until the interval between it and its neighbour is as small 
as possible without becoming imperceptible. 

It will be clear, then, that Socrates' play on the twisting of the 
kollopes makes little sense in the context of the monochord. Since 
the function of the kollops was to allow a string to be tuned and 
retuned by altering its tension, any minimal interval obtained in 
this way will not be precisely quantifiable by any method available 
to Plato's contemporaries: it will be impossible to say exactly how 
many such intervals measure the tone, for example. This is only one 
of the reasons why the exercise is ‘pointless’ (ateles).5° A kanon 
might have a kollops (some of Ptolemy's did), but the construction 
of intervals was done with the movable bridge, since it was only 





53 Bélis 1985; Roberts 1981; Anderson 1994: 174-5. A similar tuning mechanism is found 
on many modern African lyres: see Lawergren 1984: 163 fig. 20; Wegner 1984: 104; 
Plumley 1966: 18-19; Omondi 1984: 265 fig. 5. 

‘4 Many examples are visible in vase-paintings reproduced in Paquette 1984 and Maas and 
Snyder 1989. 

55 Resp. 531b, trans. Barker 1989: 56; my addition. 

5° For Socrates the most important reason is that any pursuit of harmonics, or any of the 
other mathemata, which does not take account of the most fundamental questions — 
which things fall into which classes and why — is pointless labour: it has no real purpose 
(telos); it does not aim the mind toward knowledge of the good. 
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by comparing lengths of string that intervals could be rationally 
quantified in antiquity.>/ 

Plato’s metaphorical vocabulary for the activities of Glaucon’s 
theorists suggests a harmonics more akin to that of Aristoxenus, 
where pitch is conceived as tension (fasis).59 Socrates’ theorists, 
by contrast, are clearly Pythagoreans: he has named them earlier 
in the passage (530d) in quoting Archytas' tag about astronomy 
and harmonics being ‘sister sciences',?? a notion with which he is 
in agreement. It is noteworthy that when he quotes Archytas he 
credits ‘the Pythagoreans’ rather nebulously, rather than Archytas 
himself specifically, with the idea he praises. This, combined with 
the fact that one of the two criticisms levelled at this group — that of 
seeking the numbers in perceived concords — hits home on Archy- 
tan territory, suggests that Archytas is in some sense representative 
of what Plato is here lumping together as Pythagorean harmonics. 
(Aristoxenus, writing several decades later, reports Pythagorean 
harmonicists as ‘saying that it is certain ratios of numbers and 
speeds relative to one another in which high and low pitch arise’ 90 
This summary fits what we know of Archytas' approach to the 
subject.°') 

What we learn from this passage in the Republic, then, is that 
stringed instruments were being used not only in harmonic epi- 
deixeis by the mid-fourth century, but also in empirical procedures 
of a sort methodologically incompatible with both ratio-based 
harmonics and the monochord. Furthermore, Plato mentions no 
instrumental procedures of any sort, empirical or demonstrative, 
in connection with Socrates’ Pythagorean harmonic theorists. They 
incur Socratic criticism not for ‘putting their ears ahead of their 


5 


N 


Some of the more advanced demonstrations described in Ptolemy's Harmonics (II.16 
and III.1) require the construction of many-stringed kanones with kollaboi (= kollopes) 
at one or both ends of each string. The function of the kollaboi is to make it easier to 
maintain the strings’ pitches when a single bridge is being moved under them; intervals 
are still constructed and conceived as ratios of length, not as differences of tension. 
Aristox. El. harm. 3.30, 8.29, 8.31, 9.6, and in many other places; tasis is Aristoxenus' 
usual word for ‘pitch’. 

?9 Cf. Archyt. fr. 1 ap. Porph. /n Harm. 56.10 with Pl. Resp. 530d. 

paoKovtes Adyous TE vivas &piOucv civar Kal Té&yn mrpós &AAnAa &v ols TS TE O€U Kal 
TO Bapu ytyveroa, Aristox. El. harm. 32.24-6. 


?! See ch. 2 part 4. 
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mind' like their empiricist counterparts, but for failing to 'inves- 
tigate which numbers are concordant and which are not, and why 
each are so’. 


Mathematical apodeixis and harmonics 


This background is important to the Sectio canonis, with its ratio- 
based theory and its demonstrative use of a stringed instrument. But 
the Sectio is not a speech, and the author's notion of proof is more 
rigorous than that suggested by the epideictic displays of fourth- 
century harmonikoi. It is in this document that the vehicle of argu- 
mentation provided by Aristotelian apodeixis, already adopted in 
the conventions of Euclidean mathematical discourse,°? is used, for 
the first time as far as we can tell, to provide a tightly concatenated 
series of arguments for the basic doctrines of mathematical har- 
monics. Whereas the epideictic rhetoric of earlier musical (perhaps 
even earlier monochord-based) demonstrations may have been per- 
suasive, the apodeictic method inherited from Aristotle provided 
more than mere persuasion; it was designed to lead the student 
irreversibly toward one set of interlocking conclusions, and show 
that none of them could exist in any other way. It was a method by 
which, in mathematics at least, one was to be led to the recognition 
of absolute truths.°3 The connections of this apodeictic method 
to rhetorical epideixis on the one hand, and to mathematics — 
and especially to the form of the Euclidean mathematical treatise — 
on the other, hinge on the logical work of Aristotle.°4 G. E. R. 
Lloyd was the main champion of the view, now generally accepted 
as correct, that the formal axiomatised deductive system of Aristo- 
tle's Analytics had its origins in the political and legal necessities 
of convincing and proving, and of 'criticising and undermining 
rivals' 65 


62 See Mueller 1969. 63 Michel 1950: 67. 

64 Michel 1950: 50-1; Lloyd 1973: 36-9, Netz 1999a: 293. 

65 Lloyd 1990b: 97. The main arguments in Lloyd are 1979, ch. 2, and 1990b, ch. 3; for 
general acceptance of his thesis see Netz 1999a: 292-3; Rihll 1999: 9, 12-13. Netz, 
summarising Lloyd 1990b, ch. 3, writes that ‘the development of rigorous arguments in 
both philosophy and mathematics must be seen against the background of rhetoric, with 
its own notion of proof. It was the obvious shortcomings of rhetoric which led to the bid 
for incontrovertibility, for a proof which goes beyond mere persuasion ... So there is, 
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Jonathan Barnes noted another aspect of Aristotelian apodeixis 
in his attempt to account for the lack of any satisfactory examples of 
the method in Aristotle's own treatises. Demonstration, he argued, 
was not intended as a 'research' method, but as a pedagogica] 
one. It answers, in Barnes' view, the question not of how scientific | 
knowledge is to be gained in the first place, but of how it is to be 
passed on from teacher to student.9? This squares well with later 
conceptions of demonstration: Archimedes, for example, distin- 
guishes clearly between heuristic and demonstrative methods.97 Jt | 
also fits neatly with Lloyd's general conclusions about the origins | 
of Aristotelian deductive logic, since teachers of various sorts — | 
rhetorical, medical and others — used their expertise in epideictic | 
oratory as an essential tool in the securing of students, who would 
be more likely to attach themselves to a teacher's circle if his gifts | 
of persuasion were compelling enough to win their respect.9? 

There is no doubt about the place of the Sectio in this tradition: 
the treatise is clearly based on the Euclidean Elements, both in | 
the form of its composition and in its reliance on theorems proved | 
there,°? and the Elements, which Netz calls ‘the most explicitly | 
pedagogic Greek mathematical text’,’° was influenced by the log- 
ical works of Aristotle. It is not surprising, then, to see both adver- 
sarial and pedagogic concerns in the Sectio. We may even go so | 
far as to suppose that the Sectio, too, was intended as a pedagogic 


first, an activity of great prestige for the Greeks: that of making compelling arguments, 
And there is one type of argument which is more compelling than others, which leaves 
less room for controversy than others. This is mathematics’ (1999a: 309-10). Michel 
would have agreed: ‘La grande affaire est de "prouver", d'acculer l'adversaire à la 


contradiction, de l'emprisonner dans l'absurde' (1950: 50). | 

6 
| 

| 

| 


ON 


"Teaching is the proper function of demonstrative argument’ (Barnes 1975: 80). The 
origins of Aristotle's theory of demonstration are therefore to be located in pedagogic 
conversation (81). 

See Lloyd's example of Archimedes' distinction between a mechanical method (for 
discovery) and a proof at Method praef. (426-30 Heiberg): Lloyd 1973: 45-6; 1979: 

122 with n. 330; 1990b: 89-9r. 

See Lloyd's remarks on the uses of demonstration by physicians in securing a clientele 

for themselves (1979: 89-96). 

Prop. 2 relies on a proof given in Elements VIII.7; prop. 3 is dependent on Elements 
VII.33 (see Barbera 1991: 127) and VIII.8; and prop. 9 on Elements VII.2. It may be | 
noted in addition that the Sectio makes use of reductio arguments (props. 3—4), a type | 
of indirect proof much used in the Elements. See also McKirahan 1978: 207. | 
7? Netz 1999a: 262; see also Rihll 1999: 54. | 
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document — a sort of Elements for the science of harmonics, though 
much shorter than its mathematical model."' 


The ‘same domain’ rule and the subordination of harmonics 


It is a curious feature of this inheritance that the polemical argu- 
ments of the treatise are dependent on Aristotle in two ways: there 
is, on the one hand, the direct route (the Peripatetic tradition of 
apodeictic proof); on the other, there is Aristotle's own enuncia- 
tion of what is often called the ‘same domain’ rule. Though broken 
by Aristotle himself, this rule gave rise to the non-mathematical 
approaches to harmonics championed by his students, Aristoxenus 
and Theophrastus. 

Aristotle lays out the ‘same domain’ rule in Posterior Analytics 
[.28: ‘A science is one if it is about one domain (genos) (uia © 
&rio Tr]um EOTIV f) EVOS yévous, 87a38); ‘there is evidence for this 
when you come to the undemonstrables — for they must be in the 
same domain as what is demonstrated’ (toutou 88 onjueiov, órav 
eis TA &varrróóeikrac EAD: Sel yap avrà Ev TH AUTO yevel elvod 
Tols &rro8e8ery pévors, 87b1—3)./* On this view of what constitutes 
a science, any attempt to link (undemonstrable) common notions 
about the properties and groupings of ratios with those of musical 
intervals, however much the two may resemble each other, would 
not be a scientifically unified pursuit. But this is not the whole 
story. Aristotle provided an exception which allowed him to treat 
certain sciences, such as harmonics and optics, as ‘subordinate’ to 
branches of mathematics, rather than as entirely separate domains 
(An. post. 1.7): 


oUk Gpa Eotiv ¿E GAAoU yévous uerap&vra Segar, oiov TO yecopETPIKOV 
àpiOun iki] . . . Sià ToUTO TÅ yewueTpia oUk got! Sega STI TÕV &vavríov pia 
ETIOTTUN, GAN OVS STI oi 600 küpoi küos- OVS GAAN &rmior]ur TO ETEPAS, GAN 


™ And hardly as exhaustive in its scope: see McKirahan 1978: 208. If Proclus was thinking 


of the Sectio when he mentioned a Euclidean Elements of Music (see n. 4 above), then 
ancient readers may have read the treatise similarly. But we cannot be sure. 

The translations are those of Scholz (1975: 53), who summarises the passage in this way: 
‘a science in Aristotle's sense is thus a sequence of undemonstrable and demonstrable 
sentences referring to the same domain of things'. 
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7) 600 oU Tos Exe Trpós GAANAG COT eivai O&repov UTTO 0&repov, olov rà ÒTTIKA 

Tpós yecouerpíav Kal TA éáppovikà Trpos àpiOunrikrv. 

It is not possible to give a demonstration by shifting from one class (genos) of 
things to another: for instance, one cannot demonstrate something in geometry | 
by means of arithmetic... Hence it is impossible to demonstrate by means of | 
geometry that opposites are studied by a single science, or even that the product of 

two cubes is a cube: nor can any other science demonstrate something belonging 

to a different one, except where the subjects are so related that one is subordinated | 
to the other, as optics is subordinated to geometry and harmonics to arithmetic,73 


Harmonics thus subordinated is the sort Aristotle calls ‘math- 
ematical harmonics’, as opposed to ‘hearing-based harmonics’; 
those who practise it know ‘the reason why’ as opposed merely 
to ‘the fact that’, because they ‘are in possession of the demon- 
strations (apodeixeis) of the causes’ (An. post. 79a1—4). Aristotle 
calls them ‘mathematical harmonicists’ (Top. 107a15—16)./^ The 
project of the Sectio is the product of this view of harmonics: as 
Richard McKirahan notes, it is a science which ‘uses the principles 
and conclusions of arithmetic to give a mathematical account of 
certain observed musical facts’.’> But Aristoxenus and Theophras- 
tus, both staunch Aristotelians in their own ways, disallowed the 
exception of Posterior Analytics 1.7. Aristoxenus even shaped his | 
harmonic science with explicit reference to Aristotelian apodeixis, 
and maintained the ‘same domain’ rule to exclude any kind of 
mathematical harmonics.7° | 

Some of his harshest criticism is reserved for those who, he | 
says, ‘delivered oracular utterances on individual topics, with- 
out explanation (aitia) or demonstration (apodeixis), and without 


73 75a38-9, b12—17, trans. Barker 1989: 71. Scholz also points out that the restrictions of 
An. post. 1.28 are not universal: ‘it should not be inferred from this either that Aristotle 
did not know about, or that he did not appreciate, the possibility of an isomorphism 
between two materially different domains’ (1975: 59 n. 26). On Aristotle’s conception 
of the ‘subordinate sciences’, see especially McKirahan 1978. | 

74 On these passages, see the Introduction. 

75 McKirahan 1978: 210. See his comments on the Sect. can. (208) and his careful definition 

of Aristotle's conception of ‘mathematical harmonics’ (210-11). 

See Aristox. El. harm. 32.19—30, 44.15—20. Theophrastus is nowhere so explicit on this 

point, but in general his argument separates harmonic theory from mathematics in a | 

similar fashion (the relevant fragment (716) is quoted by Porph. Jn Harm. 61.16-65.15; 

translation and commentary: Barker 1989, ch. 6; revised text and translation by Barker 

in Fortenbaugh et al. 1992: II.562—73; see also Lippman 1964: 157-61; Sicking 1998; | 

Barker 2007, ch. 15). | 
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even properly enumerating the perceptual data’.’” When Aristox- 
enus uses the term apodeixis he does so in full knowledge of its 
Aristotelian overtones, as is clear from the next sentence:7° 





fuels 6 apyas Te rreipoouse0a: AaPeiv Paivopevas &rr&oos rois ENTTELPOIS uouociki]s 
Kal TO EK TOUTWV ouupatvovra aTrOSElKVUVAL. 





We, on the other hand, try to adopt initial principles (archai) which are all evident 
to anyone experienced in music, and to demonstrate (apodeiknunai) what follows 
from them.” 


Unlike his opponents, Aristoxenus intends to present his argu- 
ments as properly demonstrated proofs, derived from archai by 
apodeixis.*? The harmonikoi he attacks have made assertions 
which they have not bothered to back up by logical argument. 
Aristoxenus has already dealt with Pythagorean music theorists 
earlier in the same paragraph,?' and his remarks here are directed 
at a group of musical thinkers whom he regarded as his predeces- 
sors: these are the bumbling incompetents he designates with the 
term oi koAouuevor &ppovikot, ‘so-called harmonicists’ (40.26), 
which Barker paraphrases ‘these people who dignify themselves 
with the honourable title of students of Gpuovikn, but in fact do not 
deserve it’.°? Aristoxenus appears to have identified their musico- 
logical activities, in broad outline at least, with his own, however 
| unsatisfactorily they carried them out; the Pythagoreans, on the 
| other hand, pursue a project whose accounts are 'altogether extra- 
| neous, and totally in conflict with the appearances’ (&ÀAoTQicoró- 
TOUS... KAI EVAVTIWTATOUS TOTS podvopévois).53 


71 El. harm. 32.29—30, translation mostly Barker's (1989: 149). See also 5.22, 6.10, 6.14, 
6.24, 6.26. 

75 Aristoxenus mentions Aristotle by name twice in as many pages immediately before this 
passage (30.16, 31.11); both times it smacks of name-dropping. The strong influences 
of Aristotle's philosophy on Aristoxenus’ thinking are evident throughout the Æl. harm.: 
see e.g. 44.3—15; Bélis 1986. 

| 79 El. harm. 32.31—33.1, trans. Barker 1989: 149-50. See also 32.19—20. 

30: The promise is fulfilled in book III, on which see Gibson 2005: 68—72, Barker 2007: 
197—208. 

| 9 EL harm. 32.18-29. For a similar dismissal of Pythagorean researches — this time in 

| acoustics — as irrelevant, cf. El. harm. 12.4—13. 

82 Barker 1978a: 7. See also Barker 1989: 127 n. 8 for a list of Aristoxenus' references to 

Ic: his predecessors. 

| 83 EL harm. 32.27-8, trans. Barker 1989: 149. 
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In directing the polemical propositions of the Sectio (14, 15, 16 
and 18) squarely against the ramifications of this apodeictic byt 
non-mathematical approach to the science, its author is presenting 
a rival document to Aristoxenus’ Elementa harmonica: it, too, is 
a sort of harmonic Elements, but one which vindicates Aristotle’. 
own views of harmonics, using his own apodeictic method (the 
very argumentative authority invoked by Aristoxenus), against the 
errors of two of his less mathematical students. 


2 Finding a harmonic syntax: the *ditonic' division 


The construction of the division in Sectio canonis propositions 
19-20, as I have noted already, employs a series of intervals whose 
pedigree was already well established by the end of the fourth cen- 
tury. The intervals themselves appear in Philolaus fr. 62,54 though 
not in the form of a tetrachordal division, and Plato uses them in 
his harmonisation of the world soul in the Timaeus. Arranged as a 
tetrachord, the intervals constitute the ‘ditonic’ or ‘Pythagorean’ 
diatonic (9:8 x 9:8 x 256:243), in which the two tones (9:8) are 
the upper intervals, and the /eimma is the lowest. (I shall refer to 
this division simply as 'ditonic'.) 

It is curious that the author of the Sectio selects this scale in 
particular, since there were evidently alternatives; Archytas’ are 
the only extant examples in ratios, but there may perhaps have 
been others.55 Because the opening sentences of the introduction, 
which state a connection between impact (p/ege) and pitched sound 
(phthongos), seem to acknowledge a dependence on the acoustics 
of Archytas, it is possible that the author knew Archytas' work 
directly.°° Archytas’ influence on the Sectio is indisputable,*” but 


54 Discussed in ch. 2 part 3. 

85 Ptolemy (Harm. II.13), while preparing the ground for his tabulated summary of both 
his own attunements and those of his predecessors, qualifies his reference to ‘those that 
have previously been handed down’ (T&v &vox0ev trapadobeiodv) with ‘those, at any 
rate, that we have come across’ (ócots youv évetUyouev, 69.10, trans. Barker 1989: 344). 
Whether any alternative tetrachords were proposed in ratio form by any pre-Euclidean 
author other than Archytas is impossible to say. 

Cf. Sect. can. 148.5-6 with Archyt. fr. 1 ap. Porph. /n Harm. 56.11—12. Sect. can. prop. 3 
may rely on a proof by Archytas (testimonium A19 = Boeth. Mus. III.11); see Huffman 
2005: 451—70. 

87 Barker 1989: 40 n. 45, 191 n. I, 195 n. I2. 
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it may have been transmitted through (and moderated by) that of 
plato; R. P- Winnington-Ingram even suspected the Sectio of being 
the product of an Academic hand (1932: 198). 

The selection of the ditonic scale for the operations of propo- 
sitions 17-20 goes some way to confirming the strength of the 
influence of Platonic ideas about harmonic theory. On the other 
hand, the author also relies on the ‘method of concordance’ (/épsis 
dia symphonias) to generate epogdoic tones and /eimmata by con- 
structing fourths upward and fifths downward in alternation.*® 
This was a practical tuning technique, used by Greek lyre and 
kithara players. But the simplicity and economy of this method of 
generating the intervals of the ditonic division apparently did not 
recommend it to Plato, since the harmonisation of the world soul 
in the Timaeus 1s achieved without it. Likewise, the procedures of 
Sectio canonis proposition 20, in which it would have been useful, 
avoid it.®9 

The value of the ditonic division, from a Platonic point of view, 
is constituted by more than mere ease of manipulation. At Republic 
530-1 Plato argues that any pursuit of harmonics which involves 
no analysis of the causes of concord and discord is purposeless, 
and the point (as we have seen already) is driven home by the 
extra attention he devotes to the passage by allowing Glaucon 
to be confused about the precise target of Socrates' attack. But 
purposelessness may be only half of Plato's objection to the type 
of harmonics whose practitioners are preoccupied with the mea- 
surement of notes and intervals: he may also mean that prac- 
tising mathemata in this way is an interminable pursuit. "They 
measure heard concords against one another, and so labour end- 
lessly (anenuta), just like the astronomers’ (531a); anénuta, I sug- 
gest, has a double sense here, meaning both ‘ineffectually’ and 


88 Sect. can. prop. 17; Winnington-Ingram 1932: 198; Barker 1989: 203 n. 54. On the 
method in Aristoxenus and the Sectio, see ch. 1 part 1. 

P Ty. 36b; Sect. can. prop. 20 (165.5—8); Barker 1989: 207 n. 73. Given Plato's concern that 
harmonics be sufficiently abstracted from musical practice, it is hardly surprising that he 
avoids using the method of concordance (i.e. its mathematical equivalent, whereby one 
would multiply or divide the terms by 3:2 and 4:3 in alternation, instead of deploying 
9:8 independently) in the Timaeus. 
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'never-endingly'.?? Plato's point is that if the task of harmon- 
ics (even mathematical harmonics) is one of accurately attaching 
numbers to the perceived intervals of musical practice, it not only 
misses its purpose (its telos), but also has no natural point of 
completion (telos): since there can exist an indefinite plurality of 
attunements of the octave,?' defining the task of harmonics as the 
accurate quantification of musical scales would condemn the har- 
monicist to a labour as never-ending (ateles) as the water-carrying 
of the Danaids in Hades.?* 


Numbers to tune the world by 


If the quantification of the perceived intervals of practical music 
was ruled out by Platonic conceptions of harmonics, it remained 
to find a mathematical platform on which to base harmonic inves- 
tigations — a division, that is, whose benefits to the theorist were 
unrelated to whether or not it was currently in vogue among musi- 
cians. Plato's selection of the ditonic division for the harmonisation 
of the world soul both satisfied the demands of Republic VII and 
fixed the scale as the ‘default’ division of much of later harmonic 
theory.?? It satisfied the conditions set out in the Republic on two 
counts. Firstly, it was not (simply) a practical attunement, and 
secondly, its ratios can be generated by a very small number of 
very simple mathematical operations. Though at one time it may 
have been current in musical practice, Archytas’ implicit rejection 
of the ditonic division in the construction of his own tetrachords 
suggests that it was not necessarily so at any time in the fourth 
century.?^ That is not to say that it was not used by musicians; the 


9° I follow the reading of Burnet and Slings (i.e. the better attested &vrjvvra rather than 
the less well-attested &vóvnra). See LSJ s.v. &vrjvuvos (‘never-ending’), which Plato 
sometimes uses to mean &vr]vuoros (‘ineffectual’). Similarly, the &vrjvurov £pyov of 
Penelope's weaving and unweaving at Phaedo 84a is both ‘endless’ and ‘futile’ (compare 
e.g. the translations of Hugh Tredennick (1954, in Hamilton and Cairns 1961) and Harold 
North Fowler (1914)). 

9! Aristoxenus, for one, allowed that there was an unlimited number of possible attunements 
(El. harm. 26.24—7). In a similar way, the cataloguing of visible stars is an astronomical 
task whose finitude is determined only by that of human faculties of perception. 

9 Aavaitdcv USpeian &reAeis, [Pl.] Axiochus 371e. 

93 The importance of the Timaeus commentary tradition as a context for subsequent dis- 
cussions of harmonic subjects cannot be overemphasised. 

94 [t may not have been a practical attunement at all: see ch. 2 n. 146. 
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very fact that it is generated by the method of concordance meant 

that it would have been one of the first things a young musician was 
| taught, and consequently it held a place which no other attunement 
could rival.?> Other accordature may have been based on it (e.g. 
those of Archytas), but it remained the foundation, and its practical 
primacy gave it universal recognition and a central place in Greek 
musical theory. 

Yet itis not the practicality of the division which Plato approved; 
his emphasis on abstraction is far too strong for that.99 A further 
hint of his reasoning can be gleaned from Timaeus 35-6, in which 
the divine craftsman (demiourgos) constructs the world soul out of 
| a long strip of soul-stuff, which he divides according to the ratios 

of the ditonic scale: 


fipxeTo Se Siaipeiv dade. uíav &geiAev TO Trpó»rov TÒ TAVTÒŞ poipav, pueró 
S TAUTHY apnpel OrrAaoíav TAÚTNS, Thy 9 aÙ Tpírnv ńuioiav HEV TIS 
| SeuTepas, TprrAaoíav SE THs TpwTNs, reráprnv SE THs SeuTEpas OrmAfjv, 
qéurcTQv SE TPITTAT THs rof rns, THY 8 EkTHV Tis TP~TNS OKTATIAACIaV, EBSounv 
§ EMTAKAIEIKOOITIAAOIAV TÄS TrP~TNS: ETA SE TAUTA OUVETTANPOUTO TH TE 
Sirdaa Kal TPITTAGOIA SiaoTHYATa, poipas ETI &keiüev &rrorépvo Kai TiOels 
eis TO UETAEU TOUTOOV, WOTE ÈV EKAOTH SIAOTHUATI SUO Eival WECOTNTAS, TŇV 
uev TAUTO WEE! TOV AKPwVv AUTOV UTrEpEXOVO'AY Kal UTTEPEXOHEVTV, THV 68 looo 
uev KAT &piOuóv Urrepéyoucav, loo SE UTrepexopévryv. TIMIOAIoov Se SiaoTAaoCECv 
Kal &rrirpí roov Kal ETTOYSOWV YEVOHEVOOV EK ToU To TOV Oeo pv Ev rods TrpóoOev 
SIAOTACEOIV, TO TOU ETTOYSOOU SIAOTNHUATI TÒ &rríTQrrac TTAVTA OUVETTANPOUTO, 
Aetrroov AUTOV &k&o'rou pópiov, Tis TOU popiou rau ns SiacoTaoEws AeipOeions 
&piOpoU Trpoós &piOpóv ExoUONS TOUS Spous &6 kai Trevrrjkovra Kal SiaKkooicov 
Trpós TpÍa Kal rerrapákovra Kai 61akócta. Kai 51) kai To ueryO£v, EE OU TAUTA 
KATETEUVEV, OUTS TION TràVv KATAVNADKEL. 


This is how he began to divide. First he took away one part from the whole, then 
another, double the size of the first, then a third, hemiolic with respect to the 
second and triple the first, then a fourth, double the second, then a fifth, three 
times the third, then a sixth, eight times the first, then a seventh, twenty-seven 
times the first. Next he filled out the double and triple intervals, once again 
cutting off parts from the material and placing them in the intervening gaps, so 
that in each interval there were two means, the one exceeding [one extreme] and 


95 Ptolemy also vouches for its centrality in the musical context of his own century (Harm. 
1.16). 

96 This is not to say that Plato’s view was unaffected by the obvious practical associations of 
the ditonic division. As Barker notes, this advantage may have offered him ‘an additional 
encouragement’ in his exclusive selection of this division as the intervallic context for 
the harmonic constructions of his own work (1989: 51). 
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exceeded [by the other extreme] by the same part of the extremes themselves, the 
other exceeding [one extreme] and exceeded [by the other] by an equal number. 
From these links within the previous intervals there arose hemiolic, epitritic and 
epogdoic intervals; and he filled up all the epitritics with the epogdoic kind of 
interval, leaving a part of each of them, where the interval of the remaining part 
had as its boundaries, number to number, 256 to 243. And in this way he had now 
used up all the mixture from which he cut these portions.’ 


The procedure described here, which makes no use of the method 
of concordance, generates the series of numbers I, 2, 3, 4, 9, 8, 
27, which results from the conflation of two geometric series: 
that of doubles (1, 2, 4, 8) and that of triples (1, 3, 9, 27). When 
combined, they present a straightforward set of ‘harmonic’ ratios, 
whose corresponding musical intervals include all those which 
Greek harmonic theory unanimously considered concordant: the 
octave, octave plus fifth, double and triple octaves, fifth and fourth; 
besides these the tone was located between 9 and 8. The entire 
series, conceived musically, encompasses four octaves and a major 
sixth. 

Thus while the harmonic construction of the world soul has no 
recourse to the practical methods of attunement current among 
musicians, it takes full advantage of the fact that its numbers 
can be generated by mathematically simple operations: one needs 
only two geometric series, combined and divided again by the 
insertion of two means and an interval already generated by the 
combination of the two series (the epogdoic tone); the /eimmata 
(256:243) are simply the by-products after two epogdoic tones 
have been taken from a perfect fourth. The ditonic division cre- 
ated by this process has the advantages of simplicity and clarity, 
which were prominent concerns of Greek mathematics from Plato 
onward. 

Plato's use of the ditonic division in the Timaeus therefore con- 
forms to, and is supported by, the concerns expressed in Republic 
VII. It is not a division which is tied to any particular music; 
it is not the notes which are conceived as concordant or discor- 
dant, but the numbers themselves.?? It is worthwhile recalling 


97 Pl. Ti. 35b-36b, trans. Barker 1989. — 9? Michel 1950: 64. 
99 The task of the harmonicist is ‘to consider which numbers are concordant, and which 
are not’ (&rriokorreiv Tives oULoovol àpiOpol Kal Tives oU, Resp. 531c). 
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2 FINDING A HARMONIC SYNTAX 


here that in Republic VII harmonics comes, after astronomy, at 
the end of Plato's list of subjects to be included in the mathe- 
matical curriculum of the guardians of his ideal state, following 
arithmetic, plane geometry and stereometry. Astronomy and har- 
monics are said to be 'sister sciences' because they are both sci- 
ences of motion — one visible, the other audible (530c-e). But 
they are not to be distinguished from the first three mathemata 
as sciences with sensible (as opposed to non-sensible) objects 
of study, for Plato's criticisms make clear in each case that 
the way they are practised in his time does not allow either to 
be a ‘study that would draw the soul away from the world of 
becoming to the world of being','?? which is the goal of all five 
mathemata in Plato's curriculum. As stereometry deals with solids, 
astronomy deals with solids in revolution (528a—b), and as arith- 
metic treats numbers and their fundamental properties, harmonics 
treats numbers in relation to one another, as either concordant or 
discordant.'?' Thus for Plato harmonics is a study of numbers, 
not of notes, since the qualities of number 'appear to lead to the 
apprehension of truth'.'^^ Eric Havelock's comments on Plato's 
view of astronomy in Republic VII are equally appropriate to 
harmonics: 


The visible heavens are to function only as a paradigm from which to elucidate 
the universal behaviour of bodies, expressed in equations which ‘are’ and do 
not ‘become’ or change...Invisible astronomy [or, we might say, ‘inaudible 
harmony’ | becomes a device for thinking in terms of what (a) is purely abstract 
and (b) can be stated in a timeless syntax as that which always ‘is’ and never ‘is 


not'.!9? 


The ditonic has to be modified to suit current practice, but current 
practice will change. The ditonic division is therefore beyond the 
realm of attunements which *become' or ‘change’. Whereas the 
business of quantifying the intervals of time-bound music will 
ensnare the theorist in a task as endless and futile (anenuton) as 
Penelope's weaving and unweaving,'?^ the tasks of the Platonic 


109 u&npo wuyr|s OAKOV &rró ToU yryvou£vou Etri TO Sv, Resp. 521d, trans. Shorey (1930) 
in Hamilton and Cairns 1961. 

10! See Mueller 1980: 112. 

102 Tavita 8€ ye paiveTai dywyd mrpos dATPE1av, Resp. 525b, trans. Shorey (see n. 100). 

'°3 Havelock 1963: 260. Cf. Pl. Ti. 27d-28a. —!9?4 See n. 9o above. 
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harmonicist are meaningful and finite at least partly because they 
employ the ditonic division as a ‘timeless syntax’, whose numerical 
structures always ‘are’ and never ‘are not’. It is a division which, 
since it is ‘based on pure concordances and the most economica] 
application of proportion-theory’, as Barker observes, Plato was 
able to regard as ‘truly “harmonious” at a metaphysical level’ 
(1989: 51). 

That the author of the Sectio canonis is heir to this tradition is 
evident. We need not, however, go so far as Winnington-Ingram's 
assumption that the treatise was ‘an Academic document’ (1932; 
198). For while the author of the Sectio obviously accepted the 
ratios (and, in part, the procedures'??) of Plato's harmonics, he did 
not adopt a kind of Platonic ‘inaudible harmony’, nor could the 
harmonics of the Sectio be called ‘a device for thinking in terms 
of what...is purely abstract’. Yet if the project was to provide 
harmonics (illustrated by canonic division) with a scientific foun- 
dation so that it could be treated, like astronomy, within the scope 
of mathematics,'9? then the expression of its features in a ‘timeless 
syntax' is a great advantage. A scale whose properties are deter- 
mined by the unchanging behaviour of the simplest numbers is 
the ideal language in which to couch an attack on the conclusions 
of rivals to the harmonics of the mathematical tradition. What it 
allows for, most crucially, is the demonstration of the necessity of 
the conclusions reached in the propositions about such contentious 
issues as the number of tones in the perfect fourth (prop. 15) or 
the octave (prop. 14, leaning on prop. 9), and the indivisibility of 
the pyknon into equal intervals (prop. 18). The ditonic division, 
because of its clear and direct link to the properties of the simplest 
number-ratios, and the ease of demonstrating this link with the 
monochord, is the perfect ‘syntax’ for arguments which aim at 
necessary and universal conclusions. 





THE MONOCHORD IN CONTEXT 





105 Such as the construction of a tone downwards (from nete hyperbolaion to paranete 
hyperbolaion) in prop. 20 by dividing the length of string needed to sound nete hyper- 
bolaión into eight parts and then extending its length by an amount equal to one of 
these eighths. As Barker observes (1989: 207 n. 73), this procedure is the same as that 
employed at 77. 36b. 

'06 See Barker 1981: 15. 


162 





2 FINDING A HARMONIC SYNTAX 





The Euclidean package and its contents 


The selective inheritance from Archytas, Plato, Aristotle and 
Euclid evident in the Sectio helps to suggest some answers to 
4 question that arises from the material considered in chapter 1: 
since by the end of the fourth century Aristoxenus had already 
elaborated an entire system of harmonic analysis founded on the 
assumption that irrational intervals (the semitone, for example) 
exist not only theoretically but in musical practice, and given 
that it was possible for a theorist familiar with Euclidean geome- 
try to construct irrational intervals on the monochord, why did 
no one (apparently) attempt it? Why did those who adopted 
the mathematical approach to harmonics, like the author of the 
Sectio, insist on working within an uncompromisingly rational 
framework? 

One answer seems to be that adopting ratios as an intervallic 
language in the first place meant adopting an intellectual pack- 
age, whose contents also included handling instructions. One of 
the most important of these was evidently the proof attributed to 
Archytas that no ratio of numbers will divide an epimoric equally 
(the argument of Sect. can. prop. 3). Another was Aristotle’s “same 
domain’ rule, the exception to which allowed for arithmetical 
demonstrations of propositions in its subordinate science of har- 
monics, but did not allow for harmonic demonstrations based on 
the separate domain of geometry. The second of these then closed 
off the only avenue open to the harmonicist once the first had been 
proven: if rational bisection of epimoric intervals is impossible, 
and if irrational bisection is ruled out on methodological grounds, 
one is left with rational approximations. The ditonic division con- 
tains the first and most basic of these, the 256:243 leimma, whose 
very name signals that it is a ‘remnant’, not in the first-round draft 
pick of intervals. The only alternative to this expedient is to ditch 
the rational approach to harmonic analysis altogether, deny that the 
fourth ‘is’ epimoric in any meaningful sense, and posit its division 
into two tones and a semitone instead. The positions adopted by 
Aristoxenus and the author of the Sectio are thus polarised as much 
by which package they appropriate as by the instruments they use, 
and the use of the monochord in the Sectio is constrained by the 
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rules on the packing slip, all of which had been written well before 
the end of the fourth century. 


3 Acoustics and the Sectio canonis 


If, as I have suggested, the Sectio owes its harmonic debts to Plato, 
and its methodological and argumentative debts to Aristotle, then 
a break from this inheritance was required in the field of acoustics, 
For the kanon to be used as the Sectio uses it — and I shall argue that 
the instrument is crucial to the writing of the treatise: it is, in effect, 
its sine qua non — requires a solution to the dilemma which kept 
Archytas to his auloi and kalamos: if pitched sound has its origins 
in impact (plege), and if faster and more vigorous impacts produce 
higher-pitched sounds, then connections between numerical ratio 
and musical interval will be framed in terms of either speed or 
distance of travel,'?7 and the monochord cannot be used to provide 
quantitative demonstrations of either of these. 

The acoustic assumptions of Plato and Aristotle offered no 
workable solutions to this dilemma. Aristotle was aware of the 
problems inherent in the Archytan acoustical model but could not 
resolve them;!° for Theophrastus, they were sufficient reason to 
reject the quantitative approach to harmonics altogether.'?? Thus 
the essential steps of preparing the way for the monochord, con- 
tained in the Sectio's introduction, had to be supplied by other 
conceptions of how sound is produced. The necessary change to 
the Archytan model, while starting from the same premise (that 
pitched sound originates in impacts), was to think of pitches not 
in terms of variable speeds of travel, but in terms of variable rates 
of vibration. This is not quite what modern physics calls 'frequen- 
cies’; rather, it means thinking of the relative quantities in musical 
intervals as arising from the relative rates of lateral oscillation in 


'°7 These are the assumptions of Archyt. fr. 1. 

108 See. for example, Pl. Ti. 67a-c, 80a—b; Arist. Gen. an. 786b, De an. 420a-b. Aristotle 
was disturbed by the obvious implication of the pitch-velocity theory that when two 
sounds of different pitch are emitted simultaneously, the higher-pitched ought to reach 
the hearer sooner than the lower-pitched, something which can be disproved by simple 
Observation (Sens. 447a12—b21; 448a9-13, a20—b2). 

'°9 Theophr. ap. Porph. Jn Harm. 63.20—64.7. 
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a string, a phenomenon which, while not directly measurable in 
antiquity, could at least be crudely observed. Such a shift in acous- 
tical thinking appears not to have taken place until after Aristotle, 
but his scientific legacy may have prepared the way for it, since 
the only possibly pre-Euclidean expressions of the theory occur in 
texts which were the product of his school.''? 

In his commentary on Ptolemy's Harmonics, Porphyry quotes 
part of a book on acoustics, the De audibilibus (On Things Heard), 
which he attributes to Aristotle (67.24—77.18). It is unlikely that 
the treatise was in fact written by Aristotle, and a number of 
other possible authors have been suggested, most notably Strato of 
Lampsacus, who succeeded Theophrastus as head of the Lyceum 
around 287 Bc.'!! In this case the De audibilibus would have been 
written too late to have influenced the composition of the Sectio 
(assuming, of course, that the latter dates from around 300 BC), but 
although this attribution is plausible, it is far from conclusive, and 
an earlier date may well be possible. 

What the treatise (such as we have it) offers is a collection of 
assertions and observations about the production of musical and 
vocal sounds. Its author is more at pains to distinguish the causes 
of difference in timbre than of pitch, but from the few and occa- 
sionally ambiguous remarks on the latter it is clear that the notions 
of pitch-causation in the De audibilibus can be located — ideo- 
logically, if not chronologically — somewhere between Aristotle 
and the Sectio. Sounds arise ‘as the result of impacts made by the 
breath or by strings’;''* ‘the impacts made on the air by strings 
are many and separate, but because of the smallness of the time 
between them the ear is unable to detect the gaps, and hence the 


H0 The rate of vibration theory expressed by Heraclides (ap. Porph. /n Harm. 30.1—31.21) 
could only be considered an influence on the Sect. can. if this Heraclides were assumed 
to be the elder Heraclides Ponticus (fl. c. 361—322 BC), as both Düring and Guthrie 
assume (see the introduction to ch. 2). If, on the other hand, this Heraclides belongs 
to the first century AD, then we should see him as (possibly) dependent on the Sectio, 
rather than the other way around. The fragment is translated by Barker (1989: 235-6); 
for a summary of its content see Creese 2008b. 

Gottschalk 1968; on this and other proposals see Barker 1989: 98. Solomon (2000: 12 
n. 58), following Düring, accepts the treatise as the work of Aristotle. 

Sia Tas TOU TrveUparcros Kal TÓv yopdav yivouévas TAÀnyós, De audib. 800a, trans. 
Barker 1989: 99. 
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sound seems to us single and continuous ';''? ‘for in all concords 
the impacts of the air belonging to the higher notes occur more 
frequently, because of the swiftness of the movement .''4 

H. B. Gottschalk thought that this constituted a theory of pitch- 
determination in which more frequent impacts are the cause of 
higher pitch, but Barker disagreed, arguing instead that the acous- 
tics in the De audibilibus operates on the now familiar hypothesis 
that pitch is constituted by the speed of a sound's transmission.'!5 
Where it does differ from earlier accounts is that whereas for 
Archytas the variable of force/speed was undifferentiated, the 
author of the De audibilibus makes some effort to distinguish the 
separate functions of its two constituent elements: 'swiftness of 
the breath makes the voice high-pitched, and force makes it hard' 
(1) HEV yàp TAXUTTS TOU rrveUporcros Trolel TAV oovrjv O€Eiay, 1) 68 
Bia oxAnpóv, 803a). ^ And this distinction carries consequences, 
for as Archytas made the connection between force/speed and dis- 
tance by analogy with missiles (which travel more swiftly to a 
greater distance the more forcefully they are thrown), claiming, 
in the case of auloi and the kalamos, that the thing which trav- 
elled with greater or lesser force/speed was the breath itself,''7 
the present author, by separating the two, deals only with speed 
as a causal factor of pitch. For him it is not the breath travelling 
at variable speeds which accounts for differences of pitch, but the 
transmission of a series of discrete impacts through the stationary, 
but flexible, medium of the surrounding air. Pitch variation is still 
a consequence of the speed at which these impacts are transmit- 
ted, and hence, rather indirectly, a higher-pitched note will also 
happen to be constituted from more frequent impacts. The number 
of references to strings in the De audibilibus suggests that prob- 
lems of how to account for their behaviour within a quantitative 
acoustic theory were being puzzled out at the time of its compo- 
sition, and we may even suspect that the monochord was behind 


-— 


!13 oi 8€ TANyai yivovtai yév ToU dépos UTTO TOv xop6óv modai Kai Keycopiopévati, 

Sia SE OIKPÓTNTA TOU YETAEU xpóvou TS åkoñs où SUVaLEVNS ouvaicOóveoOat TAS 

SiaAeiweis, uta kai ouvexhs rjuiv f) gor) paiverai, 803b, trans. Barker 1989: 107. 

!!4 qrAeovókis ev yàp év Tráoods rods CULMavials UTTO Tdv SEUTEP~V q9ó6yycv al TOU 
&épos yivovTal TANYyai Sià TO TaXOS THs kivrjoseos, 804a, trans. Barker 1989: 107. 

!!5 Gottschalk 1968; Barker 1989: 107 n. 40. 

"6 Trans. Barker 1989: 105. ''7 Archyt. fr. 1 ap. Porph. Jn Harm. 57.1415. 
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these efforts. But the treatise as it stands, and with the focus of its 
concerns directed elsewhere, falls short of providing an acoustical 
foundation for the Sectio canonis. 

Another text in which attempts are made to explain the acoustics 
of stringed instruments comes, like the De audibilibus, from a 
Peripatetic source. The pseudo-Aristotelian Problems also suffers 
from uncertain authorship and vexed chronology. It is certainly 
Aristotelian in inspiration, but more probably a compilation of 
work by various Aristotelian scholars in the late fourth century than 
a work of the philosopher himself.''* Thus it is possible, but hardly 
certain, that the relevant acoustical portions of the text predate the 
Sectio, and we should again be justified only in treating it as an 
indication of the type of acoustical speculations which were being 
undertaken around the time of the Sectio’s composition, rather than 
as a direct influence. On the other hand, it is not impossible that 
the Sectio was written first, and that its introduction was known to 
those responsible for the acoustical sections of the Problems. 

In its approach to acoustics the Problems is hardly unified. While 
the general treatment of problems to do with music keeps more or 
less consistently to the thesis that higher pitch and smaller size are 
related (a position Archytas would have supported, and, for that 
matter, the author of the De audibilibus also), there are inconsis- 
tencies in the answers to the problems themselves. Problems XI.6, 
for example, operating on the familiar assumption that *what is 
swifter is high-pitched’ (to yao 0&rrov Gú, 899b), ? reflects on 
the Archytan missile-theory and offers an improvement — that it is 
not the same air which travels from the source of the sound to the 
point of its perception, but that the air emanating from the source 
moves the air around it, and that this air is moved in turn, and so 
on. This ‘displacement theory’ is not the same as that offered in 
the De audibilibus, nor is it quite as sophisticated, for although 
it will account for the acoustics of strings, it will not account for 
the transmission of sounds through solid objects. The transmis- 
sion theory of the De audibilibus satisfies this desideratum: the 


HS On questions of authorship and date, see Hett 1936: vii-x; Barker 1984: 190 and 1989: 
85—6. 
119 Trans. Barker 1989: 87. 
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treatise's many examples include bronze statues resonating under 
the file, and ships' masts being tapped to detect cracks (802a). But 
despite this limitation, the displacement theory of Problems XI.6 
is a step forward from the problematic theory of Archytas, in that 
it saves the phaenomena of sound transmission from both stringed 
and wind instruments. 

A further step is taken at XIX.39. Here the discussion centres 
around the special character of the octave (‘the pleasantest of the 
concords' ??), and what constitutes its uniqueness among musical 
intervals. Nowhere do speeds of transmission get a mention, but 
instead we are given the analogy of metrical feet in duple ratio. ?! 
In the time it takes one to beat twice, the other has beaten only 
once; likewise with two notes in octave ratio, the higher note 
strikes the air twice in the time it takes the lower to strike once: 
‘Now it happens that Aypate has the same ending of the periodic 
movements in its notes: for the second blow on the air made by nete 
is hypaté’ (£r 68 UTrTaTH oupBatíve THY aUTHVY TEeAEUTTV TOv èv 
TOIS PUOyYols 1repió8cov ExElv. Á yap SeuTEpa TNs veatns TrAmyr) 
TOU pos UTTATN EOTIV, 021a) 

Although this account does not treat frequency of impact as a 
direct cause of pitch differentiation, the two are directly linked 
in a discussion which appears deliberately to avoid reference to 
theories of speed or force. None of the problems in the treatise is 
provided with anything like a formulated proof, and the general 
method employed throughout is one which begins with the state- 
ment of the question to be discussed, followed by one or more 
possible answers (often expressed as questions themselves: hence 
the common formula Sià Ti...; f| OT1...; — 'Why...?' ‘Is it 
because...?"), the merits of which are then weighed in light of 
specific examples. This is hardly the sort of document in which to 
find a rigorously demonstrated argument that only one acoustical 
model can explain the transmission of sound from various sources. 
Apodeictic argument is all about the answers; the Problems is all 


120 921a, trans. Barker 1989: 95. 

!?! Cf. Porph. Jn Harm. 37.25-38.2 on the assumptions made by the kanonikoi about the 
similar natures of rhythmic and harmonic ratios. 

122 Trans. Barker 1989: 95. This thesis seems also to underpin one of the proposed answers 
to problem XIX.42 (921b). 
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about the questions. Where its value lies for present purposes, how- 
ever, is in the indication that, once again, strings were an instigating 
factor behind the reassessment of received acoustic theories. 

Other problems in the collection, too, suggest that strings con- 
tributed to the developments of XIX.39. At XIX.23 the author 
notes that *in triangular psalteria where the tension is equal, the 
concord of an octave is produced when the length of one string is 
double, that of the other half^.'^? Earlier in the same problem (on 
the subject of why nete is double hypaté'**), the author observes 
that a string will sound an octave interval when its half-length and 
its whole length are plucked in turn. In XIX.12 there is an even 
more precise reference to string division: ‘in division (dialepsis) 
there are two netai in hypaté’ (TÀ SiacAN Wei dúo vÅTA &v TH ÚTAT 
yivovTou, 918b).'?5 

It is clear, then, that strings were a concern to the author(s) of 
the Problems, and therefore quite possibly to harmonic theorists 
around the time the Sectio was written as well. What instrument 
these strings were normally part of is far from clear. It is possible, 
since only octaves are mentioned among the intervals generated 
by the dialepsis of XIX.12, that the author had an instrument of the 
lyre family in mind; in this case, the higher note would have been 
the harmonic which sounds an octave above the fundamental. !?® 
Or it could have been a lute of some sort, where string stopping 
would have been the familiar method of generating notes.'^7 The 
monochord may be assumed here, but it need not be, and in any 


123 grob, trans. Barker 1984: 197. 

124 Double in rate of vibration, that is, not in string length. — '?? Trans. Barker 1984: 191. 

126 There is no other way to generate two notes an octave apart on a single string in an 
instrument without a finger-board, but no ancient Greek text provides an unequivocal 
reference to this technique. 

127 Burkert's assumption that this passage provides an indication that ‘flageolet tones seem 
to have been recognised' (1972: 374, following Jan 1895: 84 n.) overlooks the lute as a 
possible instrumental context. He also cites Theo. Sm. 59.22 (a passage rife with textual 
problems in the midst of an extensive quotation from Adrastus), but here again it makes 
more sense to assume a lute than a lyre, since although the first division (dialepsis) 
generates the octave by pressure on the midpoint of the string (uéonv mitoas, 59.25), 
the second generates the fifth from two-thirds of the same string (60.2—3), a result 
which guarantees that ‘pressing’ on the string here means stopping it. (Otherwise, 
two-thirds of the string would have sounded the harmonic an octave and a fifth above 
the fundamental.) Because the monochord is excluded by name (59.23-4), the only 
instrument possible here is the lute. 
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case the more common terms for canonic division are katatome 
and diairesis.'?* It is worth noting that the word kanón occurs in 
the Problems, at XIX.43: the notes of the lyre accompanying the 
voice are said to act in this context as kanones; since they are 
‘bare’ (y1Aof) in timbre, they ‘make a mistake in the song stand 
out clearly’.'*? The sense of the word seems merely to be ‘rulers’ 
— the lyre's notes act, in other words, like an auditory straight-edge 
for singers. Hence kanones has been rendered here as ‘yardsticks’ 
or as ‘criteria’:'3° as a ruler shows the inexactitude in a line drawn 
freehand, so the notes of the lyre show the inaccuracies in the 
pitching of notes by the voice. 

Thus Problems XIX.39, like the De audibilibus and the Sectio 
itself, seems to suggest that efforts were being made to include 
strings in an updated acoustics. This is not surprising: we saw in 
part 1 of this chapter that stringed instruments were being used 
by harmonic theorists in epideictic and empirical contexts by the 
middle of the fourth century. What is left unstated in XIX.39, but 
evidently implied there, is that a string which vibrates more rapidly 
strikes the air more frequently, and the opposite. It is precisely this 
assumption that is adopted in the introduction of the Sectio. Brief 
references to a similar theory occur in Theophrastus’ attack on 
the mathematical harmonicists.'3' But the first attempt at an apo- 
deictic use of the theory appears in the Sectio's introduction, where 
it is used, rather obliquely it must be admitted, to underpin and 
justify the use of the monochord in the second half of the treatise. 
For if the causal determinant of height or depth of pitch in notes is 
the temporal density of the impacts of a moving body (Sect. can. 
148.6—149.3), then it follows from this that strings — which produce 
their various notes by the addition and subtraction of movement 


128 Katatomé: Sect. can. 148.2, Theo. Sm. 87.4, Nicom. Harm. 260.13 and Ar. 1L.27.1 
(136.12), Ptol. Harm. 32.12 (and in many other instances), Aristid. Quint. 98.21; 
diairesis: used frequently by authors such as Cleonides, Nicomachus, Bacchius, Gau- 
dentius, and in the Exc. Neap. (see the index rerum of Jan 1895, s.v. Siaipeois, Siarpeiv; 
cf. also Proclus’ use of diairein for canonic division, /n Ti. 11.237.18, 27). Philodemus 
uses the noun katadiairesis for canonic division at De mus. IV col. 144.14 (— IV.30.14 
Kemke). The word dialepsis is used specifically with reference to the kanon, however, 
by Theon (perhaps quoting Adrastus) at 59.22; see previous note. 

129 922a, trans. Barker 1984: 202. 

130 *Yardsticks': Barker 1984: 202; ‘criteria’: Hett 1936: 411. 

131 "Theophr. ap. Porph. In Harm. 62.14—16, 63.19—20. 
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(poo 8ECE! KIVNOEWS, 149.5; APAIPECE! KIVNOEWS, 149.4), either 
by being tightened (&érrireivouévous, 149.5) and slackened (&vigpé- 
yous, 149.3) or by being shortened and lengthened — can be used 
to demonstrate the ratios of differing densities of impact if the 
corollary variable of length is used as a measure of the former. 

It is important to note that this critical step is not made by 
the author of the Sectio: we are given only the materials, and 
are required to draw the inferences for ourselves. The foundation 
which would support the use of the monochord is left formally 
incomplete, and this has been highlighted as one of the logical 
weaknesses of the document.'? But if the thrust of the intro- 
duction is to distinguish concordant intervals as corresponding to 
either multiple or epimoric ratios, and so to establish a basis for 
the subsequent treatment of audible phaenomena mathematically, 
then the acoustic justification of the monochord appears as a sec- 
ondary (though equally necessary) objective. The conclusions are 
not drawn, but the raw ingredients are set out along the way. The 
process of argumentation may leave out formally necessary steps 
(as in the flawed prop. 11), but the author of the treatise does 
at least state the acoustic theory on which the Sectio is based in 
sufficient detail to justify (at least in his view) his use of the kanon. 


4 The kanon and the Sectio canonis 


Without the kanon itself, the treatise would not have been written: 
this conclusion is a consequence of regarding the document as a 
unified project. If, as suggested by the title, the division of the 
monochord is the goal for which the successive propositions of the 
Sectio prepare the way, then the fact that this division is carried 
out not abstractly but with the help of the monochord is of great 
significance. For the division laid out in propositions 19—20 does 
not consist of an analysis of a scale-structure into its constituent 
intervallic ratios; it is the opposite, a construction, a method for 
dividing a single string so as to generate a two-octave scale, a 
method in which all the intervals can be simultaneously heard and 
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See especially Barker 1981. 
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seen, and in which their identity with the ratios already establisheg 
in the previous propositions will be plainly evident to the mind just 
as their intervals are plainly audible to the ear. 

The instrument is involved in this method from the very first 
sentence of proposition I9: 


EOTW TOU KAVOVOS ufjkos, ô kai TIS Xopõñs TO AB, kai 81111000 eis TÉOO ANG 
joa kata TAI AE, 


Let there be a length of the kanon which is also the length AB of the string, ang 
let it be divided into four equal parts, at F, A and E.'?? 


The author then goes on to detail the rest of the division of the 
‘immutable’ scale-system (ametabolon systema), identifying each 
note by letter, by name, and by musical and mathematical rela- 
tionship to certain other notes in the division. Every step in the 
construction depends on previous propositions.'?^ The procedure 
may be somewhat haphazard — in several places there are more 
elegant possibilities (both mathematically and practically) than 
the ones the author chooses — but what is abundantly clear is that 
the steps described in propositions r9 and 20 are there to be fol- 
lowed; they are, in effect, an invitation to ‘try this at home’. 
Furthermore, they are there to be followed specifically on the 
monochord, and not on some other instrument, where it would be 
difficult to perform the division in the way it is set out.'?? And 
once we read the treatise with the monochord in mind — even, per- 
haps, with a monochord at our elbow — then the propositions which 


'33 Sect. can. 163.17—18, trans. Barker 1989: 205 (I have retained the Greek letters). 
Compare the language of representation here with that of Ptolemy (Harm. 1.8), Diocles 
(On Burning Mirrors prop. 1) and Heron (Dioptra 3), discussed in ch. 1 part 2. Here it 
is the /ength (ufjkos), a geometrical entity, on which the operations of props. 19-20 will 
be carried out; its application to the string is stated at the outset as a simple equality 
(Ó kal Ths xopdijs Tò AB), and it is the neuter ‘length’, not the masculine ‘kanōn’ or 
the feminine ‘string’ (xop81)), to which the designation-letters then apply (to AB). 
The intervals of prop. 19 begin with the fourth: it is constructed first as an epitritic ratio 
between two line segments; the fact that this relationship of string-lengths sounds the 
fourth is stated as a consequence, relying on prop. 12 (which in turn relies on props. 
6 and 11); this having been established, its notes can be named: it is now not simply 
a fourth, but a particular one. The other intervals in props. 19—20 are constructed in 
similar, logically dependent, fashion. 
'35 Barker notes that ‘the method is. . . unworkable for anything but the monochord . . . To 
transfer the method to an eight-stringed lyre, for example, involves complexities in 
which our author is plainly not interested’ (1981: 15). 
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recede the division itself offer themselves readily to instrumen- 
tal illustration as well. Propositions 10-16, which attach musical 
significance to the strictly mathematical conclusions of proposi- 
tions I-9, and propositions 17—18, which offer further conclusions 
based on those of their forerunners, make frequent demands on 
the musical ear, either for the construction of intervals of speci- 
fied magnitude, or for the confirmation that a certain interval is 
concordant or discordant. 

Take, for example, proposition ro, the proof that the octave 
is multiple: the reader is presented with three notes, nete hyper- 
holaion, mese and proslambanomenos, which (he is expected to 
know) are each separated by an octave. These notes are given letters 
(A, B, F) by which their correspondence to the lines on an accom- 
panying lettered diagram can be seen — they are thereby visually 
quantified. "3° The interval AT (that is, the interval between nete 
hyperbolaion and proslambanomenos), a double octave, is then 
claimed to be concordant. This is true, and the reader could satisfy 
himself of the fact by humming the notes to himself as he read, just 
as the claim that two equal intervals must be multiple if when put 
together they make a whole that is multiple (proven in prop. 2) can 
be ‘checked’ by means of mental arithmetic alone. But the author 
offers additional verifiability by inviting visual and aural compar- 
ison — as the diagrams of the first nine propositions offer a visual 
parallel to the arithmetic they present, so in the subsequent propo- 
sitions these lines become strings, offering both visual and aural 
parallels to assist the reader. As we saw in chapter 1, arithmetically 
limited geometrical entities (line segments representing numerable 
quantities) become the visual intermediary between numbers and 


136 The presence of diagrams in the earliest copies of the treatise cannot be taken for 
granted. But I have argued in ch. 1 part 2, partly on the basis of papyrus copies of 
diagrams from Euclid's Elements, that there are some reasons to take the MS diagrams 
of Ptolemy as a good indication of what readers saw in the second century AD. Since 
papyri copied within three or four centuries of the composition of the Elements show that 
diagrams were part of its presentation at that time, it seems likely that this was equally 
true of other works in the Euclidean tradition. The thirty-two figures of Paris papyrus 
I (see ch. 1 n. 98) are concrete evidence for the use of diagrams in the mathematical 
sciences less than two centuries after Euclid. It is impossible to say whether or not early 
third-century copies of either the Elements or the Sectio possessed diagrams, but in the 
absence of convincing arguments to the contrary, I am inclined to think that both did. 
(The MS diagrams of the Sectio and the diagrammatic language of prop. 3 in particular 
are discussed in greater detail in ch. 1 part I.) 
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notes. They can only do so, however, if length is conceived ag 
a kind of quantity which has acoustical, and not merely mathe. 
matical, relevance. It is true that the parallel visual and aural (or 
mathematical and musical) constructions could be read and under. 
stood without an instrument; but the constant appeal to the reader 
to think in terms of distance-quantities makes the monochord the 
easiest instrumental accessory to the text itself, and consequently it 
seems reasonable to suppose that that is precisely what the author 
had in mind. 

Like the diagrams, the monochord is not a hidden research tool- 
empirical apparatus — whose existence is covered up in the sub- 
sequent presentation of the proofs, but part of that presentation 
itself. The very fact that the kanon is written into propositions 
19—20 indicates that the author considered it an important tool for 
understanding his project. The way it is used there makes it indis- 
pensable: without it, the mathematical and musical statements of 
the construction simply cannot cohere. Reviel Netz has argued 
that the lettered diagram was a regular feature of the presenta- 
tion of mathematical proofs (both written and oral) in the time of 
Euclid.'?? The author of the Sectio appears to place the kanon in 
a similar role, so that it acquires the didactic force of a lettered 
diagram for the student of mathematical harmonics. 

Moreover, the fact that the lines of early mathematical diagrams 
were often drawn with the aid of ruler and compasses (famously, 
the only two mathematical tools allowed by Plato) becomes per- 
tinent in light of the relationship between lines and strings in 
the Sectio.'?* Both ruler and monochord — which share the name 
kanon — perform a similar function: they assist the reader by, as 
Ptolemy says, 'straightening [kanonizein] those things in sense- 
perception that are inadequate to reveal the truth'.'?? But whereas 


37 His conclusion is that ‘Greek mathematical exchanges, as a rule, were accompanied by 
something like the lettered diagram. Thus an exclusively oral presentation (excluding, 
that is, even a diagram) is practically ruled out. Two methods of communication must 
have been used: the fully written form, for addressing mathematicians abroad, and 
(hypothetically) a semi-oral form, with some diagram, for presentation to a small 
group of fellow mathematicians in one's own city’ (Netz 1999a: 14). 

'38 Netz 1999a: 17, Michel 1950: 63-4, Fowler and Taisbak 1999. 

'39 Harm. 5.12—13, trans. Barker 1989: 278. 
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the ruler is not strictly necessary once one posits the existence 
of perfectly straight lines (because lines drawn freehand will still 
assist the presentation of a proof without introducing logical prob- 
lems), the monochord is logically necessary even if one reads the 
Sectio without it (because the connection between linear quantities 
and musical notes cannot be made by humming): harmonic dia- 
grams are only hummable once one has the monochord in mind. 
The reader who follows the construction of propositions 19-20 
on a monochord redraws their diagrams acoustically. The mono- 
chord is thus an indispensable diagram-reading instrument in the 
Sectio. 

Because the intervals of propositions 19—20 are constructed 
according to ratios established in propositions 12—13, which in 
turn rely either directly or indirectly on the introduction and earlier 
propositions (2, 3, 6, 7, 8, 10, 11), the musical significance of the 
purely mathematical propositions (1-9) becomes clear by reading 
backward through the text. Once the monochord has been intro- 
duced as a diagram-reading instrument, the lines of the diagrams 
in propositions 1—9 are made retroactively ‘pluckable’: that is, they 
are given a double significance by the addition of harmonic mean- 
ing, and hence a kind of ‘audibility’. In this respect the monochord 
reaches beyond its immediate musical context: because it converts 
ratios to intervals by the interpretation of geometrical diagrams, 
its argumentative force is not limited to propositions 19-20. On a 
second reading of the treatise, the monochord can reach back and 
offer a new layer of interpretation to propositions 1—9. In this way, 
their relevance to the musical propositions they support (10—20) is 
prepared in advance, and the monochord's demonstrative function 
is doubled. 

These aspects of the monochord's deployment in the Sectio 
make the text and its instrument a formidable apodeictic ensemble. 
It is worth recalling here both the distinctly pedagogical nature of 
some of the epideixeis mentioned in fourth-century sources, '^? and 
the commonly acknowledged pedagogical aims of the Euclidean- 
style treatise. The apodeictic method is, in large part, an extension 


4? See the discussion of Theophr. Char. 5.9—10 in part 1 of this chapter. 
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of the epideictic, adding rigour to persuasion.'^' But it can also 
be the basis for pedagogical and epideictic pursuits by its readers 
It is in this respect that the appearance of the kanon in the Sectio 
can be said to constitute a watershed moment in the history of 
mathematical harmonics. It is the first time, as far as we know, that 
an instrument had been used to complete and complement a chain 
of argument beginning with silence and ending with all the notes 
of a two-octave scale-system. '** 

This achievement, imperfect though it is, was made possible by 
many others: the demonstration of the concord ratios in Hippa- 
sus' discs at least a century and a half earlier; the application of 
these ratios to the immovable notes of the octave by Philolaus; 
the development of the notion that sounds are caused by impact, 
and Archytas' attempts to use it to explain difference of pitch; 
Archytas' proof that an epimoric cannot be divided equally in ratios 
of numbers; the ditonic division and its role in Plato's Timaeus; 
the *method of concordance' and its argumentative use by Aris- 
toxenus; Aristotle's formulation of apodeictic demonstration and 
its application to mathematics in Euclid's Elements; the devel- 
opment of the language and practice of the lettered diagram in 
fourth-century mathematics; the use of stringed instruments for 
epideictic and empirical purposes by fourth-century harmonicists; 
the critique of Archytan acoustics by Aristotle and Theophrastus; 
and, just possibly, some of the solutions offered in the acoustical 
passages of the pseudo-Aristotelian treatises. 

It is because of these achievements that the monochord could 
now be placed in the pedagogical and polemical role it occupies 
in the Sectio. Here it is instrumental not only in the founding of a 
new harmonic pedagogy to rival that of Aristoxenus, but in the sys- 
tematic undermining of the entire approach to harmonic science 
advocated and exemplified by his work. From this we might expect 
to find it in prominent use more or less immediately among those 
interested in the mathematical approach to harmonics. But we do 


!4! See n. 65 above. 
'42 The Sectio begins with the words: ‘if there were stillness and lack of movement, there 
would be silence’ (si fjouxía ein Kai &kivnoia, oto] àv ein). 
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not. Either because too few were interested, or because in polar- | 
jsing harmonics as it did the Sectio appeared to close off further | 
avenues of argument, the monochord is not mentioned again in 
Greek literature for over two centuries. As we shall see in the next 
chapter, not even being named as the author of ‘canonic divisions’ 
necessarily guarantees that one has employed the monochord 


at all. 
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ERATOSTHENES 


With the demonstrative and pedagogic project of the Sectio canonis 
we have arrived at a new phase in the monochord’s history, The 
instrument has been included in a method of argument Which 
aims to instruct and persuade by means of incontrovertible proofs. 
It has now become part of these proofs, has been written into 
them as much as the lettered diagrams of Euclidean mathemati- 
cal propositions. This constitutes a major development not only 
for the monochord, but for scientific method in Greek harmonics 
more generally, and consequently the Sectio can be seen as a water- 
shed document in both areas. It would be hard to overemphasise 
the importance of the achievements of the treatise, for, imperfect 
though it is, it pointed a way forward for later theorists, severa] 
of whom evidently knew the work and drew on it in their own 
projects. 

But if we assume from this that the Sectio canonis heralds an 
emerging trend of apodeictic monochord use among Hellenistic 
harmonic theorists, and hope on this account to find an increasing 
number of references to the monochord in the literature of the 
generation that followed its composition, our searches will be in 
vain. While geometry flourished in the third century BC, harmonics 
apparently stagnated; unless it is a mere accident of preservation, 
the subject seems not to have been much written about until the 
first century AD, in either the Aristoxenian or the mathematical 
fashion.' And even if the Sectio was in regular use for the teaching 
of mathematical harmonics, the subject produced no Archimedes 
or Apollonius of Perga to build on the achievements of Euclid (or 
his imitator). The very status of the monochord in the musicology 
of the period will prove to be ambiguous. 


I > ve es 
The few authors writing between Eratosthenes and Ptolemy whose surviving work 
contains evidence about the history of the monochord will be discussed in ch. 5. 
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In this impenetrable cloud of obscurity we can make out only 
E e author who produced new work in mathematical harmonics 
ich still survives. This is Eratosthenes, the contemporary of 
Archimedes, who was born in Cyrene around 285 BC,’ studied 
in Athens as a young man, and came to Alexandria about 245 to 
succeed Apollonius of Rhodes as head of the royal Library and to 
become tutor to the young Ptolemy (IV) Philopator; he remained 
there until his death in 194. Although his scholarly energies were 
directed in many widely differing areas (on account of which he 
acquired the epithet pentathlos, ‘pentathlete’), his work in chronol- 
ogy: geography and geometry earned him the respect not only of 
his contemporaries (including Archimedes) but of later authors as 
well.’ 

Although he appears not to have written a book solely on musi- 
cal theory (no Harmonics or the like is attributed to him), Eratos- 
thenes’ interests in the subject are clear from the surviving frag- 
ments of his work. His Platonicus, which some have identified as a 
commentary on Plato's Timaeus, apparently contained a discussion 
of musical passages in that dialogue,^ and he evidently dealt with 
Platonic cosmology and harmonics in a poem entitled Hermes.’ In 
addition we have the reports of Nicomachus, who mentions that he 
produced a canonic division (kanonos katatomé),° and Ptolemy, 
who preserves three tetrachordal divisions attributed to him.’ 

It is the last two testimonia which raise expectations that Eratos- 
thenes may be a witness to the use of the monochord in the late 
third century. Here, if nowhere else in our record for the period, 
is a credible context for the instrument: a ‘division of the mono- 
chord’ published by an author whose interests in mathematics and 


^ Fraser 1970: 175-6. The biographical tradition of Eratosthenes relies mainly on Strabo 
and the Suda. 

Fragments and testimonia preserved by later authors are collected by Hiller (1872) and 
Powell (1925). ‘Pentathlete’ was already used to mean ‘a person who tries everything’ 
by the fourth century (LSJ s.v.). 

For a reconstruction of the Platonicus, see Hiller 1870; on whether it constituted a 
Timaeus commentary, or a dialogue in which Plato appeared as a character, see Fraser 
1970: 180-1; Heath 1921: II. 104; Solmsen 1942; Wolfer 1954. 

Fragments of the Hermes are published together in Hiller 1872, Powell 1925: 58-63 
and Suppl. Hell. 397—8. See Solmsen 1942: 199—213 for discussion of the poem and its 
relation to its most obvious successor, the Somnium Scipionis of Cicero. See also Geus 
1995 and 2002. 


6 
Harm. 11 (260.12—17). ^ Harm. II.14 (70.5—72.14). 
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music are well attested. But the question turns out not to be an OR 
straightforward. The first complication is how to treat the testimony T3 
of Nicomachus and Ptolemy, a matter much vexed by problem; = 
of textual transmission not only between Eratosthenes and Our 
sources, but between Ptolemy in particular and the Manuscripts 
on which modern editions of his work are based. For this reason 
we must begin with an evaluation of the quality of this evidenge 
before addressing the question of whether Eratosthenes used The 
monochord in his work, and if he did, how it was incorporated into 
his method. His project will turn out to have been innovative, byt 
we shall find no reasons either to take Nicomachus’ report of his 
‘division of the monochord’ literally, or to rule out the monochord 
altogether. 





The evidence of Nicomachus 


Nicomachus does not preserve the division itself, and his testimony 
constitutes our only surviving reference to a canonic division by 
Eratosthenes. (Ptolemy, our source for three sets of Eratosthenean 
tetrachord-ratios, does not use the words ‘canonic’ or ‘division’ 
to describe them.) Near the end of the penultimate chapter of his 
short Handbook Nicomachus lists a number of projects he plans to 
postpone and treat more extensively in a later work; one of these, 
he says, will be his own canonic division: 


Kal Trpoosek0noóus0a. Tijv? tol Muðayopikoŭ Aeyouévou kavóvos KATATOLŇV 
aKpIBas Kal KaTa TO BouAnpa TOUSe ToU SidaoKdAou ouvrereAeopévryv, oOx 
ws Eparroo0évns rraprikouosev 1) OpaouAdAos, GAA cs ó Aokpós Típotos, & kal 


In addition we shall set out the division of the so-called Pythagorean kanon, 
worked out accurately and completely according to Pythagoras’ own intention, 
not in the manner of Eratosthenes or Thrasyllus, who misunderstood it, but in that 
of Timaeus of Locri, whom Plato also followed, right up to the twenty-seven-fold 


| 
| , + eo ^^ € , 
TTA&ro TraprikoAoU0notv, Écs TOU érrraoaeikoorrrAaotou. 


ratio.? 


The sentence raises several disturbing questions about the nature of 
Nicomachus' sources and the criteria by which he judged canonic 


i tiv] tòv Jan. ° Nicom. Harm. 260.12—17, trans. Barker 1989: 266, slightly modified. 
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division. These will be postponed until chapter 5, when they can 
m EL. assessed in the context of the aims and objectives of the science 
which later came to be called ‘canonics’. 

The crucial question for the moment, if we are to take from 
Nicomachus report that Eratosthenes was one of the more famous 
(or infamous) of those harmonicists who worked out a kanonos 
katatome, is whether this katatome actually involved the kanon at 
any stage, OF whether it was purely a construction of abstract theory, 

roduced by mathematical calculations unattended and untested 
py the ear, meant perhaps to be read in silent contemplation of 
its mere numbers. That is, was his ‘division of the monochord’ 
precisely that, or should we take the phrase less literally, either 
because it already meant something more abstract by the time 
Nicomachus applied it to Eratosthenes, or because Nicomachus 
himself assumed that an author who published tetrachord-ratios 
must have intended them for demonstration on the Kanon? What 
complicates the matter further is that kanonos katatome is not 
necessarily Eratosthenes" own label for what he produced, and 
could have been applied by an intermediary (like Didymus),'? or 
perhaps only by Nicomachus himself; we cannot even be sure 
whose terminology we are evaluating in this instance. 

In the case of Thrasyllus, whom Nicomachus names along- 
side Eratosthenes, the terminology must be taken literally, since 
Nicomachus' younger contemporary Theon of Smyrna preserves 
a lengthy and detailed kanonos katatome by him, in which there 
are explicit references to the instrument’s string.'' But Thrasyllus 
had been dead less than a century when Nicomachus wrote his 
Handbook; Eratosthenes had been dead nearly three centuries. It 
is more likely that Nicomachus had access to a copy (as opposed 
to a summary or a quotation in some intermediate source) of Thra- 
syllus' book than of Eratosthenes', and since Thrasyllus' division 
clearly involved the monochord, it would have been natural for 
Nicomachus to assume that Eratosthenes' did too. 





E Didymus is a probable source for Ptolemy's knowledge of Eratosthenes (Barker 2000: 
129), and may thus have been Nicomachus' immediate source as well. 
Theon uses the phrase ‘division of the monochord’ twice in the context of Thrasyllus, 
both when introducing (87.4) and when concluding (93.8—9) the quotation. Thrasyllus 
refers to the monochord's string at 87.13-14; his division will be discussed in ch. 5 
part 2. 
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The evidence of Ptolemy 


The only remnant of Eratosthenes" work which bears any resem- 
blance to Thrasyllus’ kanonos katatome is the set of tetrachorq. 
ratios recorded in Ptolemy's Harmonics (11.14). They are transmit. 
ted entirely without context; Ptolemy offered at least some critique 
of Archytas’ tetrachords (Harm. I.13—14), but in the case of Erato. 
thenes’ he gives no more than the ratios and an octave's worth of 
string lengths, tabulated in standardised columns alongside those 
of other theorists. All we possess, then, is a close-range look at 
some of the results of Eratosthenes' harmonic activities, without 
any quotation from the work in which they originally appeared, or 
any discussion of how they were arrived at. Whatever we might 
have learned about the overall range and disposition of the num- 
bers in Eratosthenes’ original kanonos katatome is lost to us in its 
presentation in Ptolemy's tables, and the only part of the division 
that can be ascribed to Eratosthenes with any certainty (and this 
somewhat qualified in light of the textual problems considered 
below) are the nine ratios. This hardly seems a promising place 
to start. But the ratios themselves contain several curiosities, and 
we shall see that these offer some clues about the aims and the 
procedures of Eratosthenes' harmonic investigations. Moreover, 
since Ptolemy includes the divisions of only four other theorists 
alongside his own — those of Archytas, Aristoxenus, Eratosthenes 
and Didymus — each division is precious evidence indeed; 
Eratosthenes is the only representative of the third century on 
Ptolemy's list. 


Textual problems 


Before proceeding to the divisions themselves, a word must be said 
about the text of Harmonics II. 14, our source. It just so happens 
that the very chapter where the division-tables are set out contains 
the first major lacuna in nearly all the extant MSS of Ptolemy's 
treatise. The lacuna, which begins at 71.7, just after the discussion 
of the enharmonic divisions and its accompanying table, affects the 
remaining text of the chapter, in which the chromatic and diatonic 
tetrachords of the five theorists are set out in prose: thus out of a 
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total of twenty-three interval-sets, eighteen are missing from the 
text of IL. 14 as it survives. The enharmonic division of Eratosthenes 
is reasonably secure, as its numbers are given along with those of 
the other theorists at the beginning of the chapter (Harm. 71.3— 

), and can be verified against the numerals in the corresponding 
table; but whereas all the other missing chromatic and diatonic 
divisions can be restored from other portions of Ptolemy's text, 
those of Eratosthenes alone cannot.'* For these we must rely on 
the statistically more corrupt, but largely unanimous witness of 
the tables, which most MSS reproduce without the missing text. ? 
James Mountford, whose examination of the textual tradition of 
this chapter influenced subsequent editorial decisions, concluded 
that despite some discrepancies among the MSS which provide the 
missing intervals for Eratosthenes' chromatic and diatonic, there 
was, in the end, ‘no serious doubt about the evaluations of these 


two scales' (1926: 87). 


The division-tables 


For reasons which will soon become clear, I have selected the 
tables presenting Aristoxenus' and Eratosthenes' divisions (see 
table 4.1). In them, each division is set out (as in the MSS) in 
the same way to allow easy comparison: an octave (2:1) is con- 
structed on a string 120 units long, giving the outer boundaries of 
60 and 120; 60 stands for the highest note (nete), 120 for the low- 
est (hypaté). The octave is subdivided into two tetrachords, each 
spanning a fourth (4:3); the upper tetrachord lies between 60 (nete) 
and 80 (paramesé), the lower between 90 (mese) and 120 (Aypate). 
The tone that lies between these two tetrachords is epogdoic (90:80 
= 9:8). These four ‘standing’ notes (hestotes) are by definition 
immovable in Greek musical theory,'^ and hence they remain con- 
stant throughout the twenty-three divisions in Ptolemy's tables. 
What do change are the other two notes in each tetrachord, the 


A Mountford discusses the problem in detail (1926: 82-7). 
Two MSS (one a direct descendant of the other) offer a reconstruction of the chapter's 
missing text: see Mountford 1926: 87-95. On the greater corruptibility of the Greek 
numerals in the tables, see Mountford 1926: 85. 
Aristox. El. harm. 21.31—22.21, 46.20—47.8; Ptol. Harm. 28.24. 
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Table 4.1 Nine of the tables of Ptol. Harm. 1I. 14, showing the i 
divisions of Aristoxenus and Eratosthenes (Düring 1930: 70-3), 
All fractional quantities are written in sexagesimals, as they are 
in the Greek; hence: 
fA = 6730 = 67°, = 07 = 67.5: 
ee 


The enharmonic genera 





According to According to 
Aristoxenus Eratostheneg 
———————————————————————— ERR 

60 60 

76 76 

78 78 

80 80 

90 90 

114 114 

117 117 

| I20 I20 
| 24 * 33-30 I9:15 X 39:38 
X 40:39 — 4:3 





The chromatic genera 





According to Aristoxenus 
$ According to 


| soft chromatic hemiolic chromatic tonic chromatic Eratosthenes 
| 60 60 60 60 
l 74 40' 74 72 72 
| 77 20! 77 76 76 
1 | 80 80 80 80 
| 90 90 90 90 
i II2 III 108 108 
ll 116 115 30° 114 Il4 
i 120 120 120 120 

22+4+4 21+4'/2+4'/2 18+6+6 6:5 x 19:18 

l = 30 = 30 = 30 X20:19 = 4:3 

(cont.) 
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m Table 4.1 (cont.) 
o o 


The diatonic genera 





According to Aristoxenus 
According to 


EE — . 4. 
soft diatonic tense diatonic Eratosthenes 
EE 9 7 
60 60 60 
70 68 67 30' 
70 70 75 56 
80 80 80 
90 90 90 
105 102 IOI 15, 
114 114 113 54' 
120 120 120 
15 +9+6 = 30 I2 4- I2 4- 6 — 30 9:8 x 9:8 
7:6 x 38:35 PEIS X I9g:17 x 256:243 
X 20:19 = 4:3 x 20:19 = 4:3 = 4:3 








* Mountford (1926: 86), Düring (1930: 70-3), Barker (1989: 347—50) and 
Solomon (2000: 99-102) all convert Ptolemy's sexagesimals to common 
fractions. 


middle or *movable' notes (kinoumenoi). Thus each division con- 
tains eight numbers: four for the fixed notes (the Aestotes) and 
four for the movable (the kinoumenoi). Below some columns 
are the ratios used to generate the string lengths of that divi- 
sion. So, for example, the second note from the highest in each 
tetrachord of Eratosthenes' diatonic is sounded by lengthening 
the amount of string needed to sound the highest note by the 
ratio 9:8; thus the numbers of the paranete and lichanos in this 
division are greater than those of the nete and mese respectively 
by nine eighths. 


Mathematical absurdities 


The obvious anomaly in Ptolemy's collection is the group 
of divisions attributed to Aristoxenus. Aristoxenus' convention 
of expressing musical intervals as 'spaces' is here awkwardly 
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maintained alongside the rational framework of the othe, 
divisions.'? Below the columns assigned to Aristoxenus the inter. 
vals comprising the fourth are expressed as units of intervallic 
space, where equal numbers represent intervals of perceptibly 
equal magnitude. This unit-system is built directly on the work 
of Aristoxenus, though not entirely on any writing of his which 
we now possess. He presented the tetrachordal divisions of hig 
Elementa harmonica in intervals which could all be defined ag 
parts or multiples of a tone.'? In this approach, the equal division 
of the type of intervals which mathematical theorists expressed 
as epimoric ratios (and consequently regarded as impossible to 
divide equally by ratios of numbers) poses no theoretical prob- 
lems. Thus the tense diatonic, for example, is composed of two 
tones and a semitone, and the enharmonic is made up of a ditone 
and two quarter-tones (which, according to Aristoxenus, are equa] 
in magnitude).'7 Porphyry says that Aristoxenus also divided the 
tone, for theoretical purposes, into twelve equal parts, and used this 
small interval as a unit by which to measure the melodic intervals 
of his tetrachordal divisions. Thus the fourth, defined in his sys- 
tem as two and a half tones (El. harm. 46.2), consists of 30 units, 


? On intervals as spaces between notes, see Aristox. El harm. 8.13-9.1. The singing 
voice ‘appears to cross a space (topos) between notes; this is what Aristoxenus calls 
‘intervallic’ (diastematike), as opposed to continuous, vocal movement (9.14—20). It is 
this *intervallic space’ (diastematos topos, 10.16) which he later quantifies in tones and 
fractions of a tone in his tetrachordal divisions. 

El. harm. 50.19-52.32. Like the mathematical theorists (cf. Sect. can. props. 8, 13), 
Aristoxenus defined the tone as the interval by which a fifth exceeds a fourth (21.21—31, 
45.34—46.8, quoted in ch. 1 part 1); the disagreements were all about how it could be 
divided, and how it measured larger intervals (cf. Sect. can. props. 9, 14, 15 with Aristox. 
El. harm. 56.14—58.6 and Ptol. Harm. I. 10—11). 

Interval series are to be read downward, so that ‘ditone and two quarter-tones' means 
a tetrachord in which the ditone is the highest interval, the quarter-tones the lowest. 
(Here I follow the convention of Ptolemy rather than that of Aristoxenus, simply for 
consistency in the present discussion.) For the tense diatonic, see El. harm. 51.29-31; 
for the enharmonic, 50.22—5. According to Aristoxenus, the equal quarter-tones taken 
together make a semitone, which is precisely half of a tone, which again is the interval 
by which a fifth exceeds a fourth, and of which there are exactly six in an octave. In the 
rational conception of intervals espoused by, for example, the author of the Sect. can., 
these definitions contain contradictions which render them harmonic impossibilities (see 
ch. I part 1). 

Porph. Jn Harm. 125.24—-126.2 (citing the fourth book of Aristoxenus’ lost work Tepi 
ueAotrottas, On Melodic Composition), 137.25; cf. Cleonides 192.12—193.2. Adopting 
the twelfth of a tone as a measuring unit facilitated the division of the tone into three, 
four or six parts (125.26—126.1). Aristoxenus uses the twelfth of a tone as a measure 
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the tone 12. the semitone 6 and the quarter-tone 3.'? This way of 
expressing the magnitudes of the intervals within a tetrachord is 
internally consistent, but incompatible with either the rational lan- 
guage of the mathematical theorists or the columns of Ptolemy's 
tables, where numbers represent lengths of a monochord string.” 

Because of this, the inclusion of six scales by Aristoxenus in 
Ptolemy’s tables should come as a surprise. Closer inspection of 
the numbers themselves shows that they have been generated in the 
simplest possible manner: Aristoxenus’ interval-units have been 
equated with the units of string length in the lower tetrachord of 
the octave (from mese to hypaté, 90 to 120). Aristoxenus’ 30-unit 
tetrachords are then deposited directly into this 30-unit length of 
string, so that, for example, the enharmonic (ditone + quarter-tone 
+ quarter-tone = 24 + 3 + 3) is sounded by string lengths of 90, 
114, 117 and 120 units. Mathematically the procedure is absurd, 
since the two lowest intervals of Aristoxenus' tetrachord, con- 
ceived in his system as equal quarter-tones, are here neither equal 
nor properly a quarter of a tone (4/(9:8) Æ 120:117 A I17:114). 
The ratios of the tetrachord are then extracted from these num- 
bers (I14:90 X II7:114 X I20:II7 = I9:I5 X 39:38 X 40:39 
— 4:3) and used to divide the upper tetrachord, in which the 
differences between the string lengths, naturally, no longer cor- 
respond to the Aristoxenian 24 + 3 + 3 intervallic units. The 
same procedure has been employed to convert the rest of Aris- 
toxenus' divisions as well: three chromatics and two diatonics; 
six divisions in all, and every one of them given string lengths 
worked out in a way plainly nonsensical from a mathematical 
standpoint.*' 


in one passage of the El. harm. (25.11—26.6), and makes clear that it is a theoretical 
interval rather than a melodic one. 

Aristid. Quint. I.9 (18.1—4) doubles the units to 60 per tetrachord and 24 per tone; 
Ptolemy also does this occasionally in his treatment of Aristoxenus' divisions (e.g. at 
Harm. 29.21—3). 

It is consistent only within the tetrachord, since the tone defined as ho of a fourth is 
smaller than the tone defined as the interval by which a fifth is greater than a fourth 
(“49/43 < (3:2 + 4:3). 

Ptolemy appears to criticise a procedure of this very kind in Harm. 1.9, but then goes 
on to use this one in II.14 to represent Aristoxenus’ systems. A possible explanation for 
the discrepancy is that Ptolemy was not himself the author of the conversion (see next 
note). 
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Eratosthenes the Aristoxenian ? 


The second surprise in the tables is that the string lengths 
of the enharmonic and chromatic divisions of Eratosthenes are 
identical to those assigned to the enharmonic and tonic chromatic 
of Aristoxenus. For this reason it seems at least possible that jt 
was Eratosthenes himself who carried out the conversion.? We 
know from Porphyry that for all his Platonic interests, Eratos. 
thenes followed Aristoxenus in admitting eight concords, not six 
as the mathematical theorists did: 


Aidiavos 8 ó TTAecroikós Eis tov Típotov ypapev kata Aé&tv Aéyet ToOTa, 5... 
Tov SE ouugovióv EF TOV &piOpóv o0oÓv' — as uovas ó TIToAEUatos korrnpíOunos, 
Trapels Tas Aorrrás: Apioó&evos yap kai Alovuatos kai Epatoob€evns kai GAA} 
TOAAO! OKT karnpíOuncav — ‘aTrAGS p£v ekaAOUV oi TraAaiol TÚV Te Big 
TECoapov Kal Sic TrevTe, OUVOETOUS SE TAS AoITTas’. 


Aelianus the Platonist, writing in his On the Timaeus, says the following, in 
exactly these words. *. . . Of the concords, which are six in number’ — Ptolemy 
counted only six and omitted the rest; for Aristoxenus, Dionysius, Eratosthenes 
and many others counted eight — ‘the ancients called the fourth and the fifth 
"simple" and the remainder "composite" .?? 


What Aelianus and Ptolemy presumably have in mind is a two- 
octave system, in which the concords are of finite number; 
for in an abstract theoretical sense, there is an infinite number 
of concords.?? In a two-octave system the six concords will be 
fourth, fifth, octave, octave plus fourth, octave plus fifth and double 
octave.?9 Yet if Porphyry is right, then Aristoxenus, Dionysius” 
and Eratosthenes must have done their counting within a 
different range, since under no ancient definitions of symphonia 


An interpretation suggested by Barker (1989: 345 n. 112, 346 nn. I 16—17; 2000: 252-4); 
see also West 1992: 239. 

Porph. Jn Harm. 96.7-8, 10-14, trans. Barker 1989: 231, with my supplements as 
necessary (Barker does not include Porphyry's parenthesis). 

Barker 1989: 231 n. 94. ? Aristox. El. harm. 20.12—23. 

Bacch. L11 (293.13-16), Gaud. Harm. 9 (338.8—339.2). Gaudentius adds that the two- 
octave limit is purely for practical reasons (339.2—7). 

It is not clear which of the many men of this name Porphyry had in mind. Elsewhere 
Porphyry quotes from the first book of an On Likenesses (Tlepi ópoioriyroov) by 'Diony- 
sius the musician’ (Jn Harm. 37.15-20); Düring suggests that the man in question here 
is Aelius Dionysius, an Atticist lexicographer who lived in the time of Hadrian. See 
Creese 2008a. 
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can more than six be found in the space of two octaves. Aristox- 
enus makes clear statements about the range within which he is 
willing to do his harmonic thinking: considered in terms of musical 
ractice (rather than ‘the nature of melody’ (ñ tot uéAous puois), 
20.16), he says that the greatest concordant interval is the double 
octave and a fifth, “since our compass does not extend as far as 
three octaves'.?? This range contains the first six concords and 
two others, the double octave plus fourth and double octave plus 
fifth, making up the eight mentioned by Porphyry. The question 
of how many concords various theorists admitted thus has nothing 
to do — at least here — with the thorny issue of the octave plus 
fourth (excluded by some mathematical theorists on account of 
its ratio);?? on the contrary, it has to do entirely with range, since 
all of the theorists mentioned by Porphyry counted the octave 
plus fourth. Those whose theoretical range was only two octaves 
admitted six concords; those who extended it a fifth beyond this 
admitted eight.2° Porphyry's parenthetical remarks are therefore 
useful insofar as they place Eratosthenes, by one criterion only, 
along with Dionysius and ‘many others’, in an Aristoxenian camp. 
If Eratosthenes was, in one sense at least, more Aristoxenian 
than Ptolemy, then it is perhaps more likely that he is to blame 
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$ Aristox. El. harm. 20.29—30, trans. Barker 1989: 139. Despite the clarity of this state- 
ment, other notions about Aristoxenus were evidently afloat in the murkier waters of 
later musical theory. Compare, for example, the narrower two-octaves-plus-fourth range 
which Adrastus attributes to Aristoxenus (containing only seven concords), and the 
broader range of three octaves and a tone (containing nine), which some of Adrastus’ 
contemporaries apparently used (Adrastus ap. Theo. Sm. 64.2—6). Adrastus hints also 
that there were many other ranges between the two. The question has to do with various 
theorists’ differing approaches to the topic of tonoi ('keys', roughly). Ptolemy’s (Harm. 
II.4) requires only two octaves; other theorists set out their fonoi as overlapping two- 
octave scales a semitone apart, and therefore required a greater overall range, containing 
a greater number of concords (cf. e.g. Aristid. Quint. I.11). 

The ratio of the octave plus fourth is 8:3, which is neither multiple nor epimoric (the 
two mathematical criteria for concordance posited at the end of the introduction to the 
Sectio canonis). According to the most rigidly mathematical harmonicists, it is therefore 
a discord, even though it may sound like a concord. Ptolemy discusses the matter at 
Harm. 1.6. 

Any theorists who did not recognise the octave-plus-fourth interval would have omit- 
ted the double octave plus fourth as well, since its ratio (16:3) falls into the same 
(epimeric) category. Thus on this reckoning a two-octaves-plus-fifth range would con- 
tain only six concords — but this model cannot be applied to Ptolemy, who is clear 
about his two-octave working range and his acceptance of the octave plus fourth (Harm. 
I.5-6). 
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Aristoxenus 


enharmonic tonic chromatic 
24 18 
24 
30 4 3 6 ¢ 30 


Eratosthenes 
enharmonic chromatic 
19:15 ld RR 6:5 
19:15 
4:3 4 39:38 19:18 f 4:3 


20:19 
40:39 ERU rers 20:19 


Fig. 4.1 The enharmonic and chromatic tetrachords of Aristoxenus and 
Eratosthenes. Those of Aristoxenus are expressed in intervallic units, where 
I2 units = one tone. The fourth (here 2'/, tones) spans 30 units. Eratosthenes! 
tetrachords are expressed in ratios, but maintain the same interval-combinations 
despite inevitable inequalities of magnitude between individual intervals. 


than Ptolemy for the muddled conversion attempt of Harmonics 
II.14, not least because Ptolemy’s evident disdain for Aristoxenus' 
way of thinking about musical intervals would have made such a 
task appear to him unattractive, unnecessary and hardly worth the 
effort.?' It is more probable that Ptolemy was guilty of including 
another author's gravely flawed numbers in his tables because he 
was not interested in the aims of the project for which they were 
generated than that he himself worked them out in such a confused 
manner.?? 

What makes this hypothesis even more likely is the fact that 
Eratosthenes’ enharmonic and chromatic divisions are not only 
identical with two of those given under Aristoxenus' name in 
Ptolemy's tables, but are also formulated in such a way as to 
take account of Aristoxenian theoretical principles. Eratosthenes 
makes the upper interval of his enharmonic equal to the two highest 
intervals of his chromatic combined (24 = 18 + 6 and 19:15 = 
6:5 x 19:18), and likewise he makes the two lowest intervals in 
his enharmonic (referred to together as the pyknon) equal to the 


* See especially Ptol. Harm. 30.3—-9. af. summary of Barker’s position (2000: 254). 
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t interval in his chromatic (3 + 3 = 6 and 39:38 x 40:39 = 


Em Jowes ) 33 


20:19: see fig. 4.1 
The two intervals of the enharmonic pyknon are generated 


ording to à procedure for ‘halving’ ratios attributed to Eratos- 


acc 
he Excerpta Neapolitana: 


thenes in t 


toTl 6€ fj EUPEOIS TWV TOVCOV KAI TOV T]DITOVICOV KC TOV OI£O£O)V KATA TOV 


Epatoo8evnv 


T TÓVOS 9' 


Kal raUTa dis 


HUIT. TA TMIT. 1T) 


n ` e.g > D € / 
Kal pera&u evpioxetai &piOuoós ó 10. 


Kai TaUTa TAAI Sis 


OS. OS. OS. OS. 


eUpíokovroi pera£U cpiouéva Ay’ Ae. 


Then there is the method of finding the tones, semitones and dieseis?* according 
to Eratosthenes: 


33 

L Barbera 1977: 302. 

" Theterm diesis here means the enharmonic diesis or quarter-tone, an Aristoxenian usage 
(see El. harm. 25.11—16; it is ‘the smallest of all the melodic intervals’, 47.1—2). 
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OO 


tone 9 


and these multiplied by two — 


16 semit. 17 semit. 18 


and between them the number 17 is found. 


And these multiplied by two again — 


ds. ds. ds. ds. 


The terms thereby defined, 33 and 35, are found in between.?? 


The difference between what we have here in the Excerpta 
Neapolitana and what we find in the Aristoxenian/Eratosthenean 
enharmonic of Ptolemy's tables is that in the former the intervals 
are all generated out of the epogdoic (9:8) tone, whereas in the 
latter they are derived from the chromatic pyknon, a smaller tone 
(10:9). The procedure, however, is the same in either case (see 
fig. 4.1): the lowest terms of the ratio to be divided (e.g. the 
chromatic pyknon, 10:9) are first doubled (20:18); the arithmetic 
mean is then inserted between them (20:19:18), giving a division 
into two near-equal ratios (20:19 x 19:18 = 10:9). Eratosthenes' 


5 Exc. Neap. 19 (416.12—417.6). In the translation the abbreviations semit. — semitone 
and ds. — diesis (see previous note). 


192 














ERATOSTHENES 


enharmonic pyknon is divided by the same procedure (20:19 = 
40:38 = 40:39 X 39:39). MOREM | 

When large intervals are divided in this way, the difference 
between the component intervals is correspondingly large (the 
difference between the fifth and fourth, for example, which are 
produced when this procedure is applied to the octave, is the 
tone, 9:8). But this difference decreases rapidly along with the 
magnitude of the interval to be divided, and at some point it 
becomes musically (though not mathematically) negligible. Tan- 
nery believed that Eratosthenes was taking advantage of this in 
his construction of the chromatic, where, he says, the difference 
between 20:19 and 19:18 amounts to nothing more than ‘une pure 
fiction mathématique" (1902: 344). It is indeed a minimal differ- 
ence (361:360, less than a fortieth of a tone); the corresponding 
difference in Eratosthenes' enharmonic, between 40:39 and 39:38, 
is positively infinitesimal (1521:1520, about '/18o of a tone).3° Thus 
on these criteria Eratosthenes’ conversion of Aristoxenus’ enhar- 
monic and tonic chromatic is successful, despite its mathematical 
absurdity: he has managed to preserve the theoretical principles 
by which the magnitudes of the intervals in the enharmonic and 
chromatic are related to one another in Aristoxenus’ divisions, and 
his near-equal division of the pyknon in these genera is internally 
inconsistent only in the smallest possible degree. 


The problem of the Eratosthenean diatonic 


The question which immediately arises from this analysis is why, 
after proceeding thus far, Eratosthenes apparently rejected the 
Aristoxenian diatonics in favour of the now standard ‘ditonic’ 
diatonic (9:8 x 9:8 x 256:243) of the Timaeus and the Sectio 
canonis." 'The answer to this question has been treated as 


g In general I avoid the modern logarithmic system of cents (where 1 cent = '/ioo of a 
tempered semitone = '/;290 of an octave = ( "Q/(2:1)) in favour of expressions used by 
ancient authors (ratios or parts of a tone). This inevitably introduces complications (here 
I use fractions of an epogdoic tone), and in one instance below where these complications 
would be significant, I shall break my own rule and use cents for the sake of clarity (as 

x I did in ch. 1 part 1). 

See ch. 3 part 2. 
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straightforward:?? among other things, Eratosthenes is known to 
have worked seriously on musical portions of the Timaeus and con. 
sequently he must have been influenced by Platonic conceptions 
of harmonic theory, in which the ditonic diatonic was employed 
as a ‘timeless syntax’, and the enharmonic and chromatic received 
less attention (if any).?? Kathleen Schlesinger was unsatisfied with 
this picture: why, after all, should Eratosthenes have carried out his 
project with reasonable success only to abandon it at the final stage 
in deference to Plato? For this and other reasons she rejected the 
ratios Ptolemy gives for Eratosthenes’ diatonic, claiming that those 
assigned to Aristoxenus’ tense diatonic (17:15 X 19:17 X 20:19 = 
4:3) were the ones actually intended by Eratosthenes himself (see 
fig. 4.2).4° 


enharmonic chromatic diatonic 
Silas hea ee 6:5 17:15 
19:15 19:15 
4:3 3 39:38 19:18 f 4:3 19:17 e 43 


20:19 
40:39 ion a ZG | insect mae S TS 


Fig. 4.2 Eratosthenes' tetrachords as proposed by Schlesinger (1933: 94). 
The annotations showing correspondences between the three genera are 
my additions. 


Barker 2000: 254. Barbera (1977: 302) and West (1992: 169-70, 237-9) pass over the 
discrepancy without comment. 

In the Sect. can. the ditonic division is the basis not only of a diatonic scale-system 
(props. 19-20), but also of the construction of enharmonic intervals (props. 17-18, 
where the upper interval is a ditone (81:64 — 9:8 x 9:8) rather than the major third (5:4 
= 80:64) of Archytas’ enharmonic). Thrasyllus (ap. Theo. Sm. 92.27-93.2), a Platonist 
who devotes as little effort as possible to the enharmonic, follows the same approach as 
the Sectio. 

Schlesinger 1933: 94; 'the substitution in Ptolemy's formula must be laid at the door 
of Pythagorean enthusiasts'. A thorough critique of Schlesinger's article cannot be 
attempted here. Although she presents much of value, her method is in many points 
questionable and her conclusions are frequently offered without supporting evidence of 
any kind (see esp. p. 92 n. 1). Perhaps the most troubling aspect of her method is that 
she validates her hypothesis about Eratosthenes' diatonic by claiming to have found it in 
the scales produced by two surviving auloi, without attempting to date the instruments 
to Eratosthenes' period or suggesting any reason why Eratosthenes should have been 
intending to record such scales. Her proposed Eratosthenean diatonic is not without 
merit, however, particularly on the grounds we have considered so far: it follows the 
pattern set by his enharmonic and chromatic both in its ‘halving’ procedure and in its 
preservation of the interval-combinations within the original Aristoxenian tetrachords 
(see fig. 4.2). For this reason we shall have cause to revisit her hypothesis below. 
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There is another possibility, however: Eratosthenes may have 
selected the ditonic diatonic precisely because it was the division 
that best fit his programme of ‘translating’ Aristoxenus’ work. 
This was Barker’s view: 
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No doubt the simplicity of its construction recommended it [sc. the ditonic 
diatonic] to Eratosthenes: the equality of its two upper intervals echoes an obvious 
feature of Aristoxenus’ higher diatonic (and in both systems will be described as 
«tones"), and the terms are in fact closer to those assigned to the latter than are 
those of any other system that Ptolemy lists. Eratosthenes may have construed it 
as a rationally corrected version of the Aristoxenian division.*' 


On this interpretation, Eratosthenes recognised that what Aristox- 
enus meant by ‘tone + tone + semitone’ was what mathemat- 
ical theorists meant by ‘tone + tone + leimma'. But since he 
had already produced a rationally corrected version of the same 
Aristoxenian tetrachord (17:15 x 19:17 x 20:19), he would also 
have decided that the ditonic diatonic was a better rational cor- 
rection than his own. To account for his choice, we would need 
to answer two questions. First, on what basis did he favour the 
ditonic diatonic over his own rational conversion of Aristoxenus' 
tense diatonic? And second, why should he have singled out the 
diatonic genus as requiring this disruptive shift, and have left the 
enharmonic and chromatic as they were? 

The first question is less straightforward than it might seem. 
Posing it in the first place involves assuming that if Eratosthenes’ 
priorities were primarily mathematical, then two different mathe- 
matical agendas governed his choices; alternatively, mathematical 
priorities were secondary at this point, in which case his concern 
would presumably have been to select the set of ratios which most 
faithfully represented the scale he thought Aristoxenus intended. 
A simple explanation would be that he set out the rival divisions 
on a monochord and chose the one that sounded best to him. In 
this scenario, Eratosthenes' ear trumped his mathematics, and we 
are immediately faced with the second question: why did he stop 
at the diatonic? If one set of rational conversions did not measure 
up under a monochord test, how could he have been confident that 
the other two were satisfactory? 


" Barker 1989: 349 n. I25. 


195 

















ERATOSTHENES 


The very fact (if it is one) that Eratosthenes produced his own 
rational conversion of Aristoxenus' tense diatonic in the first place 
seems to indicate that at least some context existed in which he 
was not willing to make a simple equation between the latter and 
the ditonic diatonic. If his choice of the ditonic diatonic in the 
set of divisions Ptolemy preserves was the result of an attempt to 
judge objectively between the two rival rational approximations of 
Aristoxenus' tense diatonic, then it is also an admission of a failure 
of his own arithmetic. This would be a musical failure, since its 
success as an arithmetical procedure is unrelated to the impression 
it made on the ear. If Eratosthenes attempted to answer the question 
of which set of ratios sounded a scale closest to the one Aristox- 
enus intended, he would first have needed to determine as exactly 
as possible the string lengths corresponding to Aristoxenus’ inter- 
vallic units, and then to compare them with the two sets generated 
by ratio. On the basis of this comparison he could have accepted 
the rational division which most nearly approximated the irrational 
division of Aristoxenus. If he continued this comparison to assess 
the enharmonic and chromatic as well, then the inconsistent set of 
tetrachords attributed to him would be the result of a final round 
of testing; this would answer the second question raised above, 
All this assumes that the divisions reported by Ptolemy originally 
formed part of a single, coherent project which included all three 
genera, and in which the accurate rational 'translation' of Aristox- 
enus' tetrachords was a primary goal. For reasons I shall elaborate 
later, I believe that these assumptions may not constitute the best 
account of the evidence. 


What Eratosthenes might have done 


The first task, by arithmetic alone, was impossible for Eratos- 
thenes: he could not have calculated exact string lengths for 
Aristoxenus' intervallic units, since the ratio of the fourth (4:3) 
cannot receive a geometric mean in numbers. But we can con- 
struct a solution for Eratosthenes out of the methods and apparatus 
available to him. We know from both Eutocius and Pappus that 
Eratosthenes offered a new mechanical solution to the so-called 
‘Delian problem’, that is, the problem of how to double the cube, 
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which in the Academy had been equated with the problem of 
how to find two mean proportionals (two geometric means) in 
continued proportion between two straight lines.** This solution 
involved an instrument called the mesolabon, ‘mean-finder’, which 
consisted of overlapping rectangular tablets or panels, on which 
diagonals were inscribed (see fig. 4.3). The tablets were mov- 
able: they were set in grooves so as to slide under one another, 
and by lining them up so that the exposed vertical edge of each 
overlapped the diagonal of the next in a straight line, one could 
find the mean proportionals between the lengths of the outside 
edges of the outermost tablets where these were cut by the straight 


line: 


Svo TOv So0elodv evOeidov 600 ésas &váAoyov tüptiv Ev ouveyei àvañoyig. 
5e5000woav ai AE, AO. ouváyw Sù Tous Ev TH Ópyóvo Trívakas, Écs AV KAT 
eudeiav yévryrai ta A, B, F, A onueia. voeioĝðw 81], as Exel &rri TOU SeuTEPOU 
OXTLATOS. &oTiV Goa, as fj AK mpòs KB, év èv roads AE, BZ trapaAAnAois 
f) EK pos KZ, év 6€ tats AZ, BH fj ZK trpos KH: ws apa f| EK trpos KZ, 
f$ KZ mpòs KH. os 6€ aUTa Trpóg GAANAas, fj Te AE trpos BZ Kai 7 BZ 
moos TH. cocav Tos 5 Seifouev, OT1 Kai, os f] ZB trpos FH, ń TFH meos AO. 
àv&Aoyov aoa ai AE, BZ, TH, AO. nupnvta dpa Svo ræv õoðsioðv Svo 
UEC. 

&àv 6€ al Soeioai un loot oiv tats AE, AO, troinoavtes auTais avadoyov 
tas AE, AO ToUTov Anyópeða Tas uécas Kal ETTAVOIOOHEV ETT Exel Vas, Kal &cóue0a 
TETOINKOTES TO ETTITAY £v. Ev SE TrAEious uécas ETTITAX OT) eUpelv, cel Evi rrAefous 
TIVAKIOKOUS KATAOTNOOLEOa Ev TH Opyavia Tdv AngOncou£vov uéowv: Á SE 
arodeiE1s Á oU TT). 

Between two given straight lines to find two means in continuous proportion. 
Let AE, AO be the given straight lines. Then I move the tables in the instrument 
until the points A, B, l', A are in the same straight line. Let this be pictured as in the 
second figure [fig. 4.3]. Then AK:KB is equal, in the parallels AE, BZ, to EK:KZ, 
and in the parallels AZ, BH to ZK:KH; therefore EK:KZ — KZ:KH. Now this is 
also the ratio AE:BZ and BZ:TH. Similarly we shall show that ZB:FH = [H:AO0; 
AE, BZ, FH, AO are therefore proportional. Between the two given straight lines 
two means have therefore been found. 

If the given straight lines are not equal to AE, AO, by making AE, AO propor- 
tional to them and taking the means between these and then going back to the 
original lines, we shall do what was enjoined. If it is required to find more means, 


* Eutoc. In Sph. Cyl. (88.3-96.27); Papp. II.7, 54.22-56.13; Thomas 1939: 256-61, 
290-7. See also Cuomo 2000: 137-40; Netz 1999a: 16 with n. 19. 
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Fig. 4.3 Eratosthenes’ mesolabon (after Thomas 1939). BZ and TH are the 
mean proportionals of AE and AO.” 


we shall continually insert more tables in the instrument according to the number 
of means to be taken; and the proof is the same.* 


Although the instrument was designed as a mechanical (or 
‘instrumental’, organike) solution to the problem of how to double 
the cube, and as such it required only three panels (to generate two 
mean proportionals), more could be added if more means were 
sought. In the epigram to Ptolemy III which accompanied the 
instrument, apparently inscribed on the column on which it was 
set up, Eratosthenes even permitted himself the hyperbolical state- 
ment that with it one could easily generate an unlimited number 
of means (ueodypaga uupta).^^ Now since the smallest interval 
in Aristoxenus' tense diatonic is the semitone (6 units), of which 
there are five in a tetrachord, a reasonable approximation of the 
string lengths of his spatial divisions could be reached by finding 
four mean proportionals between, for example, the 90 and 120 
units of string length used in Ptolemy's tables. Eratosthenes could 
have found the required lengths by setting up his instrument with 
five tablets and locating the straight line that will pass through all 
the points of overlap and divide the outer edges of the instrument 
in 4:3 ratio to one another (see fig. 4.4). 


* The similarities between this instrument and Ptolemy's variant on the Aelikon (Harm. 
II.2) in both form and function, and the possible importance of this in evaluating 

7 Ptolemy's handling of the scales he presents in I. 14, will be taken up in chapter 6. 

` Eratosth. ap. Eutoc. In Sph. Cyl. 94.15—96.9, trans. Thomas 1939: 295. 

^ Eratosth. ap. Eutoc. Jn Sph. Cyl. 96.20-1. 
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Fig. 4.4 Five-panelled mesolabon arranged to divide an epitritic fourth 
(AE:AO = 4:3) into five equal semitones. Aristoxenus' tense diatonic 
(tone + tone + semitone) will be found in the lengths AO, l'H, BZ, AE. 


He could then have continued the process, adding more tablets 
to find more means as necessary, until he had obtained approximate 
irrational string lengths for all six of Aristoxenus’ tetrachords. The 
second task, of judging these against the intervals already gener- 
ated by the rational ‘halving’ method, would now be a matter of 
comparing the resulting lengths. The best way for Eratosthenes to 
have judged whether or not the discrepancies identified in this way 
were musically (and not just mathematically) significant would 
have been to compare the notes generated by these lengths — and 
this can only be done effectively with the help of a monochord. 

If Eratosthenes proceeded this far, he will have found, to his 
satisfaction, that many of his rational conversions of Aristoxenus’ 
tetrachords are very close indeed to the string lengths obtained by 
the mesolabon. In one case the discrepancy is less than 6 cents; 
in others it is higher, but on the whole the results are reasonably 
good, particularly in the enharmonic and the three chromatics (see 
table 4.2).4° 

It will have come as a disappointment to him, however, to find 
that the inconsistency in his conversions of both diatonics of Aris- 
toxenus is higher than in the other genera: the rational /ichanoi 
and paranetai are especially flat (over 17 cents) in both cases. Fur- 
thermore, the discrepancy between incomposite intervals which 


? The advantage of using the modern system of cents here is that it provides a standard 
measure. One disadvantage is that its round numbers are those of our tempered intervals; 
for the sake of comparison, the epitritic fourth is 498.0 cents, the epogdoic tone 203.9 
cents, the /eimma 90.2 cents, the komma 23.4 cents. 
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Table 4.2 Comparison of rational and irrational conversions of 
six Aristoxenian tetrachords into string lengths. 
In the left-hand column are the string lengths of Ptol. Harm. I. ; 4 
and the interval magnitudes in both Aristoxenian units and ratios 
The middle column gives string lengths for the same scales using 
an irrational conversion of Aristoxenian units; the mesolabon 
will generate lengths approximating these. Tetrachords are 
bounded by epitritic (4:3) fourths separated by an epogdoic (9:8 ) 
tone. Inner intervals have been calculated so that 1 Aristoxenign 
unit = 3X/4:3.. All fractional quantities are expressed, following 
Ptolemy's usage, in sexagesimals."" The right-hand column gives 
the interval (in cents) by which the notes in the middle column 
are sharper (--) or flatter (—) than those in the left-hand column, 


"There are other ways this could be done, and all (including this one) involve 
problems. Tempering the entire octave, rather than the fourth, spreads out the 
error more evenly (a modern piano, if well tuned, illustrates this effectively). 
But this would require a much larger mesolabon, whose results would not be as 

reliable (an issue which will be taken up below). 

* In Eratosthenes’ day, however, fractional quantities were still expressed as 
sums of parts (meré); see e.g. PHib. 1.27, where the length of the night on a 
certain date is recorded as 13 + '/\. + '/as, which would be expressed in our 
( sexagesimal ) reckoning as 13 hours 6 minutes and 20 seconds (Fowler 1999: 
229—30 with pl. 7). 











enharmonic 
Aristoxenus by 
Aristoxenus ap. Ptol. mesolabon-conversion | difference in cents 
60 60 0.0 
76 75.32 +10.8 
78 T1 44 +6.0 
80 80 0.0 
90 90 0.0 
114 Ira ry +10.8 
LI? 116 36' +6.0 
120 120 0.0 


24+3 173 = 30 
I0:I5 X 30:38 X 40:30 — 4:3 


(cont.) 
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Table 4.2 (cont.) 
DER 


soft chromatic 


Aristoxenus ap. Ptol. 


Aristoxenus by 


mesolabon-conversion 


difference in cents 


60 60 0.0 
74 40' 74 6 +13.4 
77 20 76 59 +79 
80 80 0.0 
90 90 0.0 
112 I S +13.4 
116 115 20’ 7:7 
120 120 0.0 
22+4+4=30 


[56:45 X 29:28 X 30:29 = 4:3] 


Å 


hemiolic chromatic 


ooo 


Aristoxenus ap. Ptol. 


Aristoxenus by 


mesolabon-conversion 


difference in cents 


Ån 


60 60 0.0 
74 7323 +14.4 
77 76 37 +85 
80 80 0.0 
90 90 0.0 
ru Hó s +14.4 
115 30 114 56 +8.5 
120 120 0.0 


21+ 4'/2 +4'/2 = 30 
[37:30 X 77:74 X 80:77 = 4:3] 


tonic chromatic 


Aristoxenus ap. Ptol 


Aristoxenus by 
mesolabon-conversion 


difference in cents 


60 60 0.0 
72 71 I9 +16.8 
76 75 32’ +10.8 
80 80 0.0 
90 90 - 0.0 
108 106 57 +16.8 
114 ira 17 +10.8 
120 120 0.0 
18+6+6=30 
Os x 16:18 x 20:19 4 
(cont. ) 
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Table 4.2 (cont.) 
————— ———————————————]] > 


soft diatonic 
Am c d" 


Aristoxenus by 


Aristoxenus ap. Ptol. mesolabon-conversion difference in cents 
o —À——— a (taraen icta cio RR 

60 60 0.0 

70 69 17 +17.8 

76 735 32" +10.8 

80 80 0.0 

90 90 0.0 

105 103 55 +17.8 

114 II3 17 +10.8 

120 120 0.0 

15+9+6= 30 


O x 31935 x 20:19 = 453 





tense diatonic 





Aristoxenus ap. Ptol. 





Aristoxenus by 
mesolabon-conversion 


difference in cents 


60 60 0.0 
68 67 19' +17.5 
76 75 32’ +10.8 
80 80 0.0 
90 90 0.0 
102 100 59' +17.5 
114 Le p +10.8 
120 120 0.0 


I2+12+6= 30 
I7:15X I9:17 X 20:19 = 4:3 


Aristoxenus treats as equal is at its extreme in this genus: the 17:15 
'tone' in the highest position of the tense diatonic, for instance, 
is greater than the 19:17 ‘tone’ immediately below it by 24 cents 
(i.e. more than a komma).^? The inequality of two notionally equal 
intervals is less jarring when they are in different locations within 
a scale (e.g. mese to lichanos, lichanos to parhypate) than when 


46 : 3 P " . Ae è 
A comparison of composite intervals reveals even greater inequalities. The upper interval 


of Aristoxenus’ soft diatonic, for instance, is equal to the two lower ones combined; in 
Eratosthenes’ rational conversion, the upper interval (7:6) is greater than the two lower 
ones combined (38:35 x 20:19 = 8:7) by 35.7 cents. Eratosthenes? smallest melodic 
interval (40:39), for comparison, is 43.8 cents. 
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they are constructed from the same starting pitch.^7 But even given 
the inaccuracies of determining string lengths by means of the 
mesolabon, and the anomalies of a gut-stringed monochord, dif- 
ferences such as these would probably have been audible. What 
would certainly have been audible is the remarkable proximity of 
the ditonic diatonic to the irrational conversion of Aristoxenus’ 
tense diatonic, and its superiority over Eratosthenes' rational con- 
version as an approximation of the scale Aristoxenus intended (see 
tables 4.3 and 4.4). 

Having offered Eratosthenes such a solution, we find that it 
appears to answer the two questions raised above: here is a method 
by which he could have seen and heard that the ditonic diatonic 
was a more successful rationally corrected version of Aristoxenus' 
tense diatonic than his own. It would also explain why he thought 
that only the diatonic required adjustment. The idea that Eratos- 
thenes might have used the monochord in such a project can be 
entertained partly because we know from Eutocius and Pappus 
that in at least one other instance he constructed a ‘laboratory’ 
instrument in order to solve a specific scientific problem.4? 

If this reconstruction were accurate, it would help to explain 
an apparent inconsistency in the surviving record of Eratosthenes’ 
tetrachordal divisions. More importantly, however, it would help 
to build a clearer picture of the way in which harmonic theorists 
made use of the monochord in the early centuries of its history. 
If in the Euclidean Sectio canonis the instrument had been a tool 
for demonstrating the primary theorems of mathematical harmonic 
science, then with Eratosthenes its role would already have been 
broadened: it would now be employed to facilitate the process 
of judging between rival sets of intervals, a use to which it was 
later put by Ptolemy. The value of Eratosthenes’ work in harmon- 
ics would then be considerable: through his efforts to convert the 


47 ; ; i snes 
Schlesinger gives another example: ‘a sensitive ear would experience no difficulty in 
distinguishing the intervals i and LH [a difference of 14.4 cents] when starting from 
the same note, but the ear does not readily estimate such differences when the intervals 

à follow one another in melodic succession' (1933: 92). 

He was also aware of the instrument's potential as a heuristic tool in very practical 
contexts: in the epigram he suggests its application to the construction of pens for 


livestock, pits for grain and cisterns for water (Eutoc. In Sph. Cyl. 96.10-15). 
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Table 4.3 The ditonic diatonic as a suitable conversion of the 
Aristoxenian tense diatonic, but not of the soft diatonic. Here the 
left-hand column gives the diatonic Ptolemy records as 
Eratosthenes’; the middle column gives the two Aristoxenian 
diatonics of Ptol. Harm. II.14 in irrationally converted 
string-lengths; the right-hand column gives the difference in 
cents (middle and right-hand column data calculated as in table 
4.2). It will be observed that the difference between the 
ditonic diatonic and Aristoxenus' tense diatonic as determined 
by mesolabon is considerably less than the error generated by 
any of Eratosthenes’ rational conversions (cf. table 4.2). 








ditonic diatonic v. soft diatonic 





soft diat. by 





Eratosthenes ap. Ptol. mesolabon-conversion difference in cents 
60 60 O.0 
67 30' 69 17' —45.1 
75 56 7532 +9.1 
80 80 0.0 
90 90 0.0 
IOI 15, 103 55 —45.0 
113 54 [13 I7 +9.4 
120 120 0.0 


9:8 x g x 25062243 = 4:3 


ditonic diatonic v. tense diatonic 


tense diat. by 





Eratosthenes ap. Ptol. | mesolabon-conversion difference in cents 
60 60 0.0 
67 30' 67 19' bd 
75 36 75 32 9-3 
80 80 0.0 
90 90 0.0 
IOI 15/ 100 59’ +4.7 
113 54’ Hg FF +9.4 
120 120 0.0 


0:8 X 0:8 X 250:243 = 4:3 
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Table 4.4 The diatonic division-tables of Aristoxenus and 
Eratosthenes at Ptol. Harm. II. 14. Numerals in square brackets 
indicate the string lengths of Aristoxenus’ tense diatonic as 
yielded by the mesolabon method. (Eratosthenes! results could 
not have been so precise, however, since they would have been 
obtained by measurement rather than by calculation.) 
eee 

The diatonic genera 


ee ————————— 


According to Aristoxenus 
According to 


soft diatonic tense diatonic Eratosthenes 
EN L e eruere 
60 60 60 
70 68 [67 19/] 67 30' 
76 76 [75 32'] 75 56' 
80 80 80 
90 90 90 
105 102 [100 59] IOI IS' 
114 114 [113 17] 113 54’ 
120 120 120 
15+9+6= 30 I2+12+6= 30 9:8 x 9:8 
70 X 38:35 IT:$ x 10:17 x 256:243 
2:90:16 —44:3 X QUITO — 43 = 4:4 








irrational scales of Aristoxenus into the ratios of the mathemati- 
cal theorists, his methodological innovations with the monochord 
would have helped to pave the way for the more sophisticated and 
rigorously controlled demonstrations of his successors. 

Several objections may be raised, however, which in com- 
bination make this an unlikely reconstruction of Eratosthenes’ 
procedures. The most important is that although it explains Eratos- 
thenes’ selection of the ditonic diatonic, it does not account for his 
choice of chromatic. For if he had prioritised minimal difference 
between rational and irrational conversions of the same scales, then 
we should not expect him to have adopted Aristoxenus’ tonic chro- 
matic, since this is the least successfully converted of the three (see 
table 4.2). The second objection is a practical one: if Eratosthenes 
had used his mesolabon, he would have found it more difficult to 
test the soft and hemiolic chromatics than the tonic chromatic — 
harder, in fact, than any other Aristoxenian scale. Because of the 
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Table 4.5 Number of panels needed to check Eratosthenean 
conversion of Aristoxenian divisions on the mesolabon. 














Aristoxenian division number of panels needed 
tense diatonic 5 
tonic chromatic 5 
soft diatonic IO 
enharmonic IO 
soft chromatic I5 
hemiolic chromatic 20 











hemiolic chromatic (4'/, units), a total of twenty panels would have 
been needed in order to complete this comparison (see table 4.5), 
If Eratosthenes got as far as setting up a ten-panelled mesolabon 
for testing his enharmonic conversion, he could also have checked 
the soft diatonic. With only five panels he might have been able 
to see (though probably not hear) that the tonic chromatic was 
marginally better than the tense diatonic, but in order to compare it 
with the other chromatics he would have needed to double the size 
of his instrument to twenty panels. A second practical difficulty 
[i attends the first: the greater the number of panels, the greater the 
margin of error in the mesolabon itself. Thus there comes a point at 
which the device for checking error becomes more unreliable than 
it is worth, and for all Eratosthenes' poetic boast of generating an 
unlimited number of means, it is unlikely that his mesolabon was 
adequate for this task. If his rejection of the tense diatonic was 
based on string lengths obtained from a five-panelled mesolabon, 
then one would expect his suspicions to have been raised about 
the tonic chromatic even if he went no further with his tests, and 
yet he adopted it. Thus not even the simplest application of the 
mesolabon makes consistent sense of Eratosthenes' choices as 

Ptolemy records them. 


| 
inconvenient magnitude of the lower intervals in Aristoxenus' 


Conclusion 


I have attempted to provide Eratosthenes with a method that would 
satisfy the questions raised by an interpretation of his choice of the 
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ditonic diatonic as a rationally corrected version of Aristoxenus' 
ense diatonic, and I have tried to show why I do not think he 
employed this method. One of the attractions of this reconstruction 
was that in rationalising Eratosthenes' selection of an anomalous 
diatonic, it suggested a role for the monochord in third-century 
harmonics which goes beyond that of the Sectio canonis. It seems, 
rather, that what I have called the ‘Euclidean package’ was still 
intact when Eratosthenes took up harmonics.?? The inadmissibility 
of geometrical proofs to the arithmetical domain of harmonics, 
one of the main components of that package, would then have 
deterred Eratosthenes from using his own geometrical invention 
to assist him in a project designed to bring the Aristoxenian and 
mathematical harmonic traditions closer together. 

Rejecting the mesolabon-kanon hypothesis thus leaves two 
loose ends: first, how do we account for his ditonic diatonic? 
And second, where does this leave the monochord? 

One way of approaching the first loose end is to consider 
where the tetrachordal divisions might originally have appeared 
in Eratosthenes" work. The evidence about Eratosthenes gleaned 
from Ptolemy can be broken down into three items: (1) a complete 
set of rational conversions of six Aristoxenian tetrachords; (2) a 
smaller set of three tetrachords attributed directly to Eratosthenes, 
comprising (a) the Aristoxenian enharmonic and tonic chromatic 
and (b) the ditonic diatonic. It is possible that Eratosthenes pre- 
sented all these components in a single discussion. But it is equally 
possible that they had already been compiled from more than one 
Eratosthenean text in Ptolemy’s immediate source.5° We might 
expect that items 1 and 2a originally belonged to the same context, 
and that 2b was grafted on to 2a at a later stage. A look at the 
candidates for an original Eratosthenean context tends to support 
this expectation. 

Among the most likely places for a detailed canonic division in 
Eratosthenes’ known works are the Hermes and the Platonicus. In 
the Hermes it might have been incorporated into the account of 
the newborn god's ascent, lyre in hand, through the spheres; in the 
Platonicus it might have formed part of a discussion of the scale of 


49 50 
See ch. 3 part2. ~ Seen. 10 above. 
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Plato's Timaeus. In either case, the intervals would almost certainly 
have been derived from the ditonic division, even if the chromatic 
and enharmonic were included along with the diatonic. For this 
reason, it seems improbable that the (non-ditonic) enharmonic anq 
chromatic divisions Ptolemy attributes to Eratosthenes originally 
formed part of any ‘cosmic’ scale. And while some authors (such ag 
Nicomachus and Thrasyllus) discussed chromatic and enharmonic 
divisions in the same context as the Timaeus scale, the ‘harmony 
of the spheres’ was a consistently diatonic one whenever Greek 
authors specified its intervals. Since Eratosthenes’ diatonic inter- 
vals are straightforwardly ditonic (as we receive them, at any rate), 
they may indeed have been taken from a document such as the 
Hermes or the Platonicus, for all we know of these. 

Wherever the enharmonic and chromatic intervals came from 
in Eratosthenes’ published output, we may at least be justified 
in doubting whether they originally appeared in the same docu- 
ment as his diatonic. It is hard to imagine how two such scales, 
let alone six, could have been accommodated in a poem like the 
Hermes; in the Platonicus, if it was a Timaeus commentary, it 
would have required a lengthy digression. Possibly the best can- 
didate for such a discussion is Eratosthenes’ treatise On Means! 
His complete set of Aristoxenian conversions would have been 
a suitably impressive demonstration of the musical uses of the 
arithmetic mean, especially if the discussion was introduced by 
the description of the interval-halving procedure which survives 
as Excerpta Neapolitana 19. In such a context Eratosthenes may 
even have singled out three of these converted Aristoxenian tetra- 
chords, the enharmonic, tonic chromatic and tense diatonic, to 
show that the mathematical attributes which connected them in 
Aristoxenus' system were still present in their rational conversion 
(see fig. 4.2). 

Separating the sources of the scales among Eratosthenes' works 
is perhaps the most plausible solution to the whole dilemma, and on 
these arguments Schlesinger's conjecture may have some value. 
But we need not follow her in positing miscreant ‘Pythagorean 
enthusiasts’ (1933: 94) to explain his ditonic diatonic. There is no 


SI 


Tepi pecori]ro (Papp. VII, 636.24-5). 
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reason tO think that such a scale should not have appeared in the 
Hermes Or the Platonicus. On this reading, Ptolemy's Eratosthe- 
nean tetrachords tell us more about the agenda of the compiler 
than of Eratosthenes himself, who could quite conceivably have 

ursued two different harmonic agendas at two different times, in 
two different contexts or frames of reference. 

Where does this leave the monochord? As far as Eratosthenes’ 
harmonic activities are concerned, the instrument is now com- 
pletely off the radar. After its two appearances at the beginning 
of the third century Bc, we have lost sight of it again, and it is 
far from clear whether Eratosthenes ever made use of it. There is 
no reason to suspect that he did, but equally there is no reason 
to suspect that he did not: it is quite possible that his ‘division of 
the monochord’ was just that, and that he used the instrument to 
demonstrate either the ratios of Aristoxenus' tetrachords or some 
version of the cosmic scale of the Timaeus. Given Nicomachus’ 
criticism of Eratosthenes’ canonic division alongside that of Thra- 
syllus, the latter seems more likely. But because Eratosthenes does 
not provide any concrete evidence for the instrument, its role in 
the harmonic science of the later third century remains obscure. 
Nothing indicates that it was put to any demonstrative or heuristic 
purpose more sophisticated than that of the Sectio canonis. 

It is significant that we can produce no evidence that a har- 
monic theorist whose name sprang so readily to Nicomachus’ 
mind as the author of a kanonos katatomé actually constructed 
this katatome with the help of the kanon, when the instrument was 
probably available to him. If the monochord had been thrust into 
the limelight in the apodeictic project of the Sectio, it still had 
some ground to cover before its use could become so common- 
place among mathematical harmonicists as to allow Ptolemais to 
speak of a science called ‘canonics’, and before it could be put to 
work in demonstrations of greater rigour and complexity. 
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CANONIC THEORY 


Insofar as harmonic science was treated in antiquity as a branch 
of mathematics, its pursuit in the Greek world was subject to 
demographics similar to those of mathematics more generally.’ 
Those who could be given, even by the most generous reckoning, 
Aristotle's label ‘mathematical harmonicists’ (oi KaTa Tous àp- 
Suous &puoviKot, Top. 107a15—16) were certainly never in great 
abundance at any point, and from the time of Eratosthenes down 
to that of Ptolemy we can muster only a handful of authors and 


works (listed here with references in Porphyry's commentary on 
Ptolemy's Harmonics as applicable):? 


Panaeti 
naetius the Younger (not earlier than late second century BC), Concerning the 


Rati : ' 
OS ana Intervals in Geometry and Music (Tepì x&v Kat& yecouerpfov Kal 
HOUOIKT)v AÓy cv Kal Orco Tnu&rov, 65.21—3) 


P ae 
co of Cyrene (early first century AD?), Pythagorean Elements of Music 
(Tu AYOPIKT TNS MOUGIKT|S OTOIXEÍWOIS, 22.23—4) 


Thrasyllus (died AD 


96.16 36), On the Heptachord (Tepi tot értaydpSou, 91.14, 


Heraclid i ; 
M i [Ponticus the Younger?] (mid-first century AD), Musical Introduction 
(Movoik? eioaycoyn, 30.1-2) 


_ 


Harmonics had been i 
cen included among the mathémata since the time of Archytas’ prede- 


fr. 1), and the organisation of Plato, Republic 


N 


it is possible tha TER tus, for instance, may well be later than Ptolemais; 
the same name, not the first- e BONA Nu e dre 
>-century AD grammarian; and we know nothing more of 


Demetrius than the mise 
rably few details ic i 
death-date (c. Ap 305) provides the latest a cree Porphyry, whose approximate 


Demetrius here on] i 

y because he evidentl 
we know) may have lived before Pilem, een 
On Thrasyllus see Tarrant 1993 4 
(110). 


t ratios in music theory, and (for all 


Loe) 


especially on Porphyry's relationship to Thrasyllan texts 
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CANONIC THEORY 


Didymus ‘the musician’ (fl. c. AD 60), On the Difference Between the Aristox- 
enians and the Pythagoreans (epi tis Siapopas TOv Apioto€eveicov Te Kal 
TuSayopeiav, 25.5—6) 

Nicomachus of Gerasa (fl. c. AD 100), Handbook of Harmonics (Appovikóv 
£yxeipiBiov) 

Adrastus ‘the Peripatetic’ (early second century ap), [Commentary] on the 
Timaeus (Eig tov Típatov, 96.1—2) 


Dionysius ‘the musician’ (early second century ap?), On Likenesses (TTepi 
ópoioT] TOY, 37.15-16) 

Demetrius (not later than AD 305), On the Composition of Ratio (Tepi Aóyou 
cuvagfis, 92.25-6) 


Tothis group we ought perhaps to add Theon of Smyrna, whose 
Mathematics Useful for Reading Plato (written in the generation 
immediately before Ptolemy) is our main source for the extant 
musicological fragments of Thrasyllus and Adrastus. But neither 
his treatise nor any of the others in the list above except that of 
Nicomachus has survived complete. Both the brevity of the list 
and the high ratio of fragments to whole works give the impres- 
sion of a bleak time in the history of musical science, but this may 
be somewhat misleading. For one thing, the place of harmonics 
among the mathémata ensured that it continued to be studied.‘ 
That said, it must be admitted that harmonics, like the other math- 
ematical sciences, was limited in the Hellenistic period to ‘higher 
education’ (or demonstrations of virtuosity) and was in practice 
hardly a popular school subject at any time.> Theon wrote his trea- 
tise for educated readers interested in studying Plato whose ak 
of childhood schooling in mathematics made this ‘tough going’; 
Ptolemais’ introductory text, on the other hand, shows that as 
late as the first century AD (perhaps) there was still a need for 
books on harmonics written specifically for pedagogical purposes. 
Some comprehension of the subject was necessary for an under- 
standing of the vast quantities of material commonly gathered 
together in the tradition of commentary on Plato’s Timaeus, and 
thus many authors of this period — Latin as well as Greek — were 


: 45-54, Netz 2002. 
: Barker 19942: 60. 5 Marrou 1977: 183, Clarke I97I: 45-54, NE 
OU Uflv eÜrropov OUSE HASIOV, I.9. 
211 


RSE wl SAT NOR A Regem re I 
P QE EA E 





"m: 


TA 
n 





^ 
E M 
ar 
E 
EENS 
E | 
Bou 
Ex Wu 
ue 
pa 
E 
na 
a 
A 
ie 
iu 
D. 
yis ot 
a 
se nnl 
RAM 
AS 
EY 
WS 
uM 


E st 


ACIE gg whe IR SES HC n 
LEE AE EIT N AE 


Sra 


iS neg RNR T9 BA eres WO AN a EES 
SE T MRD NER CE REN Ot EIOS QU LU 






CANONIC THEORY 


evidently sufficiently acquainted with mathematical harmonics to 
make intelligent sense of what they read.’ 

But making sense of the work of previous generations, or even 
applying this work to one’s own projects, is very different from 
producing the kind of original contribution we encountered in 
authors of the fourth century BC, or even in Eratosthenes, for that 
matter, despite the absurdities of his Aristoxenian tetrachords. Of 
those who could be counted experts in musical theory, only Didy- 
mus (as far as we know) published new tetrachordal divisions, and 
others, such as Ptolemais, appear to have been more interested in 
pedagogical issues than in tackling serious scientific problems in 
harmonics.* The monochord had evidently found a firm place both 
among original theorists like Didymus as well as among harmonic 
educators, since several authors who display no interest or compe- 
tence in the intricacies of harmonics mention the instrument and 
its science in passing. We shall come to these in due course. 

The sparseness of our record for the period is shared by other 
sciences as well, and certain points between the careers of Eratos- 
thenes and Ptolemy are poorly documented phases in Greek intel- 
lectual life as a whole.9 But the work which was undertaken in 
harmonics at this time, while hardly substantial in many ways, 
was not altogether pedestrian, either. Two aspects of this work 
give us a sense of the ideological force of the monochord in the 
harmonics of the period. The first is the suddenly explicit use of 
the instrument, and the development of a new vocabulary both to 
inscribe it into the definition of Greek harmonics and to identify 
In particular that brand of harmonics which many of our authors 
termed ‘Pythagorean’ as opposed to ‘Aristoxenian’.!° The way in 
which this vocabulary — ‘canonics’ and ‘canonicists’ — was used 


: LÀ 
Mud many examples one might cite, Cicero is as good as any; the cosmological 
de aspects of his Somnium Scipionis (De re publica VI) display a thorough 

i ental detail: i ; armonic science. 
See also Vitruvius I y 8, V.4. s of Platonic/Py thagorean harm 


It can be misleading: the general 

as being made already by Plato and 
ends), and one could apparently be a Pythagorean without 
agorean’ tetrachords (e.g. Archytas); likewise, one could 
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by non-specialist authors 1s particularly revealing about how the 
science was perceived by those with no great interest in it, and the 
light this sheds on the prominence of the monochord is valuable 
indeed. The second aspect is the continuing attempts (which began, 
as we have seen, with Eratosthenes) at a rapprochement between 
‘Pythagorean’ and ‘Aristoxenian’ accounts of pitch and interval, 
in which the debate becomes focussed specifically on the roles 
granted to reason and perception in each approach to the science. 
It will turn out that the kanón, because it occupies a unique bridg- 
ing position through its appeal both to reason and to perception, 
becomes an important tool in the debate. Significantly, however, 
the monochord proves to be as divisive as it 1s unifying; in some 
contexts, in fact, it appears to threaten the thesis that reason and 
perception can agree over such fundamental issues as concord and 
discord. In other authors still, we discover that *canonic division' 
may not have meant precisely that, since carrying out a division 
as Nicomachus would have it done presents serious practical chal- 
lenges to the instrument's capabilities. 

The chapter is divided into two parts. The first deals with the 
appearance of the new science, ‘canonics’, which had worked its 
way into lists of mathematical sciences (mathémata) by the first 
century BC. We shall look at the vocabulary of the science and its 
practitioners in order to assess the prevalence of the kanén in the 
harmonics of the period and to determine how closely the instru- 
ment was linked to the science both in specialist and non-specialist 
discourse. In part 2 we shall turn to the question of what 'canon- 
ics’ involved: what ‘canonicists’ did, and how the monochord fit 
into the theory and the practice of their science. The practice, We 
shall see, is primarily the 'division of the monochord’, a proce- 
dure which differs according to the theoretical and argumentative 
concerns of the author who employs it. We shall consider four 
canonic divisions: those of Panaetius, Adrastus, Nicomachus and 
Thrasyllus. 

The goal of the chapter as a whole is 
is being said about the kanon and for 


to account both for what 
what is being done with 


A i i ‘ews on, say, vegetarianism 
pursue mathematical harmonics without having particular vie y, veg 


or the transmigration of souls. 
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CANONIC THEORY 


it. Questions of the ‘laboratory’ methods of its use by harmonic 
theorists at this time — not just in ‘thought experiments’ but in 
actual procedures which might credibly have been carried out — 
will come to be of prime importance in the final chapter, when 
we come to assess the extent to which Ptolemy's procedures, as 


well as his instruments, have precedents among his forebears in 
the discipline. 


I The language of canonics 


Language is only the instrument of science, and words are but the signs of ideas: 
I wish, however, that the instrument might be less apt to decay, and that signs 
might be permanent, like the things which they denote."! 


The earliest datable use of the term ‘canonic theory’ (kanonike 
theoria), a single occurrence, appears in a work by Philo of Alexan- 
dria (early first c. AD).'? The most detailed account of the term and 
its meaning is provided by Ptolemais of Cyrene, who may be 
contemporary with Philo.'? She would be unknown to us were 
it not for Porphyry, whose commentary on Ptolemy's Harmonics 
contains the only extant fragments of her work.'4 There are three 
fragments in total, none of them very long; Porphyry quotes them 
all in commenting on parts of Ptolemy, Harmonics 1.2. There can 
be no guarantee that the passages are quoted either continuously 
or verbatim; in fact, Porphyry warns his reader before quoting 
the third fragment that he will proceed ‘altering a few things for 


Ir 
E Samuel Johnson, A Dictionary of the English Language (1755), preface. 
Opif. 96. The only datable event in Philo's life was in his later years, an embassy to 
Caligula in Ap 39/40. 
n: d Rae have lived at any time between the third century Bc and Porphyry 
rn D pe en 25 ie conjectured that Didymus was Porphyry's immediate source 
iu xa de : i: m Preserved in his commentary, Barker, who identified Didy- 
EC ud a to - Harm. 67.21) as the Suda’s Neronian Didymus, consequently 
wp EE ais Could have been writing as late as the first century AD (During 
: 959: 230, 239 n. 133). On this view her career may have been contem- 


poraneous with that of Thrasyllus fl.c = s : i aeina 
closer to that of Eratosthenes (c. Ted PSR Opos 


Porph. 7 - | 
orpn. In Harm. 22.22 24.6, 25.3-26.5. The label *Cyrenean' (TroAeuais f Kupnvato, 


22.23) may te ^ 
: 3) aay ll no more about Ptolemais than it does about Eratosthenes, who appears 
to have spent most of his Career away from his native city ; 
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I THE LANGUAGE OF CANONICS 


the sake of brevity’,!5 and there is at least one place where Por- 
phyry's editing appears to have confused the original sense of the 
passage." 

Ptolemais’ treatise was an introductory textbook: Porphyry calls 
it an eisagoge (23.24). Its catechetic style, which survives Por- 
phyry's (possibly second-hand) quotation of it, is common enough 
among musical introductions: ready examples can be found in the 
treatises of Bacchius and Dionysius.'? This feature serves to high- 
light one of the priorities of Ptolemais' book — it was written for 
memorisation and repetition, like all such textbooks. In content, 
too, it must have provided a quotable summary of musical basics, 
through which the student of harmonics graduated from simple 
toward more complex and challenging material. 

Two things in particular make Ptolemais a valuable witness to 
the history of the monochord and its use. The first is that she men- 
tions the monochord at all — in fact, she mentions it more frequently 
than any earlier author whose writings we possess. Duris gave us 
no more than a single-word reference; the last two chapters of the 
Sectio canonis offered only a brief set of instructions for mono- 
chord division; and the work of Eratosthenes, such as we have it, 
allows no ready answer to the question of whether he used the 
instrument at all. Now, quite suddenly, Ptolemais gives us not only 
the kanon, but kanoniké pragmateia, ‘canonic science'.!? The fact 
that monochord use had become codified in this way represents 
à significant departure from its obscurity among her musicolog- 
ical predecessors. The second item of importance to the present 
discussion is her attempt to isolate the methodological character- 
istics that define a ‘canonicist’, as opposed to à ‘Pythagorean’ Or 
an ‘Aristoxenian’. Both of these aspects of Ptolemais’ approach 
to the science distinguish her from her extant predecessors: the 
way in which she writes about the monochord and its role shows 
that the instrument and its place in harmonics had already begun 


T" * - Harm. 25.6-7, trans. 
5 óMya Tfjg AéEews cuvrouías ÉVEKEV TOPAKIVOUVTES, Porph. In 3 


M Barker 1989: 241. 

fi See Barker 1989: 242 n. 148, commen 

d The style is also employed by Augustin 
Ptolemais ap. Porph. Jn Harm. 22.25. 
with an adjective in -iké (both nouns are 
interchangeably in many contexts. 


nting on 25.23-6- | 
e in his De musica. l NE 
Formulations of both pragmateia and theoria 


feminine) are Very common, and are used 
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CANONIC THEORY 


to change the way the science was taught and practised. The 
further developments made possible by monochord use formed 


one important part of the background to the work of Claudius 
Ptolemy. 


The terminology and its usage 


The first of these points, the mere mention of the monochord, 
comes as no surprise. But the fact that Ptolemais includes it in an 
elementary instruction manual is revealing: it is now a part of math- 
ematical harmonics that every student needs to know about. The 
kanon had evidently become so closely associated with its science 
as to have spawned the terms ‘canonics’ (kanonike [pragmateia]) 
and ‘canonicists’ (kanonikoi);9 the assumption that the science 


was named for its primary instrument was common enough that 
Ptolemais could attempt to refute it: 


&moó Tivos Kavovikhy avThy Aéyouev; oÙ% dds EVIOL vouiZouci &TÒ TOU KAVOVOS 
doyavou Trapovopaobsioay, GAN ó&ró tis eUOUTH TOS cs 510 TAUTNS TÄS TPO- 
ypaTelas TÒ plòv ToU Adyou eUpóvtos Kai Ta TOU pOT uévou TrapaTrhy para. 
From what do we derive the term ‘kanoniké’? Not, as some people think, by 


transference from the instrument called the kanón, but from straightness, on the 


grounds that it is through this science that reason discovers what is correct, and 
discovers the parapégmata of what is well attuned.^? 


On the contrary, she argues, ‘it is rather that the instrument was 
named "kanón" by derivation from the science of kanoniké’.”’ She 
also claims that the term kanonike was the old word for harmonike 
(‘harmonic science’) among the Pythagoreans: ‘for what we now 


call harmoniké they used to name kanonike' ?? It was not applied 
rigidly to the monochord, either: 


Ig NS 
RCT ENE pragmateia: Porph. In Harm. 22.25, 23.4; otherwise simply kanonike: 22.26, 
27; 23.1, 21; kanonikos (sg.): 23.5; kanonikoi (pl.): 23.7, 8, 14, 18. 


20 P we 
tolemais ap. Porph. In Harm. 22.277—30, trans. Barker 1989: 239. I have discussed her 
7 use of the term parapegma in ch. 1 part 2. 
Uu&AAov oUv TO Ópyavov é&ró tf 8 

fis kavovik i JV G ; o» 
tu edes Ñs Toayuatelas kavév voon, 23.4-5 


22 e & ~ t " 
V i 3 ~ 
o puoviKT|v. A£&yousv, ékeivol KavovikT|v cvouatov, 22.26-—7, trans. Barker 
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kovoviKf|v yé TOI koAoUo01 Kal TNV Emi oupiyyœv Kai avAdv Kat TOV GAAav 
TpayLatelav, KAITOL TOUTWV UT) KAVOVIKDV OVTOY, &AX étrel aUTOIS oi Aóyol 
Kal TH 8&copr]uarrat EPAPPOTOUGI, KAVOVIKE Kal ro To TIPOGAY OPEVOUGI. 


They also call ‘kanonike’ the investigation that employs syringes and auloi and 
the rest, though these are not strictly canonic; but they call them ‘canonic’ too, 
because the ratios and the theorems fit them.?? 


Ptolemais’ contention about the origin and priority of the term 
kanoniké hardly warrants refutation,?4 but it is curious that she 
makes so much of it. Her concern seems to be at least partly to 
show that the science is about more than a single instrument. What 
does it mean for something to be ‘canonic’? That ‘the ratios and 
the theorems fit’ it, according to Ptolemais. Thus a kanonikos 1s not 
exclusively a harmonikos who works with monochords, but one 
who practises harmoniké according to the rational procedures of 
the Pythagoreans and Platonists. ‘A kanonikos, in general, 1s a har- 
monic theorist (harmonikos) who constructs ratios in connection 
with attunement.'?5 

Ptolemais also gives two further labels for groups of people who 


concern themselves with music. First are the mousikot: 
Öiapépouoi SE uoucikol Kal of kavovikof. uoucikol pèv yàp Aéyov1at oi ÅTÒ TOV 
aioerjoeov ópucuevoi &puovikot, kavovikol 9 ol TTu8ayopikol oi &puovikot. 


is the name given to the 


Mousikoi and kanonikoi are different; for ‘mousiko? 
s, while ‘kanonikow 


harmonic theorists (harmonikoi) who begin from perception 
is that given to the Pythagorean harmonic theorists (harmonikoi).”° 


For Ptolemais, mousikoi (which in some contexts indicates per- 
forming musicians as opposed to musical theorists) are to be distin- 
guished from kanonikoi as perception-based (later to be identified 
as ‘Aristoxenian’ ) theorists; neither are performers. ‘But each’, she 


23 
" 23.1-4, trans. Barker 1989: 239. DU" 
^^ Origin: cf. Ptolemy’s oblique statement at Harm. 5.12-13, and TE Op : pic 
20. Priority: Ptolemais, if she predates Philo, would be the earliest ex ant a 
: nike was common in 


use the term kanonike (Barker 1989: 239 n. 134), whereas harmo 
the fourth century (Arist. An. post. 7941-2; Metaph. 997021, 1078814; Ph. 19488; cf. 


Aristoxenus, who normally uses it as an adjective: 1.5, E 2 Ce 
pragmateia); 8.4, 34.31 (harmonike episteme); Plato uses harmon ; 


but never harmonike). 

^5 kavovikós 8 £cl kaQóAou ó ÁpHOVIKÒSŞ 
23.5-6, trans. Barker 1989: 239. 

an 23.6-8, trans. Barker 1989: 239-40. 
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CANONIC THEORY 


adds, ‘are in the generic sense mousikoi’27 — which must mean, as 
it did in Plato, something like ‘people versed in things to do with 
music’ .?8 

Later she introduces the organikoi (instrumentalists), who ‘pre- 
ferred perception’, and ‘gave no thought at all, or only feeble 
thought, to theory’ .?9 Didymus, whose account closely parallels 
that of Ptolemais in many respects, pairs the organikoi with the 
phonaskikoi, the ‘vocal trainers’, in his list of those whose proce- 
dure he characterises as ‘non-rational’ (alogos).?? If we synthesise 
Ptolemais’ and Didymus’ accounts, the terminology for those who 
concern themselves with the study of music could be summarised 
in the following way: all are in the generic sense mousikoi (Porph. 
In Harm. 23.8—9), and those with some interest in theory are Aar- 
monikoi (23.5—8). The remaining terms could be grouped in a 
spectrum, from those most concerned with reason to those most 
focussed on perception, in the order mathématikoi (23.12), kanon- 
ikoi, mousikoi, organikoi and phonaskikoi. There are subtleties 
and confusions in the classification which do not concern us here; 
some of these will become relevant in part 2 of this chapter. 

For all Ptolemais' attempts to distance canonics from the kanon, 
her own usage betrays the extent to which the former relied on the 


latter. The second part of the first excerpt quoted by Porphyry 
begins with a telling synonym for ‘canonics’: 


Å KAT TÓv kavóva 9ecopía, èk TÍvwv OÚYKEITAI; ÈK TÕV Trap& TOIs uouoiKols 
i NUATIKOIS AauBavopévæv. EOTI 66 TÒ 
Trapa TV aio8rjoeov AauB&vouciv oÍ 
PHOVva kai Siaqgava SiaotThuaTa Kal TO eivod 


Sia Tecodpwv Kal ToU Sick trévt_e Kai TO Elvan 


TroTiOEUÉvoov Kal èk TOV TAP Toig ua 
TAPA Toig UL OUCIKOIS UTroTIOguEvar, oon 
Kavovikol, oiov 16 elvai tiva OUU 
cUvOerov TÒ Bi& TAGHV EK Te TOG 
TÓvov Tiv & UTrepoyxTiv ToU Sià 
Ta 5E TAX Toig po8nuarrikois A 
9&copoUo1v £k t&v THs aic61joe 
&piOuÀv Adyois Tà olac Tua 
qQOOy' yov koi Tà TrarparrA rota. 


TÉVTE TAD TO Sick TEOGO po Kal TH Ópola. 
auPavóueva, dca i6ícos oi kavovikol Ta Ay% 
Cs &oopudcv uóvov kivnO£vres, oiov TO Elvat Ev 
TH Kai TO elven 2 dpiOudsv cuykpovoTOv Tov 
TOS UTrobéseIs oŬv THs kavovikfs Slopicelev &v TIS 


?7 eici Sè kai ékérre D yé | 

9! TO y£vel pouotkoí, 24.8 
28 Cf. Pl. Phdr. 268d-e. RU 
29 Thy 9 aic8now TPOEKPIVaV of Opyavoxoi 
f Šoðevńs, 25.14—16, trans. Barker 1989: 241. 
3? Didymus ap. Porph. In Harm. 26.13-15. 
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Urrüpyetv Tfj TE Trepi THY uovoikrTyy &rrio fur kai TH Trepi Tous &piOuoüUs kai Tv 
yeoxerptav. 

The theory?! that uses the kanón — of what does it consist? Of the things postulated 
by the mousikoi and those adopted by the mathématikoi. The things postulated by 
the mousikoi are all those adopted by the kanonikoi on the basis of perceptions, 
for instance that there are concordant and discordant intervals, and that the 
octave is compounded from the fourth and the fifth, and that the excess of a fifth 
over a fourth is a tone, and similar things. Those adopted by the mathématikoi 
are all those which the kanonikoi study theoretically in their own special way, 
only beginning from the starting points given by perception, for instance that 
the intervals are in ratios of numbers, and that a note consists of numbers of 
collisions, and other things of the same sort. Hence one mi ght define the postulates 
of kanoniké as lying both within the science concerned with music, and within 
that concerned with numbers and geometry.?? 


The last three sentences are of uncertain authorship,?? but even on 
the basis of the first two we find Ptolemais describing canonics as 
à Science defined in terms of the instrument on which its demon- 
Strations were carried out, whose postulates originated among the 
mousikoi and the mathématikoi. A distinction can then be made 
between mathématikoi and kanonikoi: the former concern them- 
selves with things like the first nine propositions of the Sectio 
canonis; the latter are interested in the same things, but ‘begin- 
ning from the starting points given by perception’ (23.18—19). The 
definition of kanonike (23.21—2) is that of a science whose pos- 
tulates (hypotheseis) combine those of mousiké, arithmétiké and 
Seometriké — an unusual claim to which I shall return — but it 
is clear from Ptolemais' phrase 7) KaT& TOV kavóva Bewpia (‘the 
theory that uses the kandn’, 23.10—11) that it is by virtue of the 
instrument itself, with its appeal to the primary elements of all 
three sciences, that this is so. For all her protests in Porphyry s 
first quotation (22.27—30), it appears that the kanon has become 
intricately bound up in the definition of mathematical harmonic 
theory after all, and its practitioners and postulates along with it. 


in vari ientific and 
?' Theoria does not mean simply ‘theory’ in our sense, but in es Quse das 
philosophical contexts ‘investigation’, ‘consideration’, contemp'a 
or even ‘reckoning’ (LSJ s.v.). 
32 
23.10—22, trans. Barker 1989: 240. 
33 Düring separates them as belonging to Porphyry; Barker poen uei: P 
without a break, but admits that it may not all be Ptolemais' work (1989: l : 
^ Barker 1989: 240 n. 139. 
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CANONIC THEORY 


‘Canonics’ may not have been limited to the monochord, but the 


instrument’s influence had certainly come to be felt in the language 
in which the science was discussed. 


Ptolemais' definition of canonics is confirmed in a more general 
statement by an author Porphyry calls Panaetius ‘the Younger (In 
Harm. 65.21).35 Panaetius uses the expression ‘canonic theory 
(kanoniké theoria) twice in the course of the fragment Porphyry 
preserves, both times in the context of an argument about the 
incorrectness of the word ‘semitone’ (hémitonion): 


Eri 8 &roy8óov SiaotHpatos uécos &véAoyov ovK ZoTiv év piOyois, ovsE xoa 
Tijv Kavovikiy Oecopíav Tov TÓvov gaol Siya TéuvecOor. bióTrEp OUT él TAS 
TOLOTHTAS &vagepóvrov, OUT Eri Thy Kavovikty Bewpiav TO A_ITOVIOV fplou 
Eoi TOU TÓvou, AAAA KATAXPÅOEL óvóuaros AgyeTat uóvov, KabaTrep Tuipavov 


Kal fjulovos. ovdsé yàp év TOUTOIS Éveo ri TÒ f|uiou TOU PuVNEVTOS 1) TO NIOU TOV 
Ovou, 


In the case of the epogdoic interval there is no mean proportional in numbers, and 
in canonic theory they deny that the tone can be divided in half. Hence neither 
when people refer the matter to qualities nor in canonic theory is the ‘half-tone’ 
half of the tone, but the term is merely a misuse of language, as in the case of the 


‘semivowel’, and the ‘half-ass’ [mule]. For here too there is not half of a vowel 
or half of an ass.3° 


Like Ptolemais' canonic science, Panaetius’ ‘canonic theory’ i$ 
mathematical harmonics, the kind of harmonics in which semi- 
tones cannot be divided equally.37 

One of the most frequently recurring contexts for the use of 
the term kanonike in this sense is in lists of mathematical sciences 
(mathemata). Since the time of Archytas’ predecessors, ‘those con- 
cerned with the mathematical sciences’ (tol mepi Tà uo) pora),* 
the list in its simplest form had only four items: arithmetic, geom- 
etry, astronomy and harmonics (the mediaeval quadrivium). For 
Archytas the last of these was simply the science ‘about music’ 


35 , 
ies alae: ie the more famous Panaetius (of Rhodes, c. 185-109 BC), the Stoic 
39 Porph. In PSU Cornelius Scipio Aemilianus. We cannot date him otherwise. 
In Somn. Yl.1.21. T3795, trans. Barker 1989: 238-9. See also Philo, Opif. 126; Macrob. 
37 The details of the ar i 
gument will . ; a 
38 Archyt. fr. 1 (Porph. In Harm. E t us more directly in part 2 of this chapter. 
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(Trepi uoo01k&s);?? Plato’s usual word was harmonia.?° The word 
harmoniké appears in such lists as early as Aristotle,^" but from 
at least the time of Geminus (mid-first century AD), kanonike 
often replaces harmonike.^ The relationships between sciences 
as expressed by Plato and Aristotle are frequently articulated as 
the lists expand, and Aristotle's notion of the subordination of 
some sciences to others is often apparent.*3 Canonics is thus nor- 
mally paired in some way with arithmetic, as it is in Heron of 
Alexandria: 


Tiva Tiol TpooEyyiZer TOV pabnudtwv; cuveyyiGer USAAOV TH u£v &piOunikt 
À AoyloTiKT Kai f| kavovikr: Kal yap alt év rrocórryri AaoUoa KaTa Aóyous 
apiduous Kai &voAoyías Trodeio1- TH Sè yewouetpia fj OTrTIKT) Kai f yewSanoia, 
Gupotépais Sé kal &rri TAEOV fj UNXaviKt Kal &orpoAoyikr. 

Which of the mathematical sciences are near to which? Calculation and canonics 
are closest to arithmetic; for arithmetic, too, proceeds by finding numbers and 
proportions in terms of quantity according to ratios. Optics and mensuration, 
on the other hand, are closer to geometry, and beyond these, mechanics and 
astronomy are related to both.44 


For Heron, mathematical harmonics is called kanoniké, not har- 
moniké, and its closest scientific relative is arithmetic, because 
like arithmetic, it is concerned with numbers and proportions as 


No 


9? Archyt. fr. 1 (Porph. In Harm. 56.10). g 
2 E.g. Resp. 531a. From Resp. 530d it is clear that he understood the science (episteme) 
which studies harmonia as that which is concerned with harmonic motion ($varpuóvios 
popa), in parallel with the visible motion of its sister-science, astronomy. l 
E.g. Ph. 194a8: ‘the more physical of the mathematical sciences, such as optics, har- 
monics and astronomy’ (T& pPUTIKWTEPA TOV LaðnuáTæv, oiov óTrTIKT] Kad AppOVIKN 
Kai &orpoAoyía). Cf. also An. post. 79a1, Metaph. 997b21, 1078a14; Plut. Non posse 
1093d, Quaest. Plat. 1001f. 
This new quadrivium — arithmetic, geometry, l i 
in Plutarch, for instance, who derives it explicitly from book VII of Plato's Republic 
(&pi&umymiktyv xoi yecoperpta Kai kavovikf]v rrácov Ka &g tpoAoy'tav, Plut. fr. 147 — 
Stob. IV.18a, 10). Geminus (ap. Procl. In Euc. 38.2-1 5) divided the sciences into those 
with intelligible as opposed to sensible objects, of which there were two ae 
and geometry), and those with sensible objects, of which there were six (mechanics, 
astronomy, optics, mensuration (geddaisia), canonics and calculation). 
43 On harmonics as a subordinate science in Aristotle, see ch. 3 part 1. "E 
44 Deff. 138.7; his complete list of sciences is at 138.5. The text as sedit PIGH 
unified, and it has been suggested (Knorr 1993) that the earliest eee of it were 
written not by Heron (fl. AD 62) but by Diophantus (possibly mid-third century AD). 
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N 


4 


221I 


E et set 


CANONIC THEORY 


numerable quantities (as opposed to magnitudes, e.g. lengths or 
volumes), and expresses them by means of ratio.45 

This is the orthodox account of the sciences, and many repeat 
it. But the process of classification sometimes places canonics 
in unusual positions. The fifth-century Neoplatonist Proclus, who 
makes his primary division of the sciences (following Geminus) 
according to whether they are concerned with intelligible or sensi- 
ble objects, sees canonics as a science whose use of the monochord 
fixes its focus on audible phaenomena: 


TOAIV ÖTTIKÌ Kal Kavovikn yewpeTpias sioi kai &p1Ounrtixis &yovor... f Sat 
KAVOVIKT] TOUS Qotvopévous Adyous TOV APUOVIGV OKOTEITAL, TAS THY Kavóvov 
KATATOLAS avEeupiokouca Kal Tij aioOfjoe TravraxoU Trpooxpouévn kal óx 
proiv ó TTA&row Sta ToU vod TTPOOTNOAUEVN,. 


Again optics and canonics are offshoots of geometry and arithmetic... The sci- 
ence of canonics deals with the perceptible ratios between notes of the musical 
scales and discovers the divisions of the monochord, everywhere relying on 


sense-perception and, as Plato Says, ‘putting the ear ahead of the mind’ [Resp. 
531a—b].46 


Although Ptolemais had admitted that kanonike adopted some 
of its postulates from sense-perception,^7 on balance her treat- 
ment of the science presents not the kanonikoi but the Aristoxe- 
nian mousikoi as everywhere relying on sense-perception'.^5 Pro- 
clus, by contrast, damns kanonike with the very words Plato had 
used to criticise the minimal unit-finding procedures of Glaucon's 
harmonic theorists in Kepublic VIL. As we saw in chapter 3, à 
monochord would be useless in such procedures (at least as Plato 
describes them); it seems then that for Proclus the mere fact that 
kanonike is practised with the help of an audible instrument is 
what relegates it to the cave. What is canonics about? Canonic 
division, of course: one of the defining procedures of the science, 
for him, is ‘discovering the divisions of the monochord' (t&s TOV 
POV OVON KO'rocropuóáre åveupiokouoa, 40.23—4), an activity which 
he evidently sees as completely dependent on sense-perception. It 


* Nowhere in his ext; 
5 extant works does Heron us E ziddndi j ; 
l n use the word har ke Cate the science 
his only use of the word tarmonike to indicate > 


: 1.29.1) is as an adjective ; ere kanonike 
could not have been subst; i on DD 


46 In Euc. 40.9-10, 40.22 
48 With Proclus' stateme 
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attends to the ‘perceptible ratios’ of the harmoniai. Plato advocated 
a kind of ‘inaudible harmony’, but the division of the monochord, 
like the empirical string-torturing of Glaucon’s theorists, pulls 
harmonics back into the realm of sense-perception. The kanon is 
problematic, then, because it makes ratios audible. And 'canon- 
ics’ is the only type of harmonics with which Proclus concerns 
himself. Mathematical harmonics has come to be thought of as 
monochord-science, and this has philosophical consequences. 

We cannot tell whether Geminus’ account included an explicit 
reference to canonic division;>° Heron’s does not, but Panaetius’ 
does.?' Thus the association between canonic theory and canonic 
division in Proclus’ account is not a fifth-century anachronism; it 
would not be unreasonable to suggest that it dates from the first 
century AD. The use of the term kanonike theoria by Philo of 
Alexandria (Opif. 96) and his awareness of the use of the kanon 
in setting out scales of different genera (De posteritate Caini 104) 
hint in this direction, but no first-century author makes the link as 
explicitly as Proclus does.5? I shall return to the practice of canonics 
shortly, but first we must deal with one anomalous classification 
of the science. 

Ptolemais defined kanoniké as a science whose postulates are 
drawn not only from mousiké and arithmétiké, but also from 
geometriké.>> In light of the fact that Heron, Proclus and (proba- 
bly) Geminus all classified canonics as an arithmetical science, her 


9 Harmonike occurs only once in Proclus" Commentary (34.16), in a discussion of pre- 
cision (akribeia) and demonstration (apodeixis) in the sciences, where he observes that 
arithmetic is more precise than harmoniké. Compare the usage of Simplicius, who 
lists ‘harmonics, otherwise known as canonics’, among the mathémata (In Phys. 11.2, 
293.9—10). 

°° What survives of Geminus’ account of the mathematical sciences is preserved by Proclus 

(see n. 42 above). 

His brief canonic division (ap. Porph. In Ha 


two references to kanoniké theoria (67.4, 5-6); d dee 
Philo's single use of kanoniké theoria is problematic, because he invokes 


: . io 5:2. This is the ratio of the 
as an auth ecial harmonic status of the ratio 5:2. . 
uus cient definitions. It is hard to tell whether 


octave plus major third, a discord by all an | 
Philo is deliberately attempting to mislead, or simply out of his Tea In either UR 
however, he provides an example of the ways in which the language an practice of the 
monochord spilled over from harmonics into wider intellectual discourse in the century 
before Ptolemy. 

Ptolemais ap. Porph. In Harm. 23.21-2. 


rm. 66.20-30) comes immediately before his 


5 
it is discussed in part 2 of this chapter. 
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CANONIC THEORY 


inclusion of the postulates of geometry seems odd.54 I have argued 
already that although mathematical harmonic science adopted geo- 
metrical diagrams, the language which governed them constrained 
their use in the same way as we find geometrical diagrams con- 
strained in Greek arithmetical proofs.» The result, I have sug 
gested, is that although methods were available to harmonic theo- 
rists by which geometrical operations might have been performed 
with the monochord, the conception of the science as à species 
of arithmetic ruled them out.5? Ptolemais’ summary suggests that 
thinking of harmonics in terms of tbe Kanon introduced a com- 

plication: the instrument must be sounded by line division. Line 

division lies outside arithmetic; thus the act of canonic division 

involves first admitting the postulates of geometry into harmonics, 
before arithmetical entities (ratios) can be set out on the instru- 
ment. For to perform a canonic division one must first postulate 
the possibility of drawing a straight line from one point to another 
(Euc. El. I post. 1). 

As we shall see in chapter 6, Ptolemy would later incorporate 
more of the methods of geometry into harmonics. Geometrical 
postulates never replace arithmetical ones, because the language 
of mathematical harmonics always belongs to arithmetic (irra- 
tional intervals, for instance, are always impossible). but geometr) 
becomes a part of the science with the monochord, and Ptolem) 
would use it for tasks in which arithmetic was of no help.” 

Ptolemais' inclusion of the postulates of geometry is thus not à: 
surprising as it might first seem. She is also not the most extrem 
case. Ptolemy's contemporary Aulus Gellius distanced canonic 


from arithmetic, classifying it, together with optics, as a branch © 
geometry. 


quaedam geometriae omtikt) appellatur, quae ad oculos pertinet, pa 
alters l ac | | 
era, quae ad auris, xavovikr) uocatur, qua musici ut fundamento artis Su: 


54 The arithmetic- ex ; 
metic-harmonics connection derives, as we have seen, from statements | 


authoritative authors like Aristotle (e.g. An. post. 79al); cf. Suda & 2627.5 (S 
» emo'Trnun). But cf. Ptol. Harm. 94.16—20 for a more balanced a proach. 
See ch. 1 part 1. à 


56 One such method would 
have been th icati ; v 
Kn du E Pa application of Eratosthenes' mesolabon to t 
57 See e.g. Harm. ML2 (discussed in ch. 6). 
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utuntur. utraque harum spatiis et interuallis linearum et ratione numerorum 
constat. 

One branch of geometry is called optike, the one which belongs to the eyes; 
another branch, which belongs to the ears, is called kanonike, and musical theo- 
rists employ it as the foundation of their science. Both of these rely on the spaces 
and intervals between lines and on ratios of numbers.5 


Gellius is, so far as I can tell, unique in associating harmonics with 
geometry instead of arithmetic. This is clearly unorthodox, but 
two things about his account are worth noting. First, his classifica- 
tion is reasoned: canonics cannot be practised without expressing 
ratios as lines; this draws it into the realm of geometry, like optics. 
Second, his definition of kanonike is itself unique: for him it is the 
science that measures not just the pitches, but also the durations, 
of sounds.5? Rhythm is not included in any other ancient definition 
of canonics, but the kanonikoi are credited with statements about 
the similar (rational) nature of rhythm and melody.°° Obviously 
the ratios of rhythm cannot be studied with the monochord, nor 
can they be thought of as a kind of quantity accessible to geometry. 
Gellius? account of canonics is therefore inconsistent, but it helps 
to show that the science was perceived to have some resemblance 
to geometry, and that its attention to ratios could be transferred to 
rhythm as well as to melody. Canonics seems to have been defined 
and classified not only by its use of the kanon but by the instru- 
ment’s governing principles, which included the basic postulates 
of geometry and arithmetic. 


us see Holford-Strevens 2003: 325-7. 


à . 
5° Gell. NA XVI.18.1—2. On kanoniké in Aulus Gelli 
tches of sounds. The measure 


59 *Kanonike, on the other hand, measures the durations and pi neas 
of the duration of sounds is called rhythmos (rhythm), and the measure of their pitch 
is called melos (melody)' (kxavovikn autem longitudines et altitudines uocis emetifur. 
longior mensura uocis ġu8uós dicitur, altior u£Xos, Gell. NA XVI.18.4). s 
Porphyry quotes Dionysius ‘the musician’ to this effect: ‘according to the ee 
the nature of rhythm and melody is nearly one and the same; they also think t ais 
is high-pitched is fast and what is low-pitched is slow. And in general they 2 t “i 
attunement (to hérmosmenon) is a proportion between movements, and that ies -tunec 
intervals are in ratios of numbers’ (xor pév YE TOUS KOHORE uia OXE ius : 
QUTT oUcía oTi HUOLOU TE Kai péAous, ois TÓ te OFU T ax Gokel Kai s iun iT 
Ka9óAou 81) TO fjpuoctuévov KlVT|C€ODV TIVOOV cuuperpla KAI EV o ER Sr HOME 
SiacothpaTta, Porph. In Harm. 37-17-20). Porphyry expands on Diony 

fleshes out the connection between t 


he ratios of concord and those of rhythmic metres 
(37.25—38.2). Cf. also [Arist.] Pr. XIX.39- 


60 
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CANONIC THEORY 


2 The practice of canonics 


I certainly would not deny the role of the abacus for Greek arithmetical concept- 
formation. The question is different: whether any arithmetical proof, oral or 
written, was ever conducted with the aid of pebbles... [T]he special advantage 
of pebbles over other types of arithmetical representations is a result of their direct, 
physical manipulations, which are necessarily tied up with actual operations. It is 


not the mere passive looking at pebbles which our sources mention: they mention 
pebbles being moved and added.*! 


We are fortunate to have better evidence in harmonics than in 
arithmetic for the involvement of instruments in the presentation 
of proofs. One of the reasons for this, as we saw in chapter t, 18 
that the instruments of harmonics, unlike those of arithmetic, can 
be inscribed in the proof itself according to the conventions of 
the lettered diagram. What the monochord provides its science IS 
in general similar to what the abacus offers arithmetic: a means 
of tying conceptual operations to physical manipulations. But the 
histories of the involvement of these instruments in their sciences 
are different; we can no longer entertain the possibility that the 
monochord played a role in the early formation of any of the fun- 
damental concepts of mathematical harmonics. And yet concepts 
and activities are closely intertwined: scientific instruments, by the 
mere fact of their physicality, by their appeal to sense-perception, 
enable certainty; they help to convince. If seeing is believing, then 
seeing and hearing must produce an even more convinced belief; 
seeing and hearing as a result of one’s own theoretically grounded 
manipulations is of a higher order again. Thus the role of appa- 
ratus 1n Greek science is closely connected with the process both 
of thinking through conceptions, and of acting them out: in the 
right circumstances, the division of the monochord can be the 
performance of the proof. It can be a way of simultaneously enact- 
Ing a mathematical/harmonic proposition visibly and audibly, of 
C elis diagram, and of musically animating the 
ision 1s thinking diagrams aloud. 


The 
ne process also works in the opposite direction: in canonics, 
the demonstration that ‘the octave is 


less than six tones’ (Sect. 
6! Netz 19992: 64. 
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can. prop. I4) comes as the final, perceptibly accessible point 
of an argument which, after the introduction of initial postulates 
from perception, could be followed entirely by calculation. But 
if one followed the argument by monochord all the way, then 
the agreement of perception with calculations based on initial 
perception-based postulates at each stage would serve to confirm — 
especially where the end results are theoretically contentious — that 
perception and reason work along parallel tracks. The monochord 
was the clearest (though not quite the only) means of direct two- 
way communication between the faculties of aisthesis and logos 
available to the ancient Greek musical theorist. 

The purpose of the remainder of this chapter 1s to examine the 
practice of canonics — that is, what precisely kanonikot did, and 
how the kanón was involved in that practice. Proclus’ answer was 
‘canonic division’, but this requires some fleshing out. What were 
the aims and objectives of canonic division? What theoretical pur- 
poses did it serve? What, in fact, were the physical manipulations 
conventionally designated by that term, and what theoretical oper- 
ations did they animate? If the monochord was invented after (and 
as a result of) the formation of the basic postulates and theorems 
of mathematical harmonics, did its presence in the following cen- 
turies shape subsequent developments in Greek harmonics? Ques- 
tions about the practice of kanoniké turn out to be questions about 
the role of the instrument in the connections between concept and 
demonstration in Greek harmonics. 


Reason versus perception 


The necessity of providing a framework for the relationship 
between the two indispensable faculties of reason and percep- 
tion in musical theory had already been addressed by Plato and 
Aristoxenus.®? Their arguments, however, only opened the debate. 
Plato had divided harmonic theorists into two groups (em 
and Glaucon’s theorists, as we encountered them in chapter 3); 3 
Aristotle recognised a similar distinction, of ‘mathematical 


?? See especially Aristox. El. harm. 33.3719: 34.26-30, 38.29-39.4- 


93 PL Resp. s31a-c. 
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harmonics’ and ‘harmonics by ear’.°4 Ptolemais expresses this 
dichotomy with the labels ‘Pythagoreans’ and Aristoxenians 
One of the most important and polarising points in the history 
of this opposition must have been the composition of the Sectio 
canonis, where the monochord had a central role to play in the 
apodeictic refutation of Aristoxenian harmonic arguments. u 

The kanon had thus become involved, from the earliest point in 
its history, in what came to be known as the Pythagorean versus 
Aristoxenian debate. One of the most important consequences 
of the argument of the Sectio was that by it the mathematical 
harmonicist — the kanonikos, we may now call him — was able to 
use Aristoxenus’ own prized criterion, perception, to prove him 
wrong. The Aristoxenian assertion that there are six tones in i 
octave, for example, can now be demolished by evidence B 
simultaneously to reason and perception. As a straightener of "i 
senses, the monochord speaks directly and incontrovertibly in te 
realms of music and mathematics, as Ptolemais was aware. 

It would seem, then, that the monochord's arrival only widened 
the ideological rift between mathematical and Aristoxenian har- 
monics. Yet within a century of the Sectio, at least one scholar 
(Eratosthenes) had already begun to work toward some iO 
ment between the diverging schools. Later, Adrastus would see 
to bring them together by means of instruments®> — a projec 
whose methods were developed with even greater sophisticatior 
by Claudius Ptolemy. Although Ptolemy’s aims were differen 
from those of Adrastus, the unique brand of apodeictic empl) 
cism which makes his Harmonics a pivotal contribution to ancie! 
Science owes its inception in part to the use Adrastus makes C 
demonstrative instruments, and in part to the way in which th 
opposition between ‘Pythagorean’ and ‘Aristoxenian’ harmonic 
was framed by certain earlier theorists. 

Ptolemais was perhaps the earliest (though we cannot be ce 
tain) to focus the debate around the authority each camp g4 


either to reason or to perception. Her book was apparently ent 
tled Pythagorean Elements of Music, but her allegiances are not: 
6 € Vou x 
t See VEST) E poteri Kai f| Kate Thy &xofiv, An. post. 79a1-2. 
Though his intention ‘is not precisely to reconcile the two traditions’ (Barker 1989: 21 
and as we shall see, the monochord sits somewhat uncomfortably within his method 
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plainly straightforward.9? She was interested in the monochord and 
clearly considered its rational principles fundamental to harmonic 
investigation, but she was also well aware of the fact that mathe- 
matical harmonic theory cannot do without perception entirely. Her 
list of postulates culled from perception falls into two groups:?? 


I. those which the kanonikoi adopt from the mousikoi 
a. that there are concordant and discordant intervals 
b. that the octave is made up of fourth and fifth 
c. that the tone is the excess of a fifth over a fourth 
d. and similar things (xoi Tà Spoia) 
2. those adopted by the mathématikoi and studied by the kanonikot 
a. that intervals are in ratios of numbers 
b. that a note consists of numbers of collisions 
c. and other things of the same sort (kai rà rrapodrAnoio) 


The first group contains items which are indisputably perception- 
based: there is no other faculty by which they can be indepen- 
dently ascertained. The second group, however, relies on a much 
less immediate appeal to perception; these postulates can only be 
inferred from perceptibles via arguments like those in the intro- 
duction of the Sectio canonis.®8 Neither of her examples (2a-b) 
would be endorsed by a perception-based Aristoxenian mousikos 
(to use her term). In other words, we are dealing in group 2 with 
à set of postulates which rely ultimately on perception, but whose 
status as such would not be admitted by the harmonic theorists for 
whom the evidence of perception counted the most. 

A word must be said here about Ptolemais' treatment of the 
Aristoxenians on this particular question. ‘Aristoxenus puts no 
faith in reason, but much in the senses', wrote Boethius, apparently 
citing the opinion of Ptolemy.® Ptolemais’ treatment of him is 


Ptolemais’ terminology for reason and perception 1s 


66 T; 
Title: Porph. /n Harm. 22.23-4. ; 
a UA or ween logos and aisthesis, whereas his 


different from Aristoxenus’; her opposition is bet 6 Be dicc nag is bolhi 
is usually (though not always) between dianoia and akoé. Ptolemais distinction ee ot 
more explicitly mathematical than Aristoxenus’ (logos as opposed to dianoia) and no 
linguistically limited to harmonics (‘sense-perception as Opp eae Bee ; 

This scheme is a summary of Ptolemais ap. Porph. In Harm. Eun m ka P 
I of this chapter). It is possible that the sentences on which the scheme 1s based were 


written by Porphyry (see n. 33 above). 


Sect. can. props. 11-13 are founded on 2a. 
Aristoxenus nihil rationi, sed tantum sensibus credit (Mus. 355-1 RUE: a 
clause has some foundation (cf. e.g. El. harm. 43.6-9. 56.31—3), but the first is an 
exaggeration of his considerably more subtle position. 
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more sensitive than this. She credits Aristoxenus with accepting 


. , 
a. reason and perception ‘in the same way, as being of equal power 
ba ; > 7 E "E 70 
3 (uois aupoTepa iDOSUVALOUVTA): 
d ~ "TO BÍ UTE Adyo 
s : : ; OyOU, OUTE Adyos 
oUte yàp aioOrróv Súvaraı OUoTT)vad jud UTD PAX A Y POT HUN 
z loxupotepds oTi mapaotňoaí Ti ut Tó« &px&às AaBeov map THis ECS, 
- KAI TO T£ÀOS TOU Occopriuocros du Y 


either 
For whatis perceived cannot be constituted by itself apart from reason, and n e 
Is reason strong enough to establish anything without taking its starting p 


i ising i ith 
| iveri i orising in agreement w 
from perception, and deliverin g the conclusion of its the ginag 
perception once again.7! 


pP Wed 





Pt A ur i 


Insofar as Aristoxenus treated the two faculties differently, she 
Says, he took perception as leading reason ‘in order, not in a 
(TH Tás, oU TH Suvápa, 25.23). The two faculties are no : 
equally yoked on departure from Pythagorean stables, however: 


BovAovtal yàp attol T 
AauBdaveiv TPOS TO olo 
TOUTOV ópunðévTa Ka 
O8ev kav TÒ OUOTNUAT 
TH aioĝhos, odx emia 
TAavaGobat, tov St AO 
odo8noiv. 


Nv pv alo8noiv cog odnyov ToU AGG E a dd 
vei Gcorrup& Tiva rrapati6óvat avTa, TOV BR 7 = 
9 EauTov troaypatevecdal STOO VES ays ede Dire 
OUTTO TOU Adyou eüpnEv Ths Trpocyporrelars umet a 
Tpépovrou, &AX èmeykañoŬo AEOS Uy MeV aM 
You evenkévat TO ópOóv kaf £auróv Kal &rreMyye 


For they [the Pythagoreans 
at the outset, to provide re 
When it has set out from t 
from perception. Hence i 
no longer accords with 

accusations, saying that 

discovered what is correc 


] wish to accept perception as a guide for reason 
ason with a spark, as it were; but they eal std 
hese beginnings, as working on its Own: ici 
f the systema discovered by reason in its iE d NE 
perception, they do not retrace their steps. but 
perception is going astray, while reason by itself has 
t, and refutes perception.7? 

Ptolemais is realistic abou 
approach to harmonics. De 
dently not one-sidedly pro- 


t the deficiencies of the Pythagorean 
spite the title of her work, it was evi- 
Pythagorean in tone or argument. 
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25.26—26.1, trans. 


26.15—25. I have p 
to signal a la 


1989: 241. 7! 


25.19-22, trans. Barker 1989: 241. 
Barker 1989: 245. 


Compare Didymus’ version ap. Porph. In i 
assed over the problematic pair of sentences at 25.25-6, which 2. s 
pse of attention on Porphyry's part: "Who are those who treat both toget e 
” (TÍves tò SUVALPOTEPOV SLOIWS; Tlu@oyopas Kal 
). The lines Which follow do not match the introductory question, but 


S says about the Pythagoreans otherwise. On this 
Barker 1989: 241 n. 148. 





2 THE PRACTICE OF CANONICS 


The second part of the second extract from Ptolemais (24.1—6, 
which probably followed the last quotation immediately even 
though it is placed earlier in Porphyry's text) presents an antithesis 
to the Pythagorean approach: 


tvavTío S$ TOUTOIS Évioi TOv åt’ Apioro£évou pouoik&v qépovrai, óco! KATO 
uv Thy Évvoiav Gewplav ÉAapov, &rró ©’ dpyavixtis &&ecos rrpokóyavres. OUTOL 
yàp Thy u&v adoOmotv cos Kupiav &£e&c avro, TOV SÈ Aóyov os TrapeTrÓUevov, Trpós 
uóvov TÒ ypelcddes. KATE 81) TOUTOUS elkóroos OU rravroxfj od Aoy iod UTTODECEIS 
TOU kavóvos oUpqovor rais aidOnoEolv. 


An opposite position to this is held by some of the mousikoi who follow Aris- 
toxenus, those who applied themselves to a theoretical science based in thought, 
while nevertheless setting out from expertise on instruments. For they treated per- 
ception as authoritative, and reason as attending on it, for use only when needed. 
According to these people, to be sure, it is only to be expected that the rational 
postulates of the kanón are not always concordant with the perceptions. ? 


From her account of Aristoxenus' even-handed treatment of reason 
and perception quoted above (25.17—22), it appears that Ptolemais 
is not talking here about precisely the same sort of ‘Aristoxenians’ ; 
accordingly they have been associated with the ‘instrumentalists’ 
(organikoi) she mentions a little later (25.15).74 But whereas she 
describes this particular group of mousikoi as theorists (24.2), she 
is very reluctant to grant the organikot such a status.7? At any 
rate, Ptolemais defines these Aristoxenian mousikoi by their treat- 
ment of perception as authoritative (24.3), and their preliminary 
experience with instruments (24.3—4). She presents their attitude 
to reason as thoroughly cavalier, and regards it as unsurprising that 
they cannot make intelligent use of the kanon (24. 5—6).76 

This is where we come to the crux of the matter. Differing 
schools of harmonic theorists can be distinguished by the way 
in which they handle the faculties of reason and perception, 
but for Ptolemais this is not merely a convenient but otherwise 


73 Trans. Barker 1989: 241. 74 Barker 1989: 241 nn. 142, 145- 

75 The organikoi guis M thought at all, or only feeble thought, d Sel 5-16, 
quoted in n. 29 above); the admission of their theorising (at the s or the sentence xd 

Greek) seems a grudging afterthought. Plutarch clearly means ae FEX n To d 

to theorists at Quaest. conv. 657e, where the opposition aba Ks ik n pus ? im d 

organikoi (instrumental performers) is essential to a musical joke about the theory an 


practice of drinking. 
76 Again, cf. Didymus’ account, 26.6-15. 
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unimportant criterion, a set of pegs on which to hang musicologists. 
The kanón speaks with authority in the languages of both faculties; 
it ought therefore to occupy a bridging position between the two 
(23.21—2). Insofar as it does, it does only for the kanonikoi, whose 
science admits postulates derived from both (23. 10-22). Her spec- 
trum of harmonikoi is built around the reason/perception test, and 
the monochord determines the middle ground. The extreme Aris- 
toxenians (24.1—6) and the extreme Pythagoreans (25.26—26.1) are 
on either end; in the middle are the kanonikoi, for whom the 'ratio- 
nal postulates of the kanón' (which touch reason and perception 
equally) are the rule of their science. This summary must be tenta- 
tive given the state of our text, but if it is correct, then it places the 
monochord in a position similar to the one it would later occupy 
in the work of Ptolemy ~ as mediator between logos and aisthésis. 

Much of Ptolemais’ discussion has been lost in Porphyry's 
ragged cutting and pasting, but the testimony of Didymus tends to 
confirm this reconstruction. His book On the Difference Between 
the Aristoxenians and the Pythagoreans may have been Porphyry's 
source for the Ptolemais fragments, and in the portions of it which 
Porphyry preserves, Didymus outlines three approaches to the 
study of music which conform very closely to those of Ptolemais.”” 
He, too, separates them according to their emphasis on either rea- 
son or perception as a criterion.78 Unlike Ptolemais, he does not 
mention the monochord in this context, but that may be merely an 
accident of preservation: that he knew and used the instrument is 
clear from what Ptolemy writes about him (Harm. H.13). 

What is important about the testimony of Ptolemais and Didy- 
mus, then, is that in their work the dichotomy between Aristoxe- 
nian and Pythagorean harmonics was concentrated on one issue, an 
issue in which, in Ptolemais’ account, only the kandn can be used 
as a reliable tool for judgement. Sometimes syringes and auloi are 
used in kanonike, but these, she says, ‘are not strictly canonic’ 
(23.2). The monochord's place has been established within the 
ideological spectrum of Greek harmonics, but all the finer detail 1$ 


77 Didymus ap. P n 
os Con p In Harm. 26.6—29. On the important difference of emphasis, see 

78 He discusses these criteria further at 27.17-28.26 
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left blank. We do not hear from either Ptolemais or Didymus how 
the instrument was employed in canonics, nor how precisely rea- 
son comes to discover what is correctly tuned (22.29-30). Beyond 
the Sectio, our first hint of a more detailed integration of the mono- 
chord into the reason/perception argument comes from Panaetius. 


Mules, semitones and lukewarm coffee 


Throughout the brief fragment of his book Concerning the Ratios 
and Intervals in Geometry and Music preserved by Porphyry, 
Panaetius juggles what he refers to as ‘qualitative’ and ‘quanti- 
tative’ approaches to harmonic analysis.7? These categories can be 
mapped in a fairly general way onto Ptolemais' perception- and 
reason-based approaches without much difficulty, although the 
parallel is nowhere made explicit in what we possess of Panaetius' 
work. (There is an implied connection between his qualitative cate- 
gory and the evidence of perception, to which he refers frequently, 
but no link is drawn between reason and quantitative analysis.) 
Panaetius' argument is complicated, dense and in many respects 
unique, and centres largely on the problems of establishing a reli- 
able connection between perception and the quantitative aspects of 
pitch and interval. His main objective in the passage is to demon- 
strate the invalidity of the term ‘semitone’ (hémitonion), and he 
does this by appealing first to qualitative and then to quantitative 
approaches to harmonics. The first assumes that we apprehend 
pitches as differing from one another in quality — they ‘feel’ differ- 
ent, as it were, just as different colours and different temperatures 
are sensed as differences in quality. In modern terms, we do not 
hear two notes as 440 and 220 cycles per second, or even as 
2:1 — we hear ‘high note’ and ‘low note’; we hear them together 
as ‘octave’; given another reference tone We might identify them as 
a’ and a. In Greek terminology we could equally say that we might 
perceive the notes as oxys and barys, or as nete and hypate, but not 
as 2:1. The quantitative is removed from the level of percepuon, 
we hear notes, not numbers. The part of our science which involves 


‘ttle we know of him see n. 35 above; on the relationship 


79 In Harm. 65.21—67.10. On what | 
: i f Adrastus, see n. 99 below. 


between his writings and those o 
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Observation of phaenomena is carried out, Panaetius says, at this 
qualitative level: ‘for the investi gation that deals with concordances 
Is not based on the magnitudes of the notes, but on their qualities! 
But quantitative analysis is more exact, because of the weakness 
of sense-perception. Thus while he regards both as necessary, he 
is careful to deny the quantitative any logical priority: it is not the 
cause of the qualitative, merely an accompanying attribute: 


Siotrep érrerBav Agyooot TÒ Sic tracey èv BimAaiovi Aoyw, oU ToUTo Myouoty, 
óT1 ó p8dyyos Tot ployyou SitrAdo10s5, GAN ni ai xopdat, & av ol p8dyyor 
ol TOIOŬVTES TÒ 81& Trao Gv, TOUTOV Éyouoct TOV Aóyov. 


Hence when they say that the octave is in duple ratio, they do not mean that the 


one note is double the other, but that the strings from which there arise the notes 
making the octave have this ratio?! 


It may seem an odd introduction to an argument in favour of the 
kanon, perhaps, but this is precisely what comes next. The mono- 
chord does not provide us with a window on the numbers which 
constitute the notes, but it does provide harmonic investigation 
With a level of accuracy which surpasses the qualitative distinc- 
tions offered by perception. On both levels of analysis, he claims, 
the ‘semitone’ will be shown to be an invalid term of reference. 
If one could conceive of the difference between white and black, 
or hot and cold, as an interval (diastema, 65.27), one could not 
then divide this difference in half. As we experience it through our 
Senses, it is a qualitative difference, and locating the shade or the 
temperature which divides this difference exactly in half is beyond 
the powers of Sense-perception. (To use a modern example: it is 
only by converting the sensations of scalding-hot and stone-cold 
coffee into quantities (degrees Celsius, for example) with a ther- 
mometer that one could do better than a rather vague lukewarm 
if asked to produce a cup which divided this difference in half. 
Unassisted perception stumbles around the quantitative world in 
the dark.) A further, punning example is brought out near the end: 
n half-tone (hémitonion) is no more properly half of a tone than a 
mule (hémionos) is literally half of an ass — what we perceive is à 


86 oU Yap Tape rà ueyéĝ 
TAS TOLOTH TAS, 65.29- 
66.30-67.2, trans. Bar 
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new beast, a blend (krasis), qualitatively different from both horse 


and donkey.?? 
Quantitative analysis is therefore an aid to perception: 


OTL OUTE THs OES ioxuovons kpívewv TK oUuperpa: TOv peyeð&v GAN eUpnué- 
VOU HETPOU, € KATAMETPOULEVa TA o'Uuperpa KpíveoOot TEPUKEV, OUTE TIS ADS 
ioxuouons kpivelv Try KaT& Tà Baden ovyKploly, GAN eUpnuévov Guy oU, c kplve- 
Tot Ta D&pn. &rorrov 5è Bokei TAV éxot]v mroAU &oteveo Tépav UTrrápxoucav TIS 
Óyeos xopis uérpou TIVOS Kal Kavdvos Kpívetv TA oúupwva TÕV O1xoTT]u roov. 
oi yàp at TH aicbnce TIPOGEXOVTES COS EK YEITOVEOV PWVŇV &KOUVOVTES, Óporot 
PaivovTal rois xcopis LETPOU S1G THs Gweoos Trepl THs KATA TA LeyeOn cupuerptas 
ámrogatvopévors, oi TOAY dpapapT&vouol Ths aAnOelas. 


Since sight is not strong enough to assess the relative dimensions of magnitude 
unless some measure is found, by which the relative dimensions are naturally 
sulted to being measured and assessed, and neither is the sense of touch strong 
enough to assess a comparison in respect of weights, unless a weighing device ts 
found by which the weights are assessed, it seems absurd to suppose that hearing, 
which is much feebler than sight, can assess concordant intervals without some 
Kanon as a measure. For those who concentrate on perception, as though listening 
lo a sound from next door, seem like people who make assertions about the relative 
dimensions of magnitudes without the aid of any measure, and they miss the truth 
by along way.53 


" 67.3-8, quoted in part 1 of this chapter. The word krasis was often used in definitions 
of concord (e.g. Sect. can. 149.19-22; cf. also Theophr. ap. Porph. In Harm. 63.17, 
Panaetius ap. Porph. /n Harm. 66.18, Aelianus ap. Porph. /n Harm. 35.27, Bacch. 1.10, 
Gaud. 8). The concept of ‘blending’ is linked explicitly with musical pleasure in the 
Aristotelian Problems; *we enjoy concord because it is a blend (krasis) of opposites 
which have a ratio to one another’ (suupæœvig 5è xaíipopev, ómi kp&ols toT Aóyov 
EXOVTWY Évavricov Trpós GAAnAa, XIX.38). Plutarch plays on this sense in a passage 

P about mixing wine in musical proportions (Quaest. conv. II.9). 

* 66.7-15, trans. Barker 1989: 237-8; note the overt reference to Glaucon's theo- 
rists (Pl. Resp. 531a). Panaetius' comparisons could be summarised as follows: 


Rational invention by which 


Non-rational faculty of 
senses are assisted in 


perception (aio8mois;) which 


naturally judges its objects by Object of sense-perception to judging quantities 
their qualities be judged (eGonpévov kprrrjpiov) 
Oyis Tà oUuperpar TOv peyeOcov uérpov 
sight relative dimensions of measure 
magnitude 
Ouyóv 


f| ka rà Tà Bápr) oUykpiots 


à 

ah comparison in respect of weighing device (balance) 
weights 

Kor} THX GULQOOVA TOV KAVOOV 

hearing S1aoTrju&rov monochord 


concordant intervals 
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Thus if any theoretical method were to provide an exactly equal 
division of a tone so as to produce two semitones, it would be 
one which provided a quantitative measure of sound, and did not 


attempt to assess such differences by means of unassisted percep- 
tion. This leads Panaetius to the monochord: 


Sidtrep GAAwv Kat &AAas épdSous Tapa TÕV Trpórepov CnTOUVTEV TO TIPOKEl- 
uevov &rri ToU Aeyou£vou kavóvos — dv y% Kal ToOvopa olai £oynkévar, £a 
KpITHplév ori TOU KATA Thv ékotyv èv roig cuugovors yivogévou TIANBOUS - 
eUplokov xop8f|s rerau£vns Kal ToU UTTaywyéws KATE Tfjv SiyoTopiav Urrax- 
O£vros tiv SAN mrpós TH fipicelav cuugovoUcav TO Sic rracóv, UT 8t TÒ 
tétaptov UTraydévtos Thy SAN Tpos và Tpía pépn ouupwvoŭoav Thy bid 
T£OcÓpcov, Teds SE TO TéTAPTOV TO Sis Sid Tacdv- Kai Umó TO TpíTov THV 
SAnv 1rpós èv TH 8Uo uépn ouupwvoŭoav TÒ Sià mévre, rrpós SE TO TPITOV TÒ 


Sid Trao Ov Kal Sià mévTe Tov SE TÓvov £v EtroyHow, STi Á OAT, TPOS TA OKTH 
SigoTNua mote TÒ iSiov. 


Thus, with different people among our predecessors investigating the problem 
by different methods on what is called the kanōn — which I take to have acquired 
this name because it is the criterion for the hearing of the quantity involved in the 
concords — they discovered that when a string has been stretched and the bridge 
is placed under it at the halfway point, the whole is concordant with the half at 
the octave: when it is placed at a quarter of the string the whole is in concord with 
the three parts at the fourth, and with the quarter at the double octave: when it 18 
placed at the third of the string the whole is in concord with the two parts at the 
fifth, and with the third at the octave and a fifth: and the tone is in epogdoic ratio 
[9:8], because the whole makes its special interval in relation to the eight parts." 


Here, then, is the first of the four canonic divisions to be consid- 
ered in this chapter. Panaetius uses it not merely to illustrate the 
procedures of his predecessors, but to make the point that if this 
method will not generate an exact half-tone, none will. And of 
course the answer is that none will. ‘In the case of the epogdoic 
interval there is no mean proportional in numbers, and in canonic 
theory [in other words, ‘in the theory of the kanón, which I have 
just tllustrated'] they deny that the tone can be divided in half’.®5 
The process of canonic division, as a physical manipulation of 
sensible measuring-gadgetry to assist in ‘the hearing of the quan- 
lity involved in the concords’, will demonstrate that the tone is 
epogdoic; mathematics can then be invoked to show that this ratio 


i 66.20—30, trans. Barker 1989: 238. 
5 67.3-5, trans. 


Barker 1989: 238—9 (quoted more fully in part 1 of this chapter). 
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cannot receive a geometric mean expressible in numbers — which 
Is as much as to say, for the kanonikos, that such an interval can- 
not exist.°° The monochord is for hearing numbers; if an interval 
cannot be found in numbers, it cannot be heard. ‘Hence neither 
when people refer the matter to qualities nor in canonic theory 1s 
the "half-tone" half of the tone, but the term is merely a misuse of 
language’ (67.5—7). 

In Panaetius’ scheme, then, the kanon is indispensable. It is 
his only way of allowing the senses to assess the quantities in 
music accurately, and without it his argument would rest limply 
on assertions about the inadequacy of perception and a pair of 
analogies from school-room and stable. 

Two further observations should be made here about the use of 
instruments in Panaetius’ method. The first concerns the detail of 
his brief canonic division — and its very brevity is what helps to 
indicate that there is something unusual about it. In Sectio canonis 
propositions 19-20, fourteen bridge positions were established to 
generate fourteen notes beyond that of the whole string. Panaetius’ 
concern is to exhibit interval-ratios rather than the notes of a scale, 
but the brevity of his division is the product of something more 
than his modest goals. He sets out six intervals in all, at least five 
of which are generated by only three bridge positions. It seems 
that a fourth bridge position is to be constructed for the remaining 
interval, the tone, but he does not spell this out; its epogdoic ratio 
could be found in the distance between the second and third bridge 
positions. Thus at best Panaetius’ division is twice as efficient as 
that of the Sectio, simply by virtue of his using the portions of 
string on both sides of the bridge. It seems straightforward enough, 
but it deserves mention because it is precisely this innovation 
with which Ptolemy credits Didymus (Harm. II.13). P re 
was either following Didymus’ procedures here (and hence lived 
no earlier than the mid-first century AD), or Didymus was not the 
first to propose them. 

The second curious feature of Panaetius’ account also involves 
the use of stringed instruments, but in this case not the monochord. 


ap Compare e.g. Adrastus ap. Theo. Sm. 50.12-21, where the condition nd m sounds 
may be called ‘notes’ is that they be in some ratio of numbers to one a 
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CANONIC THEORY 


In his description of the search for the ratios of the concords by the 


Pythagoreans and mathematicians, he defines concord by reference 
to the behaviour of strings. 


Tv A TONAN Gtytno1s &voXOsv apeauévois Toig TTu6aryopeíots kai eGfis Tals ome 
TOV paOnu&rov, kocrá Tívas Adyous èni vów CULPOVOOV Store TQ EK o 
ÖIAPEPÓVTWV KATE TOOTH TA 9OÓy ycov uia ylveroa Kpàots kai Tfls FIRE xopofi 
TAnxOelons, $57 oUuocvos ouykivelodal 1répukev. éOryrouv ef Kal rara Kare 
Adyous £Aax lO TOUS ovupaíva. 


There was a great deal of investi gation, beginning initially with the Pythagoreans, 
and subsequently among specialists in mathematics, as to which ratios they are, 


in the concordant intervals, in which from notes differing in quality there arises a 


* . . S e 
single blend (krasis) even when Just one of the strings is plucked, by pia ie 
in concord with it is naturally set in motion along with it. They enquired whe 


s BR 
these intervals too correspond to the smallest ratios. 
The phenomenon of 


sympathetic vibration of strings is mentioned 
by other ancient au 


thors,? but nowhere else is it linked to the 
discovery of the concord-ratios. Panaetius assumes a connection 
between concord and sympathetic vibration, as though the lat- 
ter were a physical manifestation of the former. The only other 
account of the phenomenon of concordance which invokes sym- 
pathetic vibration is that of Adrastus, whose treatment of the con- 
nection is more complex than Panaetius'.9? For the moment, let us 
simply note that Panaetius evidently believed that the link between 
number-ratio and concord was no arbitrary human construct, but 
one which occurred at the level of nature itself.9' Strings being 
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* " P ag f J 
It is very difficult to make good sense of the nominative here 
Barker for his sue 


gestion of the dative as a tentative emendation. 
66.16—20; Barker's tra modified (see previous note). 
Theo. Sm. 50.22—51.2; Aristid. Quint. 90.1-6. 
ding vases for the theatre which functioned by 
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Sympathetic vibration). ; d 
There are several other points at which Panaetius’ argument includes things discusse 
by Adrastus, but none of th 


. them provide a clear indication of which account is prior to 
which. Adrastus’ 


Timaeus commentary appeared early enough in the second century to 
be quoted by Theon, who was writing 
In this sense ratio 


during the reign of Hadrian (AD 117-38). : 
as a quantitative measure of musical intervals is not like a measure o 
distance (e.g. stadia), but like the meas 
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2 THE PRACTICE OF CANONICS 


moved without being touched is a phenomenon which sparks 
human curiosity; investigation follows, and the monochord 1s 
employed to make the underlying principles plain. Again, we find 
the kanon in a clarifying role; perception can indicate the existence 
of concords, but cannot measure them without the instrument’s 
help.” Instruments, in general, like the balance for weights, are a 
necessary intermediary between brute sense-perception and ratio- 
nal, quantifying, thought. Without such instruments there can be 
no accurate assessment of quantities, and therefore no scientific 
investigation; without them we are stuck, as it were, in the stable. 


The sore thumb: canonic division and the octave plus fourth 


Adrastus’ use of sympathetic vibration is more detailed than 
Panaetius’, and carries greater implications for the debate about 
reason, perception and the monochord.?? He defines ‘concord’ in 
this way: 


?? The untrustworthiness of perception on its own is so much a factor in the explanations of 
[Arist.] Pr. XIX.42 that the author seems to indicate that the phenomenon of sympathetic 
vibration may in fact be illusory. 

?5 A synopsis of the excerpts on harmonics from Adrastus quoted by Theon may be helpful 
in advance (page and line references are to Hiller's edition): 


49.6 The elementary constituents of musical sound 

50.2 Pitch relations are determined by ratios l 

50.4 Pythagorean account of the connection between physical acoustics and ratio- 
types 

50.22 Concord defined by the criterion of sympathetic vibration 

5I.4 The primary concords and the reasons for their names 

52.1 The compound concords (including octave plus fourth) 

52.9 The range (topos) of the voice and the genera of melody 

53.I The tone as a measure of this range 

53.8 The semitone and why it is not really half of a tone 6 

53-17 Thetetrachord systema and its three genera: diatonic (54.6), chromatic (54.16), 
enharmonic (55.8 "TU 

56.9 Pythagoras e to identify the concord ratios; a list of these ratios (including 
8:3) and those of the tone and 256:243 ‘semitone 


57.1 The various instruments on which Pythagoras m ud 

5711 Demonstration of the ratios by canonic division (excluding 8:3 

58.1 All the concords contained by the tetraktys 

Í ] nstruments by Lasus, Hippasus and others 


59.4 Investigations of the ratios with i 
(lacunae at 59.10, 60.10, 60.12; ot 
60.13 Account of pitches by appeal to th 


uncertain) ' : DUM 
61.11 Eudoxus and Archytas cited to support foregoing harmonic/acoustic arguments 
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CANONIC THEORY 


ouupwvoðoi S qgO6yyo: pds GAATAOUS, cv O9arrépou KkpouoOévros ETI rivos 
Opyavou TÓv EvTaTav kai Ó Aormós KATH TIVA olkeiórryra Kal cuuTadeay 
OUVNXEl: KATA TAUTO SE Guqoiv Gua kpouoOévrov NdEIA kal Trpoonvijs EK TS 
KPAOEWS ECAKOVETAL Mv}. 


Notes are in concord with one another if, when one or the other is struck on 
a stringed instrument the other one also sounds with it, through some sort of 


kinship and sympathy: under the same conditions, if both are struck together, a 
sweet and agreeable sound arising from the mixture (Krasis) is heard.” 


The definition is revealing. Adrastus appeals to physical phenom- 
ena as empirical evidence: sympathetic vibration is the first crite- 
rion of concordance between notes. The test can be set up, and one 
can follow it to separate concordant from discordant intervals. If 
two notes are concordant, the second string will vibrate in sympa- 
thy with the first, and struck together they produce a ‘sweet and 
agreeable sound’ — two criteria, in fact, and both based in percep- 
tion (visual and aural). It follows that if the criteria are not met, 
the interval is discordant, but Adrastus does not commit himself 
this far. We note also that his definition of concord bypasses the 
rational potential of the kanon altogether: not only are ratios not 
in view, but a single-stringed kandn will be insufficient to perform 
the test. 

Adrastus then proceeds to list the concords, based on these 
criteria: fourth, fifth, octave (51.4—20); and after them: 


TpoocavnúpnvTai B& TavTais Érepar rAefous. TH yap Sià Traodv Traons GANTS 
TpooTBeuévns, Kai £A&rrovos Kai ueičovoşs Kai Tons, ££ aupoiv étépa yiveTat 
SULPOVIC, olov fj Te Sick Tracdv Kal Sica Tecodowv, Kal Sià Tacwv kai 810 
TEVTE, Kal Sis Sic rraoóov, Éri SE rév TH Sià Traodv el rpoore8ein roU TOV TIS, 
oiov fj Sis Bid tracddv Kai Sià TECOGpo»v, Kal erri TOV &AAcv óuoíos u£xpt TOU 
oUvaocOat qQO£yyeo9o 1j Kpivery &kovovtTas. 


61.18 Return to Adrastus’ account of reason, perception and the role of instruments 
62.4 The combinations and divisions of the concords (including 8:3) 

63.25 The size (megethos) of the systéma according to Plato and Aristoxenus 
65.10 The greater numbers go with the lower notes; instrumental examples of this 
66.12 The fourth is the most important concord ' 

66.19 The intervals that make up the fourth 

67.13 The ratio of the leimma 

70.7 The ratio of the tone, and its indivisibility into equal parts 


74 Adrastus ap. Theo. Sm. 50.22 


~51.4, trans. Barker 1989: 214. 
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2 THE PRACTICE OF CANONICS 


Several other concords were discovered in addition to these. For when any other 
concord, smaller, greater or equal, is added to the Octave, another concord arises 
from the two, as for instance the octave and a fourth, the octave and a fifth, and 
the double octave; and the same would hold if any of these were again added to 
the octave, as for instance the double octave and a fourth, and similarly for the 
others, to the limit of our capacity to make sounds or to judge them by ear.?5 


Now it is true that strings tuned a fourth, a fifth or an octave apart 
will resonate in sympathy with one another. The principle, which 
was not known in Adrastus’ time, is that the fundamental or an 
excited partial of the sounded string excites an identically pitched 
partial (or the fundamental) of the untouched string, causing it to 
resonate. Thus if two strings are tuned an octave apart and the 
higher one is struck, the lower (whose first partial is of the same 
frequency as the fundamental of the higher string) will vibrate 
in sympathy. The same will occur if the procedure is reversed, 
and likewise for the fifth and fourth. The principle holds equally 
for the higher, compound concords: sympathetic vibrations at the 
octave plus fifth (3:1) and double octave (4:1) are particularly 
easily observed. 

But this is where two difficulties enter the picture. First, the 
further removed from the fundamental the common frequency is, 
the fainter the sympathetic vibration. Second, the series of intervals 
Which are theoretically included by the phenomenon is not limited 
to the three smaller concords and their compounds with the octave; 
It includes not only all intervals of multiple and epimoric ratio 
(not all of which are concords), but in fact all intervals which 
can be expressed in ratios of numbers — the series is infinite. 
Practically, of course, not all intervals will generate observable 
sympathetic vibrations: two strings tuned to the 256:243 /eimma, 
for example, share their first common frequency at their 255th and 
242nd partials — too far removed from their fundamentals for the 
phenomenon to be observable. But the main determining factor 
is proximity to the fundamental, not concordance, as Adrastus 
thought, and this turns out to be critical to his account.” For, as it 


95 
52.1—9, trans. Barker 1989: 215. 
. : string are excited. Plucking 
^^ Another factor is how strongly the partials of the -a s strongly as does bowing 
(or striking with a plectrum) does not excite as many bacs a us : g 
or hammering, but neither of the latter are attested in Greek mus . 
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happens, sympathetic vibration is more ims init wie 
two strings tuned a double octave plus major t l a | his b 
between two strings tuned an octave plus fourt ( ax nan 
latter is a concord by Adrastus’ definition = es 
of a simple concord and an octave), and yet * ERES 
sympathetic vibration the former, a discord, wou 
itted as a concord.97 

coo then, can we make of the place of 7 ales 
empirical and demonstrative procedures in diu = MY 
(and Panaetius’) harmonics? In terms of idis i A ae 
probably conclude that although some informa Kos iom 
undoubtedly occurred at some point (enough ^ A AE 
readily observed sympathetic vibrations with the E 
ple intervals, which are also concords), it was a ae 
careful nor sufficiently extensive to discover that the i gcn 
like the category of multiple and epimoric ini PR 
exclude discords, and that (for practical instrumen rri 
can also appear to exclude some concords. In = ear 
tific method, we must conclude that whether or willing i 
stood the implications of his approach, Adrastus RA RON 
include sensitivity of observation in his formal de oe n 
cord. This of course is one of the prime dangers pE ee 
the evidence of sense-perception into a theoretical S s 
the wrong method, the limit of perception can Ma han 
of thought. A definition of concord based on this mre es 
lead to endless disputes about whether or not a sympa Sn 
onance was just barely perceptible, or perceptible on un d 
ment and not on another, and leaves itself open to the aie of 
Criticism of Glaucon's unit-hunters, regardless of the rationality 


37 See Taylor 1965, Fletcher and Ro 
that he means that the first three (si 
Sympathetic Vibration, and th 
a result of recognising the fo 
would explain his e 


va ible 
ssing 1998. To be fair to Adrastus, it dE 
mple) concords were discovered by des nares 
at the discovery of the compound concords was the Rd 
urth or fifth in combination with one or more pho does 
mphasis on the judgement of the ear (52.8-9). But Se cult 
istinction explicitly, and (b) if the discovery were really ai, 

e octave plus fifth (3:1), a compound co 

Overed than the fourth (4:3), a simple concord. 
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the subsequent analysis: it amounts to putting the ears ahead of the 
mind.°® 

This is of some significance in our assessment of Adrastus’ use 
of the monochord and canonic division. In the present argument, 
he is attempting to connect perception to reason, much as Panaetius 
did, by appeal to the natural acoustical properties of strings — he 
has, in the paragraph immediately before his definition of concord, 
given the ‘Pythagorean’ account of pitched sound, in words which 
have a distinctly Euclidean ring.?? Here it is clear that notes, as 
melodic sounds, all exist through ‘rational’ relations (that 1s, the 
relative speeds of their movements can be expressed as whole- 
number ratios), and that ‘irrational relations’ do not correspond 
to intervals of notes, but to mere noises. Of the rational relations, 
he says, ‘some are merely in attunement, but those in the primary 
and best known and most important ratios, both multiples and epi- 
morics, are also concordant’.!°° The building-blocks of music are 
therefore constituted by the ratios of their impacts, and the special 
ratios of certain intervals are physically displayed to perception by 
the behaviour of strings. 

After a careful and methodical discussion of scale-systems 
which begins with the tone and semitone,'°' and continues through 
the tetrachord (of which all three genera are named and detailed), 
Adrastus comes to the ratios themselves, which up to this point 
have not been specified. ‘It seems that Pythagoras was the first to 
have identified the concordant notes in their ratios to one another,’ 


98 py. Resp. 531a-b, applied to canonics by Proclus (4n Euc. 41.2, quoted in part I of 
this chapter). I am grateful to Professor Colin Gough for discussing the physics of 
sympathetic vibration with me. It is his opinion that in the case of the 8:3 ratio, any 
sympathetic resonance would be very difficult to detect on an instrument constructed 
and played as Greek lyres were; it must occur, of course (the seventh partial of one string 
will excite the second of the other), and would be detectable under modern laboratory 
conditions if an experiment were set up with this objective. 


°9 $0.4—21, with which cf. Sect. can. 148.3-149.24. 
of pév &AAot uóvov fipuocu£vor, of 5è KATO TOUS TIPWTOUS Koi yvcopiucTérous kal 


KUPIOTa&TOUS Adyous rtoAAamrAaofous TE kai érripopious NSN Kal OULPOvol, 50.19-21, 


trans. Barker 1989: 214. ks 
(Ol Declared an invalid term here, as in Panaetius, but with a somewhat more caretu version 
hematically ridiculous explanation 


of the ‘semivowel’ comment, followed by a mat 
(53.816; cf. Panaetius ap. Porph. /n Harm. 67.7, Philo Opif. 126, Macrob. In Somn. 
IL.1.21). 
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CANONIC THEORY 


he says,'?? and proceeds to match each concord with its ratio in 
a list which begins at the epitritic (4:3) fourth and ends at the 4:1 
double octave, and includes the 9:3 octave plus fourth (56.11- 
57.1). In addition he gives the ratios of the epogdoic tone and the 
256:243 interval, *what is now called the semitone but was then 
[i.e. in Pythagoras’ time] called the diesis’ 193 

Here again (as in his earlier list of concords) Adrastus seems 
to be exerting himself to include the disputed octave plus fourth 
interval in the list of concords.'?^ He does not always agree with 
Aristoxenus (compare, for example, his direct refutation of Aris- 
toxenus on the semitone, 53.8—11), but on this issue he does, His 
awareness of the fact that this interval was not universally accepted 
as à concord is indicated by a curious and prominent feature of 
his account of the ratios. His definition of the octave plus fourth is 
twice as long as that of any other interval in the list: its notes are 
those at an octave and a fourth in a ratio of 8 to 3, which is multiple- 
epimeric, since it is two and two-thirds times as great’ .'°5 The pur- 
pose of this unique expansion (the two clauses I have italicised) 
is to defend his inclusion of the interval with a supplementary 
definition based on mathematically determined ratio categories. 
What the extra clauses permit him to do is to slip this interval, 
with its mathematical defence, into an account of what the great 
sage Pythagoras ‘seems to have been the first to discover’ (Trpà- 
TOS &veupnikévoa Boxe, 56.10). Moreover, he goes on, Pythagoras 
discovered the intervals in this list by investigations with lengths, 
thicknesses and tensions of strings (some involving the attachment 
of weights), with widths of bores and breath-experiments in wind 
Instruments, and with discs and vessels (57.1—7). ‘For whichever 
of these is taken according to one of the ratios mentioned, other 
factors being equal, it will produce the concord that corresponds 
M: Pe n Barker 1989: 217. 

Sio Ge E d 1989: 217. Diesis is the term used by Philolaus (fr. 6a), but 


it leimma, as does itus hi i i hen citin 
Plato (67.6, I3 GBIT Adrastus himself, including once w 8 


> 70.3, 4; he also uses the adiecti Bear Ge Ay. 
He marks a clear geart e adjective Astupariaïos at 69.3) 


attuned notes? Ed lon between the ratios of the concords and those ‘of the other 
" ined notes (Kal td>y QAAcov Tlpuoouévoov 56.17) 
TOUS HEV Olà tragedy dee 


Kal Sid reo 2 t ~ / d Por ds Aa- 
; f POV év Adyoo TOv ds oTi TTOAAG 
TAGSETTIUEO Ts, SittAdoios yap Kai Tu Tj mpos y OS 


. Sioetritpitée 2 6 Barker 1989: 
217, modified according to LSJ PITOS toTl, §6.12—15, trans. Bar 
of *multiple-epimeric' [oos Ml (1996) s.v. Bioertrprros. On the category 


o below. 
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to the ratio. ^^ If this was good enough for Pythagoras, Adrastus 
seems to imply, it should be good enough for us. The 8:3 ratio is 
multiple-epimeric, and when itis set out on an instrument, we hear 
the octave plus fourth. 

The list of acoustic experiments which Adrastus attributes to 
Pythagoras is similar to those recorded in other late sources; I 
have discussed these in chapter 2 and have no more to say about 
them here. But we ought at least to register Adrastus' inclusion of 
several procedures which will not generate the ratios he says they 
will; only those involving string lengths and discs will support his 
argument. This observation is an important adjunct to what we 
have already learned about the place of strings in his definition of 
concord (50.22—51.4): clearly he did not try out for himself all of 
the procedures he reports. Perhaps he tested none; but he bases his 
argument on them nonetheless. 

At this point, having — he thinks — established the ratios of the 
concords through several stages of argument and with the authority 
of acoustics, sympathetic vibration, mathematics and finally the 
reputed investigations of Pythagoras himself, Adrastus now brings 
in the monochord: 


doxeite © fiuiv &v TÕ rrapóvmi Sic TOU urikous TV KOPOV SnAd@oat TÌ TOU 
Aeyop£vou kavóvos. Tis yap év TOUT PIGS KOPSTS korrauerpnelons els TEDOAPa 
loa ó &ró THs SANs oy yos TH uv érró TAV TPIGV HEPOV iy Aóy«o YEVOLEVOS 
ETITPITW cupoovr|ce 81& Teo0órpov, To OE gtr Tov 800, TOUTEOTI TO AITO THs 
Auloeias, èv Aóyco yevóuevos SitrAacio ovugoviüsa Bic racóv, TH 5E åTÒ oe 
TETAPTOU LEDOUS yevóuevos Ev AÓy c TEeTPATIAATIOD cUpQovnToet Sis 61& Treo eov: 
Ó 6E ard TÕv piv uepóov POdy yos TIPOS TOV &rró TOV SUO YEVOLEVOS EV NRAN 
cuugovfioa Sià Trévte, rrpós SE TOV &rró TOU 1ETÓp TOU HEPOUS yevóuevos EV hoy 
TpirAocío ocuppovhosi Sià maoğv Kal 51 TEVTE. av BE els EVVERK draueTpnen 
f| Xop, ó dtd fj; SANs POdyyos Trpos Tov é&mó TOV OKT HEPWV EV Aóyc 
&rroy6óo TO Toviaiov rrepié&er SIAOTNUG. 


For the present let us be content to give a demonstration through the length of a 
string on what is called the kanón. When the single string on the instrument is 
measured off into four equal parts, the note from the whole string, in Felanon to 
that from the three parts, will sound in concord at the fourth, being in epitritic 
ratio; in relation to that from the two parts, that is, from the half string, it will 


Tov KATA TIVE Tav elpriuévov Adyov, TOV &AAcov (loo) 
pyóctro cuugovíav, 57-7710, trans. Barker 1989: 


tus (karackevai) at 66.20-3. 
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CANONIC THEORY 


sound in concord at the octave, being in duple ratio; in relation to that from the 
fourth part it will sound in concord at the double octave, being in quadruple ratio. 
The note from the three parts in relation to that from the two parts will sound 
in concord at the fifth, being in hemiolic ratio; and in relation to the note from 
the fourth part it will sound in concord at the octave and a fifth, being in triple 
ratio. If the string is divided by measure into nine parts, the note from the whole 


string, in relation to that from the eight parts, will bound the interval of a tone, in 
epogdoic ratio. '°7 


Adrastus settles on the kanon as the best way of illustrating the 
connection between numbers and concords, but it will be noted . 
immediately that his canonic division omits the disputed octave 
plus fourth interval (8:3) he was at pains to include in his two pre- 
vious concord lists. There are, however, procedural reasons for the 
omission which make it seem less arbitrary, and hence less pointed, 
than we might first suppose. The six intervals are given in the order 
fourth (4:3), octave (2:1), double octave (4:1), fifth (3:2), octave 
plus fifth (3:1), tone (9:8). This is not an immediately intuitive 
arrangement from the point of view of the intervals themselves: 
there is no attempt to keep epimorics or multiples together, nor is 
there any concern for listing the intervals in order of magnitude, 
as there was in both previous lists (51.4 and 56.9). 

But what appears erratic on paper appears much less so if one 
reads the passage as a direct account of the process of canonic — 
division, with the instrument in mind. If we do this, a pattern 
emerges. It is clear from the text that there are two stages to the 
division, each involving a separate marking out of the kanon, after 
Which the intervals from that marking are listed. The first stage 
marks off quarters (57.12—14), and the intervals are then extracted 
trom this first measurement in what is most straightforwardly a 
linear sequence (it could be done otherwise, of course, but the 
simplest way to follow the directions is, in fact, linear). 


72 64 56 54 48 40 36 32 24 I8 16 8 
A B CD 


E FOGH J KL M VN 
Fig. 5.1 Adrastus' canonic divis 
72-unit kann. Figures in boldfac 
the procedure, in Whic 


ion (ap. Theo. Sm. 57.11—58.12) applied to a 
€ indicate bridge positions for the first stage of 
h the string is divided into quarters. 


107. 57.11—58.12, trans. 
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The second stage of the division marks off ninths (58.9—12), and 
generates the epogdoic tone from comparison between eight and 
nine of these ninths. If we summarise Adrastus’ division schemati- 
cally (see fig. 5.1), we discover that the apparent irregularity of his 
procedure turns out to conceal a sequential arrangement after all. 
It is not a sequence by magnitude or by ratio form, but by spatial 
relationships on the instrument itself: 


I i L NA:ND — 4:3 
2. NA:NG = 2:1 

3. NA:NK= 4:1 

ii 4. ND:NG= 3:2 

5. ND:NK=3:1 

II 6. NA:NB — 9:8 


In my scheme, the division is carried out from left to right (one 
could as easily perform it from right to left, of course, but the linear 
sequence on the instrument would remain): in stage I the mova- 
ble bridge positions are D, G, K (intervals 1-3); the reference 
point then shifts from A to D (stage Lii), and bridge positions 
G and K are used again (intervals 4—5). Finally in stage II the 
single bridge position B (for comparison with the fixed bridge 
A) generates the tone (interval 6). Stage II could, of course, be 
carried out at either end of the string (NA:NB = 9:8 or AN:AM — 
9:8), but its position at the end of the division is explained by the 
necessity of marking off the kanon in a greater number of units 
than was required to generate the other five intervals. One could 
easily complicate the procedure by arbitrarily changing directions 
over the course of the division, but if one proceeds in the simplest 
fashion, Adrastus’ intervals come out in a spatially determined, 
linear order, either left to right (as in my scheme) or right to 
left. 
Now let us imagine how Adrastus would have introduced his 
favoured 8:3 interval into this procedure, had this been his inten- 
tion. He could not have introduced it at any point in stage L 
because the string would not yet have been divided into more than 
four parts; a minimum of eight are required. He would, then, have 
had to bring it out in stage II. he instrument 1n 


The marking oft | 
ninths at this point results from the need to generate the epogdoic 
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tone, and therefore it would have been disruptive to insert the 9:3 
interval between intervals 5 and 6. Thus the only place for the 
construction of the octave plus fourth in Adrastus’ division is at 
the end, as a seventh note (NB:NJ — 8:3 in my scheme)! 
This presents an awkward situation: the intervals generated in 
stage I are all concords: stage IH represents, in effect, the procedural 
separation between concord and discord in Adrastus’ division. He 
IS, at this point, caught in a dilemma: if he places the 8:3 interval 
at the end, separated from the concords and after the tone, it will 
appear to have been relegated to the world of discords; but we 
know from Adrastus' determined inclusion of the interval in his 
two previous concord lists that this is not how he thought of it." 
Nevertheless, there is no way, short of overhauling the division 
entirely, to include the octave plus fourth in stage I with its fellow 
concords. Such an overhaul would involve marking off the kanon 
Into eighths (at least) at stage I; but in this case the octave plus 
fourth would still stand out as the only interval in stage I whose 
ratio comes out in lowest terms — all the other concords would 
have their terms doubled, !!° (He would then have to begin: ‘When 
the single string on the instrument is measured off into eight equal 
Parts, the note from the whole string, in relation to that from the six 
parts, will sound in concord at the fourth, being in epitritic ratio’, 
and so on.) There is. in fact, no way of including the interval 


in a canonic division without drawing attention to the fact that 
It does not fall into the same mathematical category as the other 
concords.! !! 
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NE:NK is als 


is also 8:3; constructing the interval this way has the advantage of using a 
ridge position determined in stage I. 


t is particular ly curious that the diagram accompanying Adrastus’ division in Hiller's 
] ition (printed between 58.2—3) differs from the text by including the octave plus 
u ourth and excluding the tone 

U 
BL “ourse, he used Only half of the string to construct the other concords. 
E T case the octave plus fourth would stand out as the only concord whose 
cuon required the entire String. Furthermore, the difficulty of obtaining a Eos 
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ngement) makes the procedure less desirable from à practical point of view. This 
11); he solved it, in a different context, 
which all the notes of his two-octave 


IO 


No 


o 


A ing the sonority of the highest pitches. 
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There are three possible conclusions we might draw from this. 
The first is that the division did not come to Theon from Adrastus’ 
book.!!2 The second is that it was from Adrastus’ pen, but that 
Adrastus was himself copying from some source whose harmonic 
goals or priorities were inconsistent with his own, and that he made 
no attempt at integrating them. Thirdly, we might argue that Adras- 
tus is indeed the source of the division, but that either he simply 
forgot to include the 8:3 interval, or faced with the impossibility 
of including it in such a way as to conceal its anomalous character, 
he omitted it: it was a sore thumb which could not be bandaged; it 
could either stick out or be amputated, and faced with the choice 
Adrastus decided on the latter. '? 

All three conclusions present difficulties of one sort or another. 
The third involves Adrastus either being remarkably forgetful or 
knowingly losing face over the interval. This is possible, of course, 
but not all of Theon's quotations from Adrastus sug gest such a poor 
scholar, and to admit our third conclusion may well be to do him 
a disservice. That said, however, it is clear from his account of 
Pythagoras’ investigations immediately before the division that 
Adrastus was willing to report procedures gleaned from earlier 
sources without testing them himself. This weighs in favour of 
the second conclusion, which would only necessitate a view of 
Adrastus as intellectually lazy: he cribbed the division from some- 
where else and did not think through its implications for his own 
argument. 

The first conclusion is the most charitable of the three. It has not 
met with universal approval; Barker includes the entire disputed 
passage (57.11—61.17), but does allow that portions of it may not 


Panaetius' division, discussed 


of the segments of string on both sides of the bridge (cf. | ; 
5 i ds the necessity of sounding 


above), along with the omission of the tone. It also avoi 
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have been taken from Adrastus’ work.!!4 His argument in favour 
of inclusion is based on the fact that although Theon writes, ‘So 
much for the discovery of the concords: let us return to the things 
handed down by Adrastus’ at 61.18-19,''5 which would appear 
to indicate a break in the quotation, the content of the following 
sentence is in line with that of the disputed passage: 


Pol yap Sti ToUrois Tois els Thy &veUpeciv TÕV ouggovióv dpydvois kat 
Lev TOUS Adyous Trporrapaokeuac8eloiv fj aicOnats éripoprupet, TH 8e odotnoa 
TrpooAng$eíor ó Aóyos &gapuóCa. m&s SE Kal Of TO Aeyóusvov TUITOVIOV TEI- 
EXOVTES 9Oóyyoi Trpós GAATAOUS eloiv £v hoya TH TOV ovs” Trpós ony’, utkpóv 
VOTEPOV EoTaI pavepdv. SiAov 5è Sti Kod al cuvOéosis kal ai Siaipéoeis TOV 
CULPHVIGV ÓpóAoyor koi ouvo8ol 6&copoUvrai Tods TOv Kacr& Taura Aóyov 
OUv6£oto1 Te kal Siaipéceiy &s Trpóc9ev EuNnvUoauen. 


He [Adrastus] Says that when these instruments desi gned for the discovery of the 
concords have been previously prepared in accordance with the ratios, perception 
agrees with their testimony, while when perception has been taken first, reason 
is in attunement with it. How it is that the notes bounding the so called semitone 
are in the ratio of 256:243 to one another will become clear a little later. But 
it is plain that the combinations and divisions of the concords are found to be 
in agreement and in consonance with the combinations and divisions of the 


ratios that correspond to them, the combinations and divisions that we mentioned 
previously.!!6 


Barker's solution is straightforward: ‘Perhaps the sense is only 
that Theon is returning from what Adrastus reports of others to 
What he says in his own right" (1989: 220 n. 46). This is certainly 
possible: there is no reason why Adrastus should not have quoted 
the intervening material, which would have complemented his gen- 
eral argument well enough. The material is rather poorly placed, 
however: since it constitutes further examples of the very sim- 
plest instrumental demonstrations of only the first three concords, 
One would expect it to have appeared earlier, between Pythago- 
ras’ demonstrations and the canonic division. But it does not; 
Instead, it rather interrupts the flow of Adrastus’ argument. We 
have gone from a canonic division constructing six intervals to 
a set of instrumentally inferior procedures displaying only three 


114 Barker 1989: 220 n. 46. 
I I ^ hi Y ~ € , 

? Tauri uiv TEPI TNS eUpéoecos t&v OU 

TOU TAPAdedouéva, trans, Barker t9 


Qovtàv- &ravéAOcyuev Sè Eri Tà ITO ToU Adpao- 
!'6 61.20-62.4, trans. 
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Barker 1989: 220. 
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intervals at most. Then Adrastus speaks of ‘instruments designed 
for the discovery of the concords'. Not all of the instruments in 
the disputed passage could properly be described in these terms: 
the syrinx (60.7, 20) and auloi (61.2) could be ‘previously pre- 
pared in accordance with the ratios’, perhaps, but could hardly be 
said to have been designed for the purpose of either discovering 
or demonstrating them. Furthermore, the passage contains several 
lacunae, and in some other places the text as we have it is certainly 
not sound.'!? 

Let us imagine for a moment that Adrastus' original text, or 
something like it, ran from 58.12 (the end of the canonic division) 
directly into 61.20 without any of the intervening material.!'® If 
this were the case we would interpret ‘these instruments designed 
for the discovery of the concords’ as those mentioned briefly in 
connection with Pythagoras, and especially the kandn. The kanón 
would then be very much an instrument designed for the discov- 
ery of the concords — designed, that is, to elucidate the numbers 
behind the intervals identified through the observation of sympa- 
thetic vibrations (50.22—51.4). Furthermore, the kanón has indeed 
been 'previously prepared in accordance with the ratios' in Adras- 
tus' division: it has been marked off in quarters before any intervals 
are constructed. But here we encounter a difficulty. Adrastus' argu- 
ment in the passage just quoted — which Barker underlines as the 
very pith of Adrastus’ harmonic project (1989: 210) — is that rea- 
son (logos) and perception (aisthésis) are unified when allowed 
to present their evidence to one another on such instruments. If 
reason sets out the division, perception agrees that it is correct; 
if perception sets it out, reason accords with it (61.23). Canonic 
division, then, is the process by which harmonic science can be 
demonstrated as unified. "m 

The difficulty arises when we recollectthe content of the division 
itself. On the evidence of perception (sympathetic vibration 1n 


. T. j tus for a full account of 
7 Hiller marks lacunae at 59.10, 60.10 and 60.12; see his appara 


other problems and proposed emendations. 

!5 See the synopsis um 93 above. This would exclude the is pecu MR d 
concords being contained by the tetraktys (58.13—59.3). i ades Bu es 
the content (though not with the procedure) of the preceding sion, 
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strings), Adrastus has included the octave plus fourth interval in 
two previous concord lists (at 52.4 and 56.13); then he offers 
a division of the kanón which includes every other concord in 
those lists except this one (57.1 1—59.12); then he says that it is 
in instruments such as the kanón that reason and perception can 
meet on common ground. He uses canonic division to establish 
the unity of his science in the link between reason and perception, 
but omits from his division the one interval which is difficult to 
accommodate in a consistent rational definition of concord. 

The difficulty is real, but it may not pose as serious a challenge to 
Adrastus’ project as it seems to do. Canonic division only becomes 
a problem if reason is taken to dictate either that all concordant 
intervals are either multiple or epimoric, or that they can all be 
illustrated by the same simple division of the monochord. Adrastus 
maintains neither of these assumptions consistently or explicitly. 
His statement on the first is that while some notes are merely in 
attunement, ‘those in the primary and best known and most impor- 
tant ratios, both multiples and epimorics, are also concordant'.!? 
Notably absent is a statement to the effect that all concords are 
in multiple or epimoric ratios, or that intervals which are not in 
such ratios are discordant.!2° On the second Adrastus makes no 
comment at all. Thus while the apparent difficulty raised by his 
division is not Wholly illusory, it is perhaps a kind of problem he 
would not have considered important. His own assumptions about 
harmonics gave him no reason not to include the octave plus fourth 
in his division, and had he done so, it would have demonstrated 
simply that reason and perception agree on its 8:3 ratio, no matter 
how its construction was carried out. 

If Adrastus had no strong reason to omit the octave plus fourth 
from his canonic division, then it remains a mystery why he did. 
To explain the anomaly we might reasonably suspect either that 
(1) the division was Adrastus’, but that he meant it to confirm 


''9 50.19-21, quoted above (n. 100), 
779 Adrastus’ interest in the cate 


AamAaater epis), When this category is later defined, 8:3 
79-15-19). Similarly, when the 8:3 ratio was first applied to 
Was defined as multiple-epimeric (see n. 105 above). 
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only that certain ratios correspond to certain intervals; or that the 
division was not Adrastus', either because (2) he quoted it from 
some other author, or because (3) Theon interpolated it. There IS 
little to decide between these possibilities, and I confess that I 
cannot say with any confidence which of them is most likely. But 
I shall close this discussion by citing one small piece of evidence 
which might support suggestions (2) or (3). 

In the final sentence of the passage quoted above (62.1—4), 
Adrastus makes clear that he is not talking merely about the three 
fundamental concords (the only ones generated in the disputed 
intervening reports of 59.4—61.17), but about their ‘combinations 
and divisions’ (ai cuvOéoeis Kal ai Siaipéceis) as well. Through the 
agency of the instruments, he says, these will be seen to corre- 
spond to the combinations and divisions of the ratios: that 1s, once 
reason and perception have agreed on the basic correspondence 
between certain intervals and their rational counterparts, parallel 
manipulations can be performed on each with parallel results. To 
which combinations and divisions is he referring? To those ‘which 
we mentioned previously’ (&s mpóoðev £urvucauev, 62.4). If we 
assume that he is referring back to the intervals of the canonic 
division, these would be the double octave (4:1) and octave plus 
fifth (3:1), the only two compounds constructed there; the octave 
plus fourth, as we noted, is conspicuously absent. And yet in his 
expansion and clarification of ‘the combinations and divisions we 
mentioned previously’, the octave plus fourth reappears, with its 
ratio, just before the octave plus fifth (63.2—5). Evidently, then, he 
cannot have been referring to the canonic division, but to one (or 
both) of the preceding concord discussions, where the interval was 
included (52.4 and 56.13). 

I have discussed this anomaly at some length not only because 
it bears on the question of Adrastus’ authorship of one of the four 
canonic divisions considered in this chapter, but also because it 
highlights the very different methodological issues which can be 
at stake when canonic division 1s employed in a harmonic argu- 
ment. The fact that one such methodological conflict seems not to 
have perturbed Adrastus does not mean that he was unaware of 
the theoretical problems introduced along with the monochord, 


however. On the contrary, as we shall see, he seems to have 
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recognised (imperfectly, it must be admitted) one of the most 
serious of these. 


The problems of canonic division 


When Adrastus comes to discuss the impossibility of dividing the 
epogdoic tone equally (70.19—72.20), he refers to canonic division 
again. Here too, secure attribution of the passage to Adrastus is 
frustrated by doubts about the text in the immediately preceding 
pages. But the moderately greater intellectual sophistication of the 
passage in question compared with the confused thinking of what 
comes before it weighs in favour of Adrastus.?! 

Thetone, he says, is conceived of in four different ways. Thereis 
the ‘ideal’ tone (6 pév vi; vorjoet AauBdaveta, 71.1), there is the one 
found in numbers, the one in intervals — which he soon specifies as 
visible intervals (Opatois Orao TÁU, 71.4) — and the one which 
Is audible (6 && Sr Gkof|s èv povais, 71.2). Throughout the passage 
he concerns himself chiefly with the last two, the perceptible tones. 
(He returns to the ideal tone briefly at 72.19, to declare it equally 
divisible (the only one of the four); the impossibility of dividing the 
numerically apprehended tone into equal parts has already received 
his attention at 53.13—16 and perhaps at 69.12—70.19, but both 
passages offer seriously flawed explanations.) The monochord, 


significantly, is brought into the discussion to argue against the 
equal division of the visible, not the audible, tone.!?? 


ETL yàp TOU kavóvos aio8 
EOTAL OU TCoS &rrAarris, 
TOU Tréparros ToU TP% 


NTS Qv Ó UrroBoAeUq TravTes EEI TL TrA& TOS KAL OUK 
OS Uf) TÉVTOS TH £rriAopelv èv TT) SIAIPEGEL TOU TOVOU Kal 
TOU Uépous kai TFs TPOTNS &pyxfjs TOU SeuTEépou, Kail Sia 


121 See Barker (1989: 223 nn. 59-61, 22 
that 'Adrastus was a competent math 
D. 60), whereas the author of the pa 


4n. 64), who excludes 69.12—70.19 on the grounds 
ematician, as many passages in Theon testify' (223 


Cos ~ Paragraphs in question shows no such competence. 
Ic division plays a role in assessing visible quantities in the accounts of other 
authors as well. Compare, for example, Nicom. Ar. II.27.1, where the division of 
the monochord and of an aulos is used as a way of visualising the procedure of 
roi. a cae geometric and harmonic means. In the case of the kanon, the bridge 
his Tues E ead subsequent elaboration of the three means (with examples) has 
reference to the ono d oe sound of the ratios thereby generated, and the 
üibose o suas or (ous "KOS Kavoov) seems therefore to be entirely for the 
Purpose ot visualising the calculations. For a more integrated view of sight and hearing 
cf. Panaetius ap. Porph. In Harm. 66.7—12, Ptol. Harm. 93.11-94.20 E 
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otto &ravoAcrjoeraí Ti TOU rÓvov. ETI £v rats Bicapéceoi Tpia &c Tí, úo ptv 
Tà Siaipovpeva, TpÍTOV SE TO ¿Eaipoúpevov. TOV Sè SialpoupévaV ÅT aUTTS THS 
Oroipéoecos cos ¿mì Trplovos Ev fj TOUT &voAoUraíi Ti TO é£eipoUuevov UT! AUTTS 
ths Touts. ds oOv ¿tT èviwv aioOnTav i£oipérraí Ti, oŬT% Kal éri T AVTOV 
Kav &geuyr] Thy alcohol TÅVTOS dvahwOnoetal Ti èv TH rout]. Sopu youv 
i) káñapov Ñ GAAO ÓTIOŬV aicðnTtòv uñkos àv Trpiv 7] SicAciv PETPÝONS, ETEITA 
Signs elg TOAAK uépn, eüprioers TÒ TOOV Sioipoupévo)v TTAVTOOV Kolvóv pÉTpOV 
Ehattov Sv ToU dàou Trplv À &ipfio9o1. ëT: xopSrv cv SEANS, celta Siakoyns, f] 
tracts peT rv SiakoTrHy aveSpaue, kàv TAAL Tà SiaKkoTrevTa TEÍVNS, &v&ykn 
&pnpfjo8aí Tı ToU peyéðous els TAS EEGWEIS TOV ExaTéow bev APav TOU TElVOUÉVOV. 
kal Sic ToUTO OUK Ec rad TéAEIA DÚO fjurróvia. 


For on the kanón the bridge, being perceptible, will always have some width, and 
in the division it will not, by being without width, avoid occupying some part of 
the tone — both a part of the last boundary of the first section and a part of the 
initial origin of the second — and hence some part of the tone will have been used 
up. Again, in the divisions there are three things, the two things divided off and 
thirdly the thing taken out; and some part of the things divided off is expended 
in the division itself, just as when one uses a Saw something is expended in 
the cutting, that which is taken out by the cutting itself. Thus just as in various 
perceptible cases something is taken out, so it is in all cases that even if it escapes 
perception still something is always expended in cutting. For instance, if you 
measure a stick or a reed or any other perceptible length before dividing it, and 
then divide it into many parts, you will find that the joint measurement of all the 
parts divided off is smaller than that of the whole before it was divided. Again, if 
you divide a string and then cut it up, after the cutting the extension has contracted 
again; and if you again stretch the pieces that were cut up, it is necessary to take 
away something of the magnitude in order to fasten the stretched piece at its 
points of contact at each end. Hence there will not be two complete half-tones.'^? 


As Barker has pointed out, 'this last point is à little naive’ 


(1989: 225 n. 67). Not only that, but the entire problem has been 
formulated in such a way as to represent the visible tone as a 
single length of string, and its indivisibility into equal parts merely 
a result of the fact that the bridge itself has width and so takes 
away from the total length in an otherwise straightforward halving 
procedure. This, of course, is ridiculous: à distance on a string 1$ 
à note, whereas a tone is a relationship between two distances. 


to be 
But the general point is an important one» and would need 
: d : e reformulated to treat 


addressed even if Adrastus’ example wet EE 
the visible tone as a ratio of lengths. In that case 1 


va 71.4—72.3, trans. Barker 1989: 224-5- 
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something like this (see fig. 5.1):'?4 the interval between lengths 
NA and NB is a tone (NA:NB — 9:8). A point P on the kanón 
is found such that NA:NP::NP:NB. When point P is found it will 
also be the case that AP 4- PB — AB. The ratio of NA:NP and 
NP:NB will not be a ratio of numbers.'25 A movable bridge, Q, 
is then placed under the string at P. Measurement will then reveal 
that because the width of the bridge takes up some of AB, AQ + 
QB < AB, even though NA:NQ — NQ:NB and Q has been placed 
directly on top of P. In other words, even if two exactly equal 
intervals can be found to divide the tone, when constructed they 
will no longer add up to the tone, because the physical existence of 
Q intrudes on the procedure in a way that the purely ideal existence 
of P does not. 

The problem with this summary, of course, is that the difficulties 
raised at the end must then be applied to the beginning, and the 
whole procedure then collapses. The problem has nothing to do 
with whether or not an interval can be expressed in ratios of num- 
bers. As far as canonic division is concerned, at least, one is forced 
to admit that if the P/Q discrepancy disallows equal division of the 
tone, then a similar difficulty will disallow construction of the tone 
in the first place, since this involves placing the movable bridge at 
B in order to claim that NA:NB — 9:8. We can imagine 9:8, but 
we cannot construct it either visibly or audibly. The same holds 
for any other interval. Canonic division is therefore impossible: it 
does not do what it claims to do. The kanonikos is caught in the 
crawl-space between the ideal and the sensible worlds. 

That this is an argument about reason and perception is clear 
even from Adrastus’ version of it. He seems to anticipate the 
counter-argument that the bridge takes up so little of the string's 
length that its interference is effectively negligible, i.e. that the 
P/Q discrepancy is imperceptible and can therefore be discounted 
as theoretically insignificant. He emphasises the point that the dis- 
crepancy exists even if it cannot be perceived: ‘Thus just as in 
various perceptible cases something is taken out, so it is in all 


'*4 Barker gives a similar e 
125 That is, it will not bea 
part 1). 


Xample (1989: 225 nn. 67, 69). 


ratio of positive integers. It can be found in geometry (see ch. 1 
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cases that even if it escapes perception still something is always 
expended in cutting’ (71.14—16). His point that perceptibility and 
reality are different, and that reality is what is at stake, is paralleled 
in Nicomachus’ account of volume. Just as there are ‘bodies which 
reveal no weight on a balance — bits of chaff or bran or other such 
things’,'?° but which when added together in sufficient quantity 
tip the scales, so too there must be sounds too faint to hear, but 
which are no less real than apparently weightless chaff, even if 
they are inaudibly quiet. One is tempted to respond that if the 
point of canonic division is to render the ratios of certain intervals 
visible and audible — that is, to display things which are ideal and 
eternal temporarily in ephemeral and perceptible guise’? — then 
any imperceptible discrepancy between the two is, in fact, unim- 
portant: the procedure has still performed its required function. 

In chapter 1 we saw that the way the kanon was used in Greek 
mathematical harmonics is similar to the way lettered diagrams 
were used in Greek mathematics. Now we see that the criticisms 
which, by Adrastus’ argument, could be levelled at the use of 
the monochord could also be applied to the use of diagrams. If 
the bridge has width, so too does the line of ink (as opposed 
to the ideal line) which bisects another line, and whether or not 
it is immediately evident to unassisted perception, the two line 
segments when measured will be found to fall short of the original 
line by an amount equal to the width of the bisecting line. One 
might apply the same counter-argument here as in the case of 
the monochord: if a diagram is so well executed that the eye 
does not perceive any inequality between two line segments which 
the proof declares to be equal, then the diagram may be deemed 
effective in communicating the proof. But mathematical diagrams 
do not regularly meet such high standards — certainly not 1n the 
manuscripts, at any rate. Mathematical proofs do not rely logically 
on the precision of their diagrams.'^* The monochord, by contrast, 


. Nicomachus seems to be confusing pitch 
), but this ts irrelevant in the present context. 
hus might have agreed; see below. 

le: a case where a diagram must 
d absurdum argument (Euc. £1. 


2° Harm. 240.9-10, trans. Barker 1989: 250 
and volume here (see Barker's n. 11 ad loc. 
!?7 This definition is one with which Nicomac 
"8 See Netz 1999a: 54-5 for an extreme example: 
misrepresent its object in order to illustrate a reductio a 


IIl.10), 
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must present its divisions to a consistently higher standard of 


accuracy, or its results will be rejected by the senses, and by the 
sense of hearing in particular. 


The argumentative roles of monochord and diagram turn out, 
then, not to be quite the same after all. Even Aristoxenus, who gave 
no hint of the monochord's existence, was aware of the different 
roles of perception and reason in mathematics and harmonics: 


to St TO pèv óAov piv (1) Oecopía trepi u£Aous TravTds POUGIKOU ToU yryvout- 
vou èv pwav Te kal ópyávois. &váyeroa 8 À TpaypaTeia els úo, els Te THY AKON 
Kal els TH Sidvoiav. TH uv yàp åkoñ kolvouev rà r&v iao Turo ueyten, Tf 
Sè Siavoia GecopoUuev Tas TOUTAV Buvápeis. Sei oUv EO19f]vot Exacta óxpióx 
Kptvew- oU y&p éotiv otep Eri r&v iaypapuáTtwv elio ren Aéyeobal: £o 
ToUTo evOcia yoouun, — oUro Kat èti TÕV ÕIQOTNUÁTOV EİTÓVTA &rrnarrayda 
Sei. ô èv yàp yecouérons oùSèv yota TH Ths aiaOroews Suvduel, oU yap tica 
Thy dpi ote TO EVOL OTE TO Trepipepes OUT GAAO oU8Ev TAV TOIOUTOV OUTE 
pavaAws oU eU Kpivelv, &XA& u&AXov Ô TEKTOV Kal Ó TOPVEUTTS Kat ETEPAL TIVES 
TOV TeXvar Trepl roro TpaypatevovTal TH 56 poucikQ oxeSov EOTIV apXns 
Éxouca rá£iw fj Tis aiaOr\ ees &plBeia, où yap evdexeTan gaiAcos alobavouevov 
EÙ AEyelv Tepi TOUTOV cov UNndéva TOdtrov aio9óverat. 


Taken as a whole, our science"? is concerned with all musical melody, both 
vocal and instrumental. Its pursuit depends ultimately on two things, hearing 
and reason. Through hearing we assess the magnitudes of intervals, and through 
reason we apprehend their functions. We must therefore become practised in 
assessing particulars accurately. While it is usual in dealing with geometrical 
diagrams to say ‘Let this be a straight line’, we must not be satisfied with similar 
remarks in relation to intervals. The geometer makes no use of the faculty of 
perception: he does not train his eyesight to assess the straight or the circular 
or anything else of that kind either well or badly: it is rather the carpenter, the 
wood-turner, and some of the other crafts that concern themselves with this. Bu 
for the student of music accuracy of perception stands just about first in order o 
importance, since if he perceives badly it is impossible for him to give a g00 
account of the things which he does not perceive at all. "3° 


Didymus, working from this text in his summary of Aristoxenial 
harmonics, offers a similar but slightly expanded version: 


OU e: i i d [A * t > » u 3? ^ 
i Pep p Aoyikov péðnpa uóvov thy pouoikńv, &AX &ua aicOntov Kc 
OY1KOV, O è T T o> , : : , 
y , O0£v Gverykodov elval ur &rroAeírreo8od Batépou TOV yvnoiws TTPAYHO 
TEUÓUEVOV -— “rep dy TEvOE 
BEVOV, KAI TrporyyoUuevoy TiOEvoa TO TH aicho paivópevov, eltrep &vreUO 


129 The word is the 


Oria, On which see n. 31 
130 Aristox. El. ha 31 above. 


rm. 33.2—26, trans. Barker 1989: 150-1. 


258 





2 THE PRACTICE OF CANONICS 


EOTIV &pkréov TH AGY. yecouérpr u£v yàp &véo ron &rrl TOU &Bakos TO KUKAOTEPES 
UrroOepévop cos EUOU SlavUelv TÒ Pecopnua davenTrOSiotws Six TO APPOVTIOTEIV TOU 
meloa Thy Oly Trepi TOU eUOEos Aoyikt]v ÜAmv SieEcyovtt. MOUOIKO) 8 oUK go Tal 
UTroOepévco TO ur) Bid TECOAPWY cos 81& Tecodpwv 0ecopfjcad T1 Sedvtes, ÖTI 
TpocopoAoyn6r|vot TOUTS fov goTl TH alogos Kai Tov Adyov TO &kdAoUBoV 
TO pavévTi ETiguvaTrTely, Sbev uf] KaT óp0ó6v ToUTov ouvapbevtos TH aic8noe 
kal TOV AÓyov Siayaptnoeabai TéAn90o0s. 


For [Aristoxenus says that] music is not only a rational branch of learning, 
but is perceptual and rational at the same time, and hence that it is necessary 
for the genuine student not to neglect either of the two, while putting what is 
evident to perception in first place, since it is from there that reason must begin. 
For a geometer can take a curved line on his drawing-board and postulate that 
it 1s straight, and can complete his theorem without any hindrance, since he 
is not concerned to persuade the eye about what is straight, since the subject 
matter which he investigates is in the domain of reason. But a student of music 
who postulates that somethin g which is not a fourth is a fourth cannot consider 
anything correctly, since it [i.e., the supposed fourth] ought to be made to agree 
with perception too, and reason should attach, in addition, that which follows in 
accordance with what is perceptually evident; and hence when this [the supposed 
fourth] is incorrectly viewed by perception, reason too will go astray from the 
truth. '3! 


The difference, then, is that geometry has no need to judge 
its figures by perception: the diagrams are there to help us form 
the ideal figure in our mind's eye. ‘The geometer makes no use 
of the faculty of perception' is Aristoxenus' blunt version of the 
statement. The harmonic theorist, by contrast, is likely to be misled 
if he does not concern himself with the accuracy of his perceptible 
constructions. | 

If the diagram is exempted in this way from the difficulty raised 
by Adrastus' account of the semitone, so too is the abacus, but for 
different reasons. The monochord is in some respects the abacus of 
harmonic science: like the abacus, it presents quantities to sense- 
perception, and sensory evidence to reason. T he abacus, LOWEN 
deals only in discrete quantities, not in the quantities of position. 3 


7' Didymus ap. Porph. Jn Harm. 28.9-19, trans. Barker 1989: 244. l " 
132 Eoo m iang f three, etc.) use the composite positions 
Pebble-figures (squares of four, triangles o ee a ier Sei 


of shape to assist the eye in discriminating odd from : 
| Ww 
regardless of their relative positions on the ground there can be no debate about ho 


many pebbles there are. Position is not fundamental to the sake A the rs h 
the same way as it is to those of the monochord. (On the abacus anc the monochord, 


see ch. r part 2.) 
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Nine pebbles and eight pebbles are a relationship between discrete 
quantities, one which can be felt with the fingers or seen with 
the eye, but not heard musically. Nine units of string and eight 
units of string are a relationship of quantities which relies, for its 
musical significance, on exact physical dimensions, on quantities 
of distance between three points. The abacus therefore escapes the 
dilemma which vexes the monochord, in that there cannot be any 
discrepancy between its manipulable physical objects (pebbles) 
and the ideal quantities they represent (positive integers). Because 
of the requirement of hearing, the monochord is not strictly arith- 
metical, and this is the source of the problem. Canonics is about 
connecting quantities to sounds in the medium of linear distance - 
physical, not just ideal, distance. It is therefore practised as a 
kind of geometry as much as it is a kind of arithmetic, because 
its numbers are conceived and represented spatially as well as 
abstractly. According to geometrical practice, it requires (audible) 
diagrams to explicate its spatial relationships. But in geometry, 
the ideal spaces represented in the diagrams are themselves the 
manipulable objects of the science; in canonics, on the other hand, 
spaces are merely the visible, tangible intermediary between pure 
number and pure sound. Eye and hand are placed between reason 
and the ear. The monochord falls prey to the P/Q dilemma partly 
because its task of representation is neither precisely that of the 
geometrical diagram nor that of the arithmetical abacus. 

The wider significance of Adrastus’ flawed ‘cutting’ argument 
probably escaped him, but I have tried to show that it was important 
nonetheless because it contained the seeds of a very real objection 
that can be raised against the claim that canonic division may be a 
scientifically meaningful activity. The objection cannot be written 
off completely; it is in fact the Opposite side of the same coin 
Which established the instrument’s position as a criterion in the 
first place. Because the kanon is physically constructed and physi- 
cally a according to rational principles, it both appeals to and 
n M M dd But because of its very physicality, it 
ciples, which iiw uu edd e pe ranana, aa 

: perfectly instantiated in material objects. 


133 Cf. Ptol. Harm. 5-11-13. 
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The objection is an important one, insofar as it hi ghlights the need 
for rigorous checks and tests on the instrument itself before its evi- 
dence can be deemed trustworthy. Such tests are not a solution, but 
à practical response to a theoretical dilemma which affects every 
science that relies on instruments, one that can be minimised but 
never fully resolved. Adrastus’ account merely shows the vague 
beginnings of this sort of thinking, and to see further progress 
on this front we must wait for the advances of Ptolemy (perhaps 
only a generation later). The way in which Adrastus employs 
the notion is simplistic and misguided, but even so his observa- 
tions constitute an important step in the history of argument by 
which apparatus and method were integrated in Greek harmonic 
science. 


Canonic(al) divisions 


Beyond the issue of the legitimacy of doing canonic division in 
the first place, questions may be raised about how it should be 
done. The answers to such questions depend largely on what the 
harmonicist's Objectives are. In the examples we have studied so 
far, the goals have been simple: to demonstrate that certain ratios 
of numbers correspond to certain musical intervals (so far, only the 
tone and five concords). The objectives of the Sectio canonis are 
somewhat more sophisticated, but the basic scheme of the project, 
along with the standard set of intervals it treats, seems to have 
passed from the third century Bc to the second century AD without 
substantial change. In chapter 6 we shall see that in at least two 
cases (Didymus and Ptolemy) the scientific programme in which 
the monochord was involved became significantly more complex, 
but these will appear to be the exception, rather than the rule. In 
general the project and its building-blocks were simple. 

For this reason it is not surprising to find another example of 
the simplest sort of canonic division in the only treatise on math- 
ematical harmonics written between Euclid and Ptolemy which 
survives complete, Nicomachus’ Handbook of Harmonics. X 
machus lived in roughly the same generation as Theon and - ras- 
tus, and in many ways his approach to harmonics 1s simuar to 


theirs. 
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After establishing the acoustical foundations of his discussion 
(ch. 4), Nicomachus digresses with a historical account of the 
major discoveries and developments in harmonic science (chs. 5- 
9). He then returns to the point where he left off in chapter 4, and 
continues with ‘what comes next’ (Tà £&fj5) at the beginning of 
chapter 10. This, he says, is to show that although the quantity of 
the note according to its tension (fasis, 254.7) is higher with higher 
pitch and lower with lower pitch (a thesis worked out in ch. 4), 
the inverse is shown in demonstrations with strings or auloi. 


tv roUToIs yàp avatraAiv ai pèv BpayuTNTEs ó£urovoUociv, al Se TTAGLOVOTT TES 
Baputovotoly. el yap Tis KOPSTS paKpds umo piav Kal Tiv AUTTY TAO KELMEVTIS 
tí tivi Kavovi, 2Enopevns 8 adtot ep Soov un wae, Tóv &mó Tfj; OANS 
kpoucOelons qOóyyov ovyKpivol TPOS TOV ATO THS Tuloeias, &rroAngesions 
Ths Xop8fis Utraywyel Ñ To1oU Top TIvi ÈK TOŬ pecaitatou, iva u TTEDAITEPW 
oU tyuicous 6 THs kpouosos kpabaouos xcprion, Sia Tao eüpryoet TOV &mà 
THs fiutoelas rrpós TOV AITO Tis GANS y ógov ueiZova, Strep &ori SITTAGI, EVaV- 
tioTrabas rods ToU uńkous åvraroðóotoiv. ei 6E KATE TO TPITOV uépos dxpipas 
uetpnOtv karéáoyoi Tov Kpabacuov, TO émó Tod Sipoipou qOtypo T)MIOMOV 
&vocyadcos EoTat pds TO AITO THs SANS, GVTIOTPOPOS +o prer. el Se KATE TO 
TETAPTOV LEPOS TÄS ops EyKOWELS Tf] KpoUott, TTEOCITEPW T pox pE OUK £QV 
Tov kpa&acyóv, èmiTpiToV v pds TO åTÒ THs ČANS NXNEIE TÒ &mó TÕV TpIÓV 
uepõv, EvavTiws TT £v TOU ur|Kkous OXECEL. 


For in these cases it is the other way round, small dimensions yielding high pitch 
and greater ones low pitch. For if you take a long string at a single uniform tension 
lying above a measuring rod (kanón), and fixed away from the rod so as nol 
to touch it, and if you compare the note from the whole string when it is pluckec 
with that from half of it, the string being divided off exactly in the middle by 
a bridge or something of the sort, so that the vibration from the blow does no 
extend further than half-way, you will find that the sound from the half strin 
stands at an octave to the larger sound from the whole — that is, it 1s double thé 
sound, being qualified in the opposite way to the relationships of the lengths. An 
if you exclude the vibration from a third part of the length, accurately measure 
the sound uttered by two thirds of the string will necessarily stand in hemiol 
ratio to that from the whole, the opposite way round to the length. And if you € 
S ae part S the string from the blow, not allowing the vibration to exter 
m 2 a s d three parts of the string will stand in epitritic ratio to th 
i pposite way round to the relationship of length.'*° 


134 
On this notion see also Thrasyllus ap. Theo. Sm. 87.9-89.8 and Boeth. Mus. IV 


Adrastus devotes some 
energy to a complicate "e 65.1 
66.11). See also Barker 2000: 49 n. = a ARUS PARES 


135 Harm. 254.11-255.3, trans. Barker 19890: 262. 
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Nicomachus goes on to add parallels from auloi and syringes, 
following the same steps. It is the same sort of division as that 
found in several of the dubiously attributed demonstrations quoted 
by Theon (59.4-61.17), simpler even than that of Panaetius. Three 
intervals are constructed and quantified, in the order octave, fifth, 
fourth. Ifit were not for Nicomachus’ development of the inversion 
argument the passage would be thoroughly unoriginal — not, it 
must be said, an undesirable quality in an introductory handbook. 
The practical details of the division, on the other hand, are just 
what such a book requires; this is a description designed for the 
beginner. 

With the division performed, Nicomachus can now move on 
to a more detailed account of harmonic structures made up of 
these intervals. In chapter 11 he sets out the fifteen notes of the 
Greater Perfect System in the diatonic genus. But then, after this, 
he makes a brief and puzzling reference to canonic division. It is 
the only place in the Handbook where Nicomachus actually uses 
the term kanonos katatomé; in chapter 10 he did not put a name to 
his demonstration on the kanón. The reference comes amid a list 
of things Nicomachus has decided to set aside for inclusion in a 
larger work to be written at a later date (which, if he wrote it, has 
not survived).!3° The last item on the list is a canonic division — 
not, he makes clear, of any current two-octave system such as 
the one presented earlier in the same chapter, but of the entire 
four-octaves-plus-sixth division of Timaeus 35b-36b: 


Kal TrpocekOnoóus0a thy ToU TluOayopikoU Aeyonévou KAVÓVOŞ KOTCTOJT]V 
aKpipdas kal kaTà TO BouAnua: TOUS TOU BibackéAou OUVTETEAEO LEVV, eux 
ús Epatoodévns moprjkouosv 7) Op&ácuANos, GAN as ó AoKpos Tipas, œ kal 
TA&rov trapnKorovdnoey, Éos TOU £r TaKalelKOGITTAactou. 


In addition we shall set out the division of the so-called Pythagorean kanon, 
worked out accurately and completely according to Pythagoras own intention, 
not in the manner of Eratosthenes or Thrasyllus, who misunderstood it, but in that 


'36 Tt is uncertain whether the fragments collected by von Jan under the title Excerpta ex 
sing work promised in Harm. 11. It is also possible, 
© 


Nicomacho derive from the mis OCC 

as Bower has argued (1989: xxiv-xxix, xxxiv, 126), that the piu division een E 

Boeth. Mus. IV.5-13 is that of Nicomachus' lost book. It 15 true that the ‘inversion 
l T i . 10. 

argument at the opening of IV.5 echoes that of Nicom. Harm. 1 
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of Timaeus of Locri, whom Plato also followed, right up to the twenty-seven-fold 
ratio. !?7 


We have encountered this passage once already, in considering the 
possibility that Eratosthenes may have employed the monochord 
(ch. 4). There we were forced to conclude that in the case of 
Eratosthenes at least, a canonic division could be produced without 
using the kanón. What precisely Nicomachus meant by the term 
kanonos katatome is then as much in question here as determining 
his views on its purpose. 

One disturbing possibility is that he did not count the division 
of chapter 10 as a real kanonos katatomé at all. If this is so, there 
may be several reasons for it: differences between the division of 
chapter 10 and that hinted at in chapter II are primarily those 
of range, completeness and purpose. The brevity of Nicomachus' 
remarks on the subject denies us a clear picture of the criteria 
by which he judged the practice of canonic division, but we may 
nevertheless gain a sense of what the issues were through a closer 
look at the passage and those he mentions in it. 


Which Timaeus? 


Our confidence in using Nicomachus as a source, either for his 


report that Eratosthenes produced a division of the monochord, or 


for the judgement that, along with Thrasyllus, he got it wrong, is 


justifiably shaken by Nicomachus' apparent confusion about his 
Platonic source. It is not altogether clear what text Nicomachus 
Was intending to use as the basis for his kanonos katatomé. 

The most likely candidate is a work supposedly written by 
Timaeus of Locri that was composed in such a way as to appear 
a credible source for Plato’s Timaeus.35 This book survives in its 


'37 Nicom. Harm. 260.12 I 
: 260.12~17, trans. B . dis stus ap. 
Theo. Sm. 63.25-65 9. arker 1989: 266, slightly modified. Cf. Adrastus ap 
dE : ae s contents (1961: 23) and an edition (1965: 205-25); for 
ext and translation see Tobin 108 : io -fifth the 
length of the authentic Plaine dic 985. The document is about one 
Tipaíc Aokpó TTepi wu 


138 


Ric. £ue on which it is based. Its full title varies from 
quise Oen est JX85 «óouo Ka pucios in some MSS to Tipaio Aokpo Tep! 
natura; I shall Sn : CS It is sometimes cited by its Latin title De universi 
, as j . . A Gi . 
LSJ). the Timaeus Locrus and abbreviate it as Ti. Locr. (following 
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entirety; it is a short and derivative document which was known to 
Iamblichus and others.'?? It cannot have been written long before 
the date of Nicomachus' Handbook,'*° and because of its content, 
Nicomachus’ reference to "Timaeus of Locri! has been taken as a 
reference to this text. 14 

The numerical harmony of the creation of the world soul is, not 
surprisingly, one of the topics addressed in the Timaeus Locrus. 
The author makes the observation that the entire scale, including 
the movable notes, can be rendered in whole numbers if one begins 
at 384; the highest number will then be 10,368 (Ti. Locr. 21-2; 
see fig. 5.22).'? This was by no means an original contribution 
to the tradition of comment on the passage.'4 Plato’s division 
contained seven terms, the last of which was twenty-seven times 
the first. '^* The project of the Timaeus Locrus is the same, except 
that all the gaps between Plato's terms are filled with epogdoic 
tones, leimmata (256:243) and apotomai (2187:2048), a procedure 
Which brings the total number of terms to thirty-six. After an 
extensive elaboration of the resulting numbers (ch. 22), the author 
summarises the operation he has just completed: ‘The entire scale 
is four octaves and a fifth and a tone, [extending] up to the twenty- 
seven-fold ratio’ (Tò r&v TeTpókis ià Trao cov Kal Sick TrévTe kai 
TOVOS, uÉXpI ToU ÉT TÀ Kal sikocarhaciou, 23, 212.19—20). Then, 
in a deliberate clarification of the numbers of the preceding chapter 
so as to link them with those of Plato's Timaeus, he continues: ‘for 
10,368 is the twenty-seventh multiple of 384' (àv yap rro © 
arén’ érrrà Kal cixooatrAdcatos, 23, 212.24; see fig. 5.2a-b). 


79 Jambl. In Nic. 105.11, Procl. In Ti. L1. p BU 
^" Taylor (1928: 656—7) was inclined to date the work to the first century AD; Tobin (1985: 


3-7) comes to a similar conclusion. nett 
Taylor 1928: 656, Tobin 1985: 3. Nicomachus would then be the first ancient author to 
mention the Timaeus Locrus; Calvenus Taurus (fl. AD 145) is the next. F 
ii Passages in the Timaeus Locrus are cited by chapter and, where necessary, by page an 
line number in Thesleff’s edition (1965). Chapters 21-3 correspond d ese Be 
Taylor identifies Eudorus (fl. c. 25 BC) as a possible source (1928: ei : rs m 
209) suggests Crantor (c. 335-275 BC), because Plutarch says d 5 in j- 10206] 
Crantor in taking 384 as the first number of the Platonic series ( Je ud e CE 102 = 
Crantor lends his name to the so-called ‘Crantor diagrams’, OF lambda Big 2 
which the two geometric series of Ti. 35b-36b were separ ated ^ 2519 ipic y ( = 
of doubles (1, 2, 4, 8) along one arm of a large lambda, ae ce fig : 2c). ^ 
9, 27) along the other, with the unit as the common point at the top g. §.2C). 


144 Ti, 35b-36b: the entire passage is quoted in ch. 3 part 2. 
350—30b; p 


— 


Id 


143 


e 
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I. 384 T b. 
2. 432 j a I. BEN 
j 9: 
b. Ee 2 3} 43 
5 576 09 
l ; 9:8 4. 4 lar P271 
6. 648 1 9:8 5. g | 93 
j. dg = : e 
g. 768 ! 256:243 i uc 
9. 864 ) 9:8 iE 27 
10. 972 ! 9B. 
iL, 1024 } 256:243 
12, 1152 2 
I3. — 1296 | B 
I4. 1458 
"à p } 256:243 
16. 1728 ur 
I7. I94: 
a Nen ] 256:243 
I9. — 2187 } 2187:2048 27:1 
20. — 2304 ] 256:243 
a en re 
24 uie 199 8 27 
E s 38 l i j f Timaeus 
26. 4374 ) 9:8 Fig. 5.2 a. The thirty-six terms of Tim 
27. . 4608 E. 22d) Locrus 22 and the intervals between them. 
d 51 } 9:8 Numbers underlined and in boldface correspond 
30. 6144 3 Poi to the seven terms of Plato's Timaeus (all 
2 K HINC s 
= E LE multiplied by 384). b. The original seven terms 
2. ; 
> 9: of PI. Ti. 35b-36b and the intervals between 
34. — 874g | F8 them. c. Plato's seven terms set out in a Crantor- 
35. 9216 } 256243 ‘ EAI ] set out 
36. 10368 | 9:8 (or ‘lambda’-) diagram; the doubles are 
along the left arm, the triples on the right. 
Matthias Baltes has argued that chapters 22 and 23 as we receive 
them are th 


€ product of later interpolations.'45 Yet he acknowl- 
edges that some Sort of division must have occupied this place in 
the text, and even what he offers, on a sceptical reading, maintains 
all the essentials: thirty-six terms, beginning at 384 and extend- 
hg 1 10,368,146 Nicomachus’ aim of following Timaeus of Locri 
Hen UP to the twenty-seven-fold ratio’ (“W5 ToU émtaKalelKOo!- 
TAactou) thus appears to be a direct reference to the scale of the 


145 Baltes 1972: 79-82. The m 
146 Baltes 1972: 81. Taylor no 
Locrus for positing thirty- 
not mentioned by Plato (1 


àin grounds for doubt are stylistic and dialectal. 


; interpretation. Tobin (1985: 21-2) follows 
and prints ; Tp 9 
ch. 22 and the last Eisen table (1972: 43) between the first sentence of 
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Timaeus Locrus, which also extended ‘up to the twenty-seven-fold 
ratio’ (uéxpi TOU &rrrà Kal eikooomAaotov). It seems likely, then, 
that Nicomachus intended to base his extended canonic division 
on the numbers of the Timaeus Locrus, not on those of Plato's 
Timaeus,'^! and that his criticisms of Eratosthenes and Thrasyllus 


should be interpreted in this light. 

It will be evident that the Timaeus Locrus would have provided 
ample material for the sort of kanonos katatomé which Nico- 
machus promises his patroness. He may not have had a copy of 
the book in his possession when he wrote the Handbook; he was 
apparently travelling at the time.'4? By the same token he may not 
have had copies of Eratosthenes' and Thrasyllus' canonic divisions 
with him either. This makes his brief and uninformative remark 
that they both misunderstood the project even less useful. Because 
it is the first statement of its kind in the literature of the monochord, 
however, some attempt at an interpretation is warranted. The one 
| suggest here is necessarily speculative. 


Misunderstanding canonic division 


Perhaps the most puzzling aspect of the last sentence of chapter 
11 of Nicomachus’ Handbook is that he gives no reason for his 
dissatisfaction with the canonic divisions of either Eratosthenes or 


77 Barker (1989: 266 n. 88) raises the objection that ‘in its scalar constructions ... it [the 
Timaeus Locrus] does not even use the number 27'. But, strictly speaking, N icomachus 
does not mention the number 27; what both texts refer to is the twenty-seven-fold ratio. 
Levin (1975: 92), to whom Barker refers, puts her objection differently: ‘In fact, the 
treatise Timaeus Locrus does not even adopt the integer 27 in the series of terms, but 36 
or the square of the first perfect number, 6.’ This not only misses the point, but misreads 
the text: the integer 27 does not appear in the series of terms because the series of terms 
begins at 384; for the same reason, the integer 36 does not appear either. But there 1s, 
of course, a twenty-seventh term (assigned the integer 4608, ri. Locr. 212.13) and 2 
thirty-sixth term (10,368). Not even Plato adopted ‘the integer 27 in the series of terms 


(Ti. 35c). 


Harm. 237.1011. Nicomachus seems not to have had a copy of Plato's Timaeus to 


hand either: this is suggested by the mess he makes of Pl. 77. 36a-b when he DR 
it at 250.6-11. His misquotation of this important passage changes its Dia ie =) : 
imply that the range of the Timaeus scale was smaller than it M a | i Bono 
likely that quotation from memory is to blame, but it is Just possible ae 

ke him appear the ‘follower’ of 


was deliberately distorting Plato's text in order to ma nappe 
Timaeus of Locri (see Barker 1989: 259 n. 60 for a fuller discussion). Already by the 
agiarism of Pythagorean sources in 


’s pl 
end of the fourth century Bc rumours of Plato s p dn P 
the writing of his Timaeus had achieved a certain popularity (Diog. Laert. VIIIL.84-5, 
Gell. NA III.17); cf. Nicom. Harm. 260.17. 
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Thrasyllus. He does noteven say whether they made the same error; 
they are simply lumped together as those who ‘misunderstood’. 
But the fact that his intention seems to be to carry out his own divi- 
sion according to what he saw as its original Pythagorean ‘purpose’ 
(bouléma, 260.14) suggests at least that he thought Eratosthenes 
and Thrasyllus put the instrument to some other purpose, or used 
it in some way Pythagoras had not intended. 

A second possible reason for Nicomachus' disapproval is that 
the divisions of Thrasyllus and Eratosthenes may both have been 
smaller in range than that of the Timaeus Locrus (and, for that mat- 
ter, of the Timaeus itself).'4? All he writes about Thrasyllus and 
Eratosthenes is that their procedures involved a misunderstanding; 
all he writes about "Timaeus of Locri’ is that Plato followed him 
‘right up to the twenty-seven-fold ratio’; linking the two statements 
is tempting indeed. In the same sentence Nicomachus appears to 
emphasise three characteristics of the well-constructed kanonos 
katatomé (260.14—15): accuracy (the adverb &KoIBOS), complete- 
ness (the verb ouvteAéw) and adherence to Pythagorean dogma 
(the phrase kat& TO BoUAnua TOUSE TOU 5iSacKaAou). The four- 
octaves-plus-sixth range of the Timaeus Locrus division could be 
seen as satisfying the second and third of these criteria. One might 
object that in the very chapter in which we find the reference to 


Eratosthenes and Thrasyllus, Nicomachus himself has been setting 
about the construction of a two-octave system: 


Toe Toívuv TÒ Tot Siaypdppatos KUTOS KATE TO ÕIATOVIKÒV yévos £OTIV ois 
ià racóv verpoarAaoíou TAdTOUS. TocotTov yap f voy covtos povi Siavue 
xcopls kivSUvou Tivds f| SkiaOaTos, èp Exdrtepov &pov SuTeUTTATOS yIVOHENN 


els HEV KOKKUO HOY KATH TO vryToELdéEs, els SE Bnyiav KATA TO Boupukéoepov TOT 
UTTATOV. 


D the scope of the diagram in the diatonic genus is a double octave of quadruph 
readth. And this is the maximum that a voice trained for competition can travels 
without some kind of risk or slippage, since it becomes difficult to pitch at eac 


of the extremes, tending towards a mere squeak in the area of nete and to a hoars 
whisper around the deeper of the hypatai.'5° 


149 > 
B e range was narrower than that of Eratosthenes, which apparent 
os ce 7 ike Aristoxenus’, to two octaves and a fifth (see chapter 4). 
rn pe ipu 255.23-256.4 trans. Barker (1989: 263); ‘the deeper of the /rypdi 
yp ypaton (n. 78). With the last sentence cf. Exc. ex Nicom. 4, 274-1 1-20. 
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Evidently Nicomachus was not averse to two-octave scale- 
systems, nor did he disapprove of the consideration of practical 
concerns in the study of harmonics, as factors taken in isolation. 
But the canonic division projected at the end of chapter 11 was pre- 
sumably going to go beyond anything Nicomachus had included 
in the Handbook, and thus we cannot fairly guess at his criteria for 
judging canonic divisions on the basis of his presentation of the 
kanon in chapter 10 or the two-octave scale-system in chapter I1. 
Range, then, may well have been an important part of the project of 
‘the division of the so-called Pythagorean kandn’ as Nicomachus 
thought it should be done. 

Of Eratosthenes’ division we know no more than the intervals 
preserved by Ptolemy (on which see chapter 4), but Thrasyllus, for 
his part, set out a division with a total range of only two octaves, 
from nété hyperbolaion, the highest note of the Greater Perfect 
System, to proslambanomenos, the lowest.'5! It is only in light of 
the four-octaves-plus-sixth scale of the Timaeus that Thrasyllus' 
canonic division could be considered small; those of the Sectio, 
Panaetius and Adrastus were all of two-octave range despite other 
differences between them. Thrasyllus begins by dividing the string 
into first two, then three, and finally four parts, and naming the 
notes which come out of each division (Theo. Sm. 87.9-89.8). At 
this point he introduces unit-numbers by way of clarification: 


SijAov 8 äv yfvorro TO Asyópevov él T&v åpiðuÕv. ei yap TO TOU KAVOVOS 
uéyeðos 18’ uérpoov ómroicovoUv, čotar pv YEON Siya Sicipedeions (Tfjs ŠANS 
xop5fis, kai &p££ei) ¢” Exatéowbev [Bicapovuévn]: fi Sè rat TOV MÉOQOV &mo 
THs &py fis 8^. 4 5è viyrm SteGeuy uévoov &mró TNS teAguTiys 8'- Kal TO petagu autot 
0. 1) SÈ Urrepumrárm åTò THs &pxs Teta &p£é&et uey On, gard SE THs Urr&mS aa f 
5E UrrepBoAata ard utv TÄS TeAeuTfs y’, &rro Se TNS BieCeu y pévns EV. perargy p. 
aUTÓv «", dot, &mró THs uéons £kocrépat y’, Kod yiverai fj OAN Siaipeors oie Na" 
Tis &pyfis él ürrepumrérrmy y’, vreUOev 8E earl Umárny Ev, évreOOev Oe ETT! Peony 
Dúo, eit dro péons &rri Thv SieGevy uévmnv B’, évTeutev Sè cis THY Ur reppPoAatav £v, 
dard SE Tats eis Thy TeAcUTHY y’. yiveroa vávra 1p". 

f numbers. For if the kanon has 


What has been said can be made clear by means © n ha 
| arise when the whole string 1s 


à magnitude of 12 units of whatever sort. mesé wil 
ale he presents is in fact a combination of 


9: 229 n. 90), but its overall range 
ription of these systems 


5! Thrasyllus ap. Theo. Sm. 88.17-25. The sc 
the Greater and Lesser Perfect Systems (Barker 198 [US 
is no different from that of the Greater Perfect System. 


is given in the Introduction. 
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divided in half, and will be at a distance of 6 units from each end. Hypaté meson 
will be 4 units from the origin, and nete diezeugmenon 4 units from the end: the 
distance between them is 4. Hyperhypaté will be at a distance of 3 magnitudes 
from the origin and t from Aypaté. Hyperbolaia will be 3 units from the end, and 
I from diezeugmené. Between them will be 6, so that each is 3 from mese. The 
whole division is then as follows: from the origin to hyperhypaté, 3; then 1 to 


hypate; then 2 to mese; then from mesé to diezeugmené 2; then 1 to hyperbolaia, 
and from it to the end, 3: in all there are 12.15? 


Thrasyllus then proceeds to specify in systematic fashion all the 
ratios which fall between the notes, reducing each to lowest terms 
as he goes (89.23—90.2 1): 


4:3, 6:3; (8:3,)33 9:3, 12:3 = 4:3, 2:1, (8:3,) 3:1, 4:1 
6:4, 8:4, 9:4, 12:4 = 3:2, 2:1, 0:4, 3:1 
8:6, 9:6, 12:6 = 4:3, 3:2, 2:1 
9:8, 12:8 = 9:8, 3:2 
12:9 = 4:3 


He then places the remaining notes of the diatonic and chro- 
matic genera, and makes a half-hearted attempt to include the 
enharmonic as well. '54 Altogether it constitutes much more than 
what was offered either in the Sectio or by any subsequent author 
in the context of a canonic division. It is detailed and systematic, 
both practically and mathematically. 

Furthermore, it may Owe something to the Timaeus tradition, 
not only because of Thrasyllus’ substantial knowledge of Plato, 
but for a more Specific reason as well. At the conclusion of his 
division Thrasyllus remarks that the entire division could be set 
out in numbers, rather than in ratios as he has just described it. 


The importance of this final paragraph is in the way he sets up the 
numerical division: 


152 


Thrasyllus ap. Theo. Sm. 89.9— 
mene are shortened forms for n 
The ratio of the octave plus fo 


23, trans. Barker 1989: 227. Hyperbolaia and diezeug- 
été hyperbolaión and nete diezeugmenon respectively. 
urth was supplied from an apograph to fill a lacuna at 
j . A & : 
due ue restoration is secure: cf. 88.22—3. Of the four canonic divisions considered 
in this . ; ei" 
ik i5 chapter, only that of Thrasyllus includes the octave plus fourth. Significantly, 
rasyllus specifies its ratio, b 


153 


two differences are closel 
‘ connected. 
‘54 90.22-93.2. For the enharmo 4 j 
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eüpotuev 8 àv TAUTA xai £v &ápiOpois &rró THs vryrns rv UrreppoAatcov &pyóuevoi, 
UrroreOelons AUTT|S pupiwv TEN’: oi pegs &róy8Sooíl Te Kai oi Aorrrol KaTa TOUS 
Tpoeipnuévous Aóyous AauBdavovtai, os Trepiepyov &kxriévot- A&Siov SE TH 
TAPNKOAOUENKOT! TOIS Trpoerenuévois. 

We could also find these things in numbers, beginning from nëtë hyperbolaion, 
if we assume that it is 10,368. The successive epogdoics and the remainders are 
taken according to the ratios previously stated, which it is unnecessary to set out: 
it is an easy task for anyone who has followed what we have said.!55 


It is possible that on account of their position at the end of the 
quotation, these sentences were written not by Thrasyllus but by 
Theon. As we have seen in the case of Adrastus, Theon frequently 
offers little indication of the precise beginnings and endings of his 
many quotations from the works of other authors. But in this case, 
the next sentence offers some reassurance: ‘That, then,’ Theon 
sums up, ‘Is the method of dividing the kanón which has been 
handed down by Thrasyllus.''5Ó It is as firm an end-quotation 
mark as we can hope for. 

Having allowed for some uncertainty about the authorship of the 
concluding lines of Thrasyllus' canonic division, we may note that 
they contain two important features. The first is that the now famil- 
lar number 10,368 has reappeared. Thrasyllus cannot have found 
this number in the Timaeus, since it does not occur there, and con- 
sequently any view of Nicomachus' criticism of Thrasyllus and 
Eratosthenes as a straightforward bias in favour of ‘Pythagorean’ 
versus ‘Platonic’ canonic divisions (however Nicomachus may 
have understood such a distinction) is not entirely satisfactory. 
Where did the number 10,368 come from? If Theon's hand is to 
blame, we might suspect that he got the number from the Timaeus 
Locrus; but if the paragraph belongs to Thrasyllus, then a look at 
earlier sources is probably in order. The Timaeus Locrus may just 
have been in circulation by Thrasyllus’ time, but we cannot assume 
that he knew it. It is evident from remarks made by Plutarch in 
his treatise On the Procreation of the Soul in the Timaeus (1020C) 
that there had already been widespread and detailed manipulation 
of the numbers in the Timaeus by commentators as early as Crantor 


155 
-~ 932-7, trans. Barker 1989: 229. MM € 
59 kai f uiv Ord OpacUAAoOU trapadeSoHevn korrerroum toU kavóvos GdE Ext, 93.9—9, 


trans. Barker 1989: 229. 
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(C. 335—275 BC) and as late as Eudorus (tl. c. 25 BC). Both Crantor 
and Eudorus wrote Timaeus commentaries (Crantor's was especi- 
ally influential in antiquity), and both apparently began the Platonic 
twenty-seven-fold division at 384, as did the author of the Timaeus 
Locrus. As noted above, this yields a final number of 10,368. 

It is evident, then, that Thrasyllus had a wide pool of numer- 
ical analysis to draw from for his own work; by his lifetime the 
Timaeus had spawned a tradition of comment which went far 
beyond the original scope of the Platonic text. What is particularly 
strange about the appearance of the number 10,368 in this con- 
text 1s not the fact that it appears in the first place, but that while 
Thrasyllus’ sources must have applied it to the twenty-seven-fold, 
four-octaves-plus-sixth division of the Timaeus, he applies it, per- 
versely, to his diminutive and mundane double-octave ‘immutable 
scale-system' (ametabolon systema, 92.26—7). This may have been 
at least one of the spurs to Nicomachus' annoyance. 

The second thing of note in the concluding lines of Thrasyllus 
division concerns the fact that the number 10,368 is made to paral- 
lel not, as we mi ght expect, the bottom note (proslambanomenos) 
of the two-octave scale, but the top note (nete hyperbolaion). In the 
procedures he has described at 89.9—90.21 the division numbers, 
envisaged as lengths of the same string, were higher according to 
lower pitch, and lower according to higher pitch: hence ‘(the ratio) 
of net diezeugmenén to hyperbolaia will be 4:3, the epitritic ratio 
of the fourth’,'57 not the other way around. In the ‘numerical’ divi- 
sion sketched at the end of the quotation, we must either suppose 
that nëtë hyperbolaiog (which Thrasyllus also calls hyperbolaia, 
as above) still corresponds, at 10,368, to the shortest length of 
string ~ giving proslambanomenos the extraordinarily high value 
of 41,472 (= 10,368 x 4:1) — or, on the other hand, that the 
numbers are no longer being conceived as string lengths and that 
Thrasyllus intends his reader to locate proslambanomenos at 2592 
LE Ed 2 I). Tt is true that other authors, such as Plutarch (at 

€ ume), carried out their divisions in this way.’ 


37 Borat otv trode uiv z 
POS MEV TNV UTTE OÀ , € , ie i ; j / ò 
Y ETITPITOS 6 TOG Sid ep er E inim TNS KEV vryrns SieGevy uévoov & Tpos 
De an. procr. io} Ed oe 
number of 192 for the 7; -9C-9, where he writes that he prefers to use a base 
"Imaeus division because the first tetrachord thereby generated 
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But in fact Thrasyllus’ division can only be carried out in one 
direction: the requirement, stated at 93.3, was that the entire divi- 
sion be found ‘in numbers’ (£v &p18 cis), and if 10,368 is taken as 
the highest term, then one note cannot be assigned a number (in 
the sense meant by arithmos). Thrasyllus locates this note, trite 
synemmenón, with two reference points (note Io in fig. 5.3b): it is 
a tone below trité diezeugmenon and a leimma above mese (92.2— 
6).59 But if 10,368 is taken as the lowest term, frité synémmenon 
will be found at 19,683. In fact, the highest note of the scale cannot 
be assigned a value less than 10,368. Thus there is only one way 
to read Thrasyllus’ division: numbers refer to string lengths, and 
he is consistent throughout in attaching the higher numbers to the 
lower notes. 

Now it is possible that the number 10,368 occurs in Thrasyllus’ 
division merely because it happens to be the lowest value that can 
be given to his nete hyperbolaión: he did the reckoning, and out it 
came. But he may well have had some help. He could hardly have 
been unfamiliar with the Platonic commentators who had applied 
it to the larger scale of the Timaeus, and since the basic intervals 
of his scale are all derived from the same ingredients as that of 
the Timaeus, the number 10,368 would have come as a helpful 
tip for his own project. Thrasyllus’ adoption of this number for 
his divison of the smaller ametabolon systema may therefore have 
seemed to him not merely a fortuitous numerical coincidence, but 
an opportunity to allude to the tradition of Timaeus commentary, 
and to illustrate the fact that the mathematical language of this 
tradition could be brought to bear on the analysis of other scale- 
systems in order to provide the most economical expression of 
their terms. We may even speculate that he thought of 10,368 as 
the meeting point between the structures of eternal and ephemeral 
music, and as a sort of proof that the two could be thought of as 


mathematically contiguous. 


d the numbers of the leimma mentioned by 
ar that in Plutarch's conception 192 
is never the highest interval 


(192, 216, 243, 256) is in lowest terms, an 

Plato (256:243) are readily seen. From this it is cle 

represents the highest note of the scale, since the /eimma 
in a tetrachord. 

79 Thus if a is the highest number in the system and is assigned, a o D. 
us, to nete hyperbolaion, then mese will be 5184 (= 10,368 + 2:1), and 5194 x 250:243 
is not an arithmos (a positive integer greater than one). 
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Nicomachus, as we have seen, made much of the necessary 
reversal of the numbers when applying them to the monochord 
in chapter 10 of his Handbook. His argument was that the causal 
constituents of pitch, impacts, have higher quantities according to 
higher pitch, and that in strings this 1s evident in the correlation 
between higher tension and higher pitch (ch. 4). For Nicomachus 
the note as such is properly quantified according to this arrange- 
ment, and in chapter 10 much of his energy is devoted to showing 
that the relationship of high pitch to low number displayed in 
the lengths of strings or pipes is the opposite of that previously 
explained.'©° That he takes the high number, high pitch correlation 
to be the ‘real’ relationship is clear from the way he sets out the 
ratios in his brief canonic division (if that is what he would have 
called it): *you will find that the sound from the half string stands 
at an octave to the larger sound from the whole — that is, itis double 
that sound, being qualified in the opposite way to the relationships 
of the lengths','?' and so on for the rest. In at least one other 
detailed discussion of the subject (Exc. ex Nicom. 2) Nicomachus 
also made the higher numbers correspond to the higher notes, as 
did Plutarch.'?? 

Yet his objection cannot have been that Thrasyllus’ divisior 
was ‘backwards’, for Thrasyllus’ division is itself framed in simi 
lar terms. ‘When they divide the magnitude in half’, he says, ‘th 
octave in duple ratio makes mesé, which in its movements is qual 
ified in the converse way, having double the pitch upwards." 
Throughout his division Thrasyllus reminds his reader, as Nicc 


machus did, that ‘the numbers of the movements are inverse! 
proportional to the division of the magnitudes’ .'™ 


160 : . nG 
Note especially his repetitive use of the vocabulary of oppositeness throughout the chi 


ter: AVAL E DORON: 254.10; dvarraAiv, 254.11; évavtiotrabas, 254.21; AVTIOTPOP 
pr 254.25; EVAVTIONS, 255.3; avTitrabdds, 255.16. 


163 Pa ade. quoted (with the Greek) above. — '?? See n. 158 above. 
yn y - 4 f AS P t 
re atc Hia To ueytüos uéonv moii TO Sià tracdv év TH OrmAocio ^o) 
OVVOT OS Ev rats Kioo SitrAaciav Éyoucav Toiv &rrl TO dtu, Thrasyllus 


" Theo. Sm. 87.9—11, trans. Barker 1989: 226. 


AB 


Qvtl E e 

is ot &pi8uot TOv xivü]cecov TH Sicipgoe Tv peyeOdv, Thrasyllus 

again a o Pus DE a almost verbatim at 89.7-8. The principle is invo 
iva pare the very similar statem in Ni 254.21 

25; 255.3, 16-17). ents in Nicom. Harm. 10 (254 
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Likewise, Nicomachus could not have objected to Thrasyllus' 
application of the higher numbers to the lower notes by taking the 
Timaeus Locrus as his model for canonic division. That text does 
not refer to any of the notes in the Greek scale by name, but it is 
clear from the arrangement of the intervals laid out in chapter 22 
and from the way their combinations are highlighted that the higher 
numbers, as in Thrasyllus' division, correspond to the lower notes, 
and vice versa; were it not so, each tetrachord would be upside 
down, with the /eimma at the top and the two tones below it. The 
author of the Timaeus Locrus proceeds sequentially, from the first 
term (the highest note), 384, to the last (the lowest note), 10,368, 
rather than in such a manner as to facilitate the construction of 
the intervals on a monochord by the reader, as in Sectio canonis 
propositions 19—20, or in Thrasyllus' division (see fig. 5.3). 

The divisions of Thrasyllus and the Timaeus Locrus bear com- 
parison in other ways as well. Proclus was uncomfortable with the 
two apotomai (2187:2048) which the author of the Timaeus Locrus 
placed between terms 18—19 and 30-1, because this interval is not 
mentioned in Plato's original scheme.'°5 But the apotomai fall 
in musically useful places: by lying just above the /eimma at the 
bottom of the tetrachord, they each supply a chromatic note, equiv- 
alent to Thrasyllus’ chromatiké meson (note 13 in fig. 5.3b). An 
identical placement of the apotomé is specified in Thrasyllus’ divi- 
sion. In fact, the entire lower octave of Thrasyllus’ division (mesé 
to proslambanomenos, notes 1 I-19 in fig. 5.3b) is placed twice, 
note for note, between terms 16-24 and 28-36 of the Timaeus 
Locrus division (fig. 5.3a). Between these octaves lies a single 
tetrachord and a tone of disjunction. The two upper octaves (terms 
1-8 and 8—15) are identical to one another, but different from those 
of Thrasyllus’ division. Each replicates the central octave of the 
Greater Perfect System (that is, the tetrachords diezeugmenon and 
meson separated by a tone of disjunction); they are conjoined at 
term 8, and separated from the lower octaves by the tone between 
terms 15 and 16. 

The two tetrachords of the Timaeus Locrus division which 
contain apotomai (16-20 and 28-32) are constructed, like their 


5 See n. 146 above. 
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nete hyperbolaién (hyperbolaia) 

diatonos hyperbolaian 

chromatiké hyperbolaian 

trite hyperbolaién 

nete diezeugmenon (diezeugmene) 
paranete diezeugmenon/nete synémmenon 
chromatike diez zeugmenón 

(rité diezeugmenon/diatonos Synemmenón 
paramesé/chrómatike Synémmenon 


. trite Syhemmenón 

. mese 

. diatonos meson 

« Chromatike meson 

. parhypaté meson 

. hypaté meson 

. diatonos hypatan (h (h yperhypate) 


parhypaté hypaton 


. Aypaté hypaton 


proslambanomen OS 


Fig. 5.3 a. The division of Ti. 
Locr. 22. The numbers are 
original; ratios between terms, 
and their groupings by 
tetrachord and octave, are my 
additions. b. Thrasyllus' 
division. Note-names and 
tetrachord groupings are as he 
specifies them, but all numbers 
except 10,368 have been added. 
Synonymous note-names are 
given in parenthesis. When two 
different notes occupy the same 
pitch they are separated by an 
oblique stroke. In both 

(a) and (b) high-pitched notes 
are at the top, and low-pitched 
notes at the bottom. 
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Thrasyllan counterparts, so as to allow dual use; if terms 17 and 29 
are omitted, the tetrachords become chromatic, but if notes 18 and 
30 are omitted they become diatonic. This version of the chromatic 
arises from a straightforward application of the ditonic scale: the 
apotomé is, after all, only the interval ‘cut off' from the tone when 
a leimma has been taken away from it. There is no thorough-going 
reform of the standard ditonic tetrachord here; these tetrachords 
are nothing like those produced by Archytas, Eratosthenes and 
Didymus. Every step in the scale is either a tone or one of two 
fractions of a tone. 

It seems surprising, then, that if Nicomachus took the division 
of the Timaeus Locrus as the standard by which to judge others, 
he would reject that of Thrasyllus, with which it shares so many 
essential features. Nicomachus cannot have objected to the lower 
octave of Thrasyllus’ division, since it occurs twice in that of 
the Timaeus Locrus. Furthermore, the structures in Thrasyllus’ 
upper octave merely involve more of the same procedures already 
applied in the Timaeus Locrus division, not the introduction of a 
new principle.'® It seems, then, that formal structures were not at 
the root of Nicomachus’ criticism of Thrasyllus. 


Performing the division 


This brings us back to the most significant difference between 
the divisions of Thrasyllus and the Timaeus Locrus: magnitude. 
This difference could be counted theoretically or even philosoph- 
ically important, but if we are to take Nicomachus literally when 
he talks of a ‘division of the monochord’, it is first and fore- 
most a practical difference. The four-octaves-plus-sixth range of 
the Timaeus Locrus division makes its construction on the mono- 
chord quite problematic. It is not merely the difficulty of divid- 
ing the kann into 10,368 units that causes the problem, though 
this is certainly the first hurdle; the units would need to be very 
small indeed. Yet we have seen already that Ptolemy (whose 
concern for the practicalities of canonic division 1s manifest) 


2, ) j achord 
‘°° Thrasyllus’ addition of the tetrachord synemmenon, which E b bon ie i - 
diezeugmenón, is also paralleled by Nicomachus uid s RS a 
be taken to dictate his preferences in the construction Of a Ca sion. 
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expressed the numbers in his division-tables in sexagesimals, thus 
allowing for 7200 theoretically possible bridge positions." And 
If the Timaeus Locrus division can be criticised on this front, so 
can that of Thrasyllus, which requires 41,472 units. Some approx- 
imation is therefore necessary in both cases. '°8 

The second problem is that the notes from the smaller lengths 
of string will be difficult to produce accurately and sonorously; 
very short end-lengths give out a poor sound, and their pitches 
are distorted by the height of the bridge. Whereas Thrasyllus 
ametabolon systēma requires only a quarter of the string for its 
shortest length, the Timaeus scale (whether in this version or not) 
requires one twenty-seventh. On a Ptolemy-style 120-unit Kanon 
this comes out as a mere 4 27 units.'69 The smallest distance 
between bridge positions used in the division (the interval between 
terms 3-4 in fig. 5.3a) will then be only 18 sixtieths of a unit. In 
Thrasyllus’ division, by contrast, the shortest length will be 30 
units, and the smallest step in the scale (the interval between notes 
2-3 in fig. 5.3b) a distance of 1 48’ units. Thrasyllus’ division 
is not beyond the capabilities of a carefully built instrument the 
same cannot be said for the one Nicomachus favoured. A single 
attempt at reconstructing the highest octave of the Timaeus Locrus 
division on a monochord will suffice to convince the reader of the 
point: this is not a division meant to be demonstrated by kanón. 

There are ways around the difficulty, of course, but they are 
disruptive to the procedure. One could transpose the upper octaves 
to a lower pitch and demonstrate them there; or one could set up a 


'87 See ch. 4. Only rarely is less than half the string sounded in the scales of ssa 
tables, however: the true number of bridge positions that can be indicated by means 
his numerical notation is thus reduced to about 3250. 


Here we discover just how relevant the P/Q discrepancy of Adrastus turns out to be 
once larger structures e 


ontaining smaller intervals are at issue. We can never be sure 
that the bridge has been Placed precisely at 36,864, and not (say) 36,867; even if it has, 
the bridge itself must take up several of of these units; and even if it has, we cannot 
hear the difference. The question becomes whether or not monochord division can still 
bea theoretically meaningful activity under such conditions. 
For the sexagesimal notation, see table 4.1. 
And yet Proclus also resorts to the monochord in order to explain the numbers of PI. 77. 
some of the same problems (/n Ti. II.237.15-20). Significantly, 
however, the exercise he commends to his reader is a sort of ‘armchair’ Canone 
1 ONE: Vevorobwoay ov of &piOuoi travtes Bg vos yeypappévo! 
WOTTED 5n Kai troigiy elmbao of &puoviko(, ‘Let all the numbers be imagined 
marked on a single monochord, as is the custom of the harmonicists.’ 
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polychord kanon with the strings tuned in octaves to one another. It 
is not inconceivable that monochords had been used by Pythagore- 
anising Platonists to explicate versions of the Timaeus scale.'' Or 
perhaps the lack of unity and continuity in remedial polychord 
solutions could even have been turned to philosophical use: the 
scale cannot be contained or reproduced by earthly instruments; 
only the world soul is large enough to be harmonised by it. The 
insufficiency of the kanón could itself be used to communicate the 
magnitude of the cosmic harmony. 

Comparisons between the divisions of Thrasyllus and the 
Timaeus Locrus therefore help to reinforce the point that for Nico- 
machus, setting out ‘the division of the so-called Pythagorean 
kanón . . . accurately and completely according to Pythagoras' own 
intention’ (Harm. 260.13-14) did not apparently mean including 
only the intervals of the ditonic diatonic. It seems rather to have 
meant setting out a scale that was not particularly monochord- 
friendly. We may quite reasonably wonder whether Nicomachus 
envisaged a role for the instrument in the procedure at all. 


The charges against Eratosthenes and Thrasyllus 


I have suggested that Nicomachus’ objections to the divisions of 
his two predecessors may have been partly to do with range. The 
two remaining areas of conflict (which I have signalled already) are 
as follows. Thrasyllus devotes a considerable amount of attention 
to describing how to go about dividing the monochord, but only 
two brief and almost dismissive concluding sentences outlining 
the way to find the numbers corresponding to all the notes. His 
priorities are clear, and they are the exact opposite of those found 
in the Timaeus Locrus, despite the numerical similarities between 
the two divisions. In the latter, there 1s no practical instruction 
Whatsoever, nor are any note-names supplied; all we are given 
is a list of terms from 384 to 10,368. Eratosthenes, for his part, 


Haav of &ppovikoi (see 
ists’ — i.e. their custom 
fically ‘just the way the 
le on a single-stringed 


‘7' Perhaps this is what Proclus meant by cootrep 8) Kai TOLEI e 
previous note): not simply “as is the custom of the ela: 
of marking division numbers on monochords — but more p 
harmonicists customarily do it — € set out the Timaeus 5 
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offered tetrachords divided in ratios which bore no mathematical 
relation to the ditonic division which underlies all the harmonic 
analyses of Nicomachus, Thrasyllus and the Timaeus Locrus. What 
the approaches of Thrasyllus and Eratosthenes have in common is 
that both could be seen as involving concessions, whether practical 
or mathematical, which compromised the ‘purity’ either of the 
intervals themselves or of the process of their explication. 

It is curious that while in chapter 11 of his Handbook Nico- 
machus treats the double-octave scale from a historical and prac- 
tical point of view, his promise to set out a canonic division in : 
later treatise comes into the discussion only as a related, but sep 
arate, procedure. It appears that for him there are on the one han 
the scales of human music, which are limited in range for voc? 
reasons, and whose development can be traced via the history ¢ 
Greek musical instruments, and on the other there is the scal 
by which the world soul is harmonised, whose range is eternall 
fixed (as described by ‘Timaeus of Locri’). It can be illustrated t 
(perhaps imaginary) canonic division, and although it admits nor 
of the limitations of human musical capabilities, it bears startlir 
resemblances to the general shape not only of the Perfect 5y 
tem outlined in chapter 11 of Nicomachus' Handbook, but of t 
Thrasyllan division which he dismissed as misguided. 

We may wonder why Nicomachus settles on these two theori: 
as his target. If my summary of his views is correct, then a 
number of other Greek musicologists could equally have been 
the line of fire - Didymus, for example, or the author of the Sec 
canonis, or even a relatively early Pythagorean like Archytas, all 
whom either diverged from the received intervals of Pythagor 
harmonics, or allowed practical concerns to influence the forn 
lation or presentation of the ratios of their scale-systems in SO 
way. In this case, why should Nicomachus have singled out Erat 
thenes and Thrasyllus? It is not a question which admits any € 
answer, and perhaps we should conclude simply that these w 


the two names which sprang most readily to mind as he neared 
end of his short and hastily written handbook. 7? 


172 Th 
i e Ede a in the Handbook; cf. Nicomachus’ apologies t 
Seinen Sty nature of this essay’ (265.1, trans. Barker 1989: 269) 1 
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Summary 


After Eratosthenes the monochord became more widespread 
among music theorists, perhaps largely as a pedagogical 
instrument. The catechetic manual of Ptolemais of Cyrene makes 
it clear that kanoniké had become a clearly delineated branch 
of harmonics, one which adopted both the rational postulates of 
mathematics and the perception-based postulates of the Aristoxe- 
nians. Although Ptolemais' definition of canonics included the use 
of other instruments (particularly auloi and syringes), the mono- 
chord is given special place as being ‘strictly canonic’. The term 
‘canonics’ was used by others as well, although not always with the 
monochord directly in mind. By some accounts (like that of Aulus 
Gellius), canonics also included the study of the ratios of rhythm. 
Many ancient authors list kanoniké in place of harmonike among 
the mathematical sciences, usually categorising it as à branch of 
arithmetic because it treats ratios of numbers. Notably, however, 
canonics is also presented as a geometrical science, because 
its ratios must be constructed geometrically if they are to be 
heard. 

The activity which defined the kanonikoi and their science, in 
Proclus’ account, was canonic division. Although Ptolemais does 
not mention canonic division, I have argued that her discussion of 
the criteria of reason and perception seems to have given the mono- 
chord a mediating role between the two. Panaetius took the process 
à step further by using canonic division to confirm that equal divi- 
sion of the tone is impossible both in qualitative and quantitative 
harmonic analysis. Through the writings of Adrastus, however, 
two important problems with canonic division are raised. The first 
is that posed by the octave plus fourth, whose status as à concord 
cannot be confirmed by canonic division without drawing atten- 
tion to the fact that its ratio is unlike those of the other concords. 
This difficulty could be taken to interfere with Adrastus thesis 
that reason and perception reach fundamental agreement through 
instruments, but Adrastus himself does not draw this conclusion 


explicitly even though the octave plus fourth 1s the only concord 
omitted from the canonic division Theon apparently quotes from 


his book. The second problem (imperfectly conceived by Adrastus 
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himself) is that the discrepancy between the ideal division and its 
physical construction on the instrument means that no interval 
viewed (or sounded) on the monochord is ever exactly the one 
reason has established. The importance of the second problem is 
that it provides a spur for the essential project of minimising error 
within the apparatus, something with which Ptolemy was greatly 
concerned. 

The most complex division to survive from the period is that of 
Thrasyllus. In his work we can see the influence of previous analy- 
ses of the numbers harmonising the world soul in Plato's Timaeus, 
although in his version they are applied to a much smaller gamut. 
Nicomachus, who criticised Thrasyllus along with Eratosthenes 
for misunderstanding canonic division, appears to have favoured a 
kind of division exemplified by the Timaeus Locrus, in which the 
entire four-octaves-plus-sixth scale of Plato’s Timaeus was worked 
out in detail, and for which the monochord is for practical reasons 
an inadequate demonstrative tool. 

From these accounts of canonic theory a rather heterogeneous 
picture emerges. On the one hand the instrument seems to be thriv- 
ing; it gives its name to its own brand of harmonics and those who 
practise this science. Procedures of canonic division are recorded 
and at the most basic level the instrument has evidently becom 
a key in the growing attempts to present harmonics as à unifiet 
science despite the rupture between Aristoxenian and Pythagorea 
approaches to it. On the other hand, some of those most engage 
in the finer details of harmonic analysis begin to discover that ¢ 
this level the instrument only forces the two approaches furti 
apart. Likewise, those who model their divisions on the 'timeles: 
scale of the Timaeus run into practical difficulties which cannot b 
satisfactorily resolved on a single-stringed kanon. The instrumet 
ips least notionally well established in Greek harmonic SC 
ence, but evidently not always used in so-called ‘canonic division 


a ; 
nd no scholar had yet mounted a detailed and systematic atte 
to integrate it into 


a unified harmonic project any more compk 
than that of the Secti ; proj y 
O0 canonis. i ; udi 
Ptolemy. For this we must wait for Cla 
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PTOLEMY'S CANONICS 


It was J. F. Mountford’s opinion that ‘no complete study of ancient 
Greek music can be undertaken without continual recourse to 
Ptolemy’.' His statement is even more applicable to a study of 
the early history of the kanon, for no ancient harmonicist provided 
the instrument with a role more wide-reaching, more scientifically 
grounded and more conceptually indispensable than the one it 
occupies in Ptolemy’s Harmonics. 

Ptolemy has indeed made many appearances over the preceding 
pages. In chapter I we compared his introduction of the kanon in 
the Harmonics with his introduction of two astronomical instru- 
ments in the A/magest in order to isolate the role of the kanon 
between those of diagrams and tables; in chapter 2 he was our only 
source for the divisions attributed to Archytas; and in chapter 4 
he provided our only indication of Eratosthenes’ tetrachords. Other 
vital clues and fragments have been gleaned from Ptolemy’s ear- 
liest and most extensive ancient commentator, Porphyry. At many 
other points along the way Ptolemy’s work has served as a con- 
venient benchmark by which to contextualise the struggles, errors 
and advances of his predecessors. References to Ptolemy so far 
have largely had the effect of moderating both the achievements 
and the mistakes of previous scholars: if they made some signif- 
icant step forward, ‘Ptolemy would do this much better’; or, on 
the other hand, if their work was hampered by some fundamental 
misunderstanding, ‘even Ptolemy did not satisfactorily resolve this 
issue’. 

To move from Ptolemy’s predecessors in the field of harmonics 
to Ptolemy himself presents a new interpretative challenge, one 


' Mountford 1926: 74. ‘Recourse to Ptolemy’ among students of ancient Greek music has 
picked up in recent years: since the work of Düring (1930, 1932, 1934) the treatise has 
been translated with commentary by Barker (1989), Solomon (2000) and Raffa (2002), 
and is treated at length by Mathiesen (1999) and Barker (2000). 
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which we have not yet had to face. In most of the cases examineg 
since chapter 2, we have been dealing with brief — often frustrat. 
ingly brief — fragments and testimonia, some of which mention 
the kanon, and some of which do not. At times it has been a hunt 
for a rare quarry through a thick wood. Now, with Ptolemy, we 
are overwhelmed with references to the kanon. And not merely 
references: Ptolemy gives careful descriptions of a handful of 
harmonic instruments, sometimes including fine details of their 
parts and construction, and almost always with painstakingly clear 
instructions for their use. The statistics alone are impressive: the 
word kanon appears twenty-five times in an instrumental context;? 
monochordos five times; kanonion (usually meaning measuring 
rod’) nineteen times; magas, magadion, hypagogeus, hypagogion 
and hypagogidion (words for bridges) thirty-three times jointly; 
organon (‘instrument’) fifteen times; and other more obscure 
instrumental vocabulary sometimes occurs as well.? The kandn 
has gone from the sooty hearth to the prince’s palace. 

Yet it was not as sudden a translation as it might seem from 
the stark differences between our surviving texts. As we have seen 
already, there have been several coaches (and several pumpkins) 
along the way. Porphyry expends some energy on the allegation 
(poorly substantiated, in the end) that Ptolemy had taken ‘the 
greater part, if not more or less all’ (Tà èv TrAgiota, ei Kai ur) 
oxedov travta) of his material from Didymus’ book On the Dif- 
ference Between Pythagorean and Aristoxenian Music Theory, 
without acknowledging the fact.^ If Ptolemy's work were really 
this unoriginal, then the many new instruments and instrumental 
procedures he describes might also be assumed to predate him. But 
in two cases where Ptolemy has inherited an instrument from his 
predecessors (the kanon and the Ahelikon), he is candid about the 
fact, as he is also when he discusses a technique pioneered by Didy- 
mus. There is no evidence (not even in Porphyry's commentary) to 


^ Usually it indicates an instrument; occasionally it signifies a ruler to be placed temporarily 
alongside the strings (e.g. 84.10). Ptolemy also refers to his numerical tables (II.15) as 
kanones (these uses are excluded from the count). 

3 E.g. pelekesis (81.9), for a type of movable device to which tuning pegs could be attached 
(discussed below). 

^ Porph. Jn Harm. 5.7—15, on which see also Barker 1994a: 64-5. 
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suggest that the more complex instruments in the Harmonics were 
not original to Ptolemy. For these and other reasons, Porphyry's 
charges have not been taken seriously by modern scholars, and the 
reassessments of Ptolemy's originality in other fields have left his 
Harmonics relatively untouched.? 

On the other hand, no arguments for Ptolemy's originality as 
a harmonic theorist have attempted to deny his dependence on 
ideas worked out by those who came before him. It is fairly clear, 
too, that Didymus was one of his main sources on the writings 
(and probably the divisions) of Archytas and Eratosthenes. Fur- 
thermore, in a passage where Ptolemy describes (and criticises) 
the canonic procedures and divisions of Didymus, it appears that 
the monochord had been employed in demonstrations of some 
complexity a century or less before the composition of Ptolemy's 
Harmonics. 

This chapter is about Ptolemy's canonics: that is, about the place 
of the kanon and related instruments in Ptolemy's conception and 
elaboration of harmonic science. I shall argue that although he 
never describes his harmonics as kanonike, the instrument both 
defines and governs his exposition of the science, from its basic 
postulates to its wider conclusions. I have begun with the ques- 
tion of his originality because it is connected to the definition of 
his canonics as opposed to that of his predecessors. In general, 
Ptolemy's treatment of harmonic instruments can be distinguished 
from others we have examined in five respects. The first is that 
he confronts the issue of the accuracy and trustworthiness of the 
results they produce squarely, and repeatedly, throughout his trea- 
tise. The second is that he is explicit about his use of the kanon 
in conjunction with tetrachordal divisions which deviate from the 
standard ditonic model. Thirdly, his canonics is not limited to the 
monochord: he not only describes polychord kanones but insists on 
their importance to his project; he also introduces other instruments 
built on more complex geometrical principles than the kanon, and 
incorporates some of their features into his improved kanones. 
Fourthly, these instruments are employed not just apodeictically, 


? No modern scholarship on Ptolemy's Harmonics has judged him as harshly as, for 
example, Newton 1985 on his astronomical work. 
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but also empirically: they are involved in procedures where not 
only the answers to immediate questions, but also by extension 
Ptolemy's basic theses, are turned over to the judgement of per. 
ception. Finally, his canonics is more geometrical than any we 
have yet seen: the kanon is introduced geometrically, as we saw 
in chapter r, and the more elaborate instruments rely heavily on 
geometry to display their ratios to the eye. 

Some of these aspects of Ptolemy's work evidently had prece- 
dents in earlier writers; Didymus seems to have used the mono- 
chord to set out non-ditonic tetrachordal divisions, and at least 
one of Ptolemy’s more curious instruments (the helikon) was one 
which by his own admission he had inherited from 'the mathemati- 
cians'. But in combination they add up to a very different brand of 
canonics than those we have considered so far. One of Ptolemy's 
starting points, as we shall see, is to define the roles of reason and 
perception in harmonic investigation. This was nothing new: Plato 
and Aristoxenus had opened the discussion in the fourth century, 
and Ptolemais and Didymus had both contributed to it in con- 
trasting Aristoxenus’ approach with those of other theorists. But 
Ptolemy goes beyond Ptolemais and Didymus in making a more 
forthright case for the indispensability of the kanon in harmonics. 
If reason and perception are going to be shown to agree about what 
is beautiful in the realm of musical sounds (and one of Ptolemy's 
central concerns is to show that they do), then an instrument is 
required which speaks in the languages of both faculties. Because 
he puts so much argumentative weight on the thesis that the two 
faculties agree, the reliability of the instruments is therefore an 
essential concern. 

This ‘reliability anxiety’ gives rise to Ptolemy’s increased geo- 
metricising of the instruments, in the following way. We have seen 
already that the monochord was introduced in the Sectio as an 
extension of the lettered diagram. To allow reason and percep- 
tion to contemplate the same objects simultaneously, it had to be 
diagrammatic in its presentation as much as it had to be physical 
in its construction. In the Sectio, this meant that canonic division 
was an arithmetical activity carried out harmonically through the 
medium of an audible diagram; its diagrammatic aspects were 
arithmetically limited, like the diagrams of the arithmetical books 
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of Euclid's Elements. The geometry of sound was an arithmetical 
geometry." But a point raised by Adrastus in his argument against 
the equal division of the tone turned out to have wider implica- 
tions for this picture. Canonic division differs from line division 
because the bridge must have some width, and this must take up 
some of the string in a way that a point which divides a line does 
not. The monochord may be represented diagrammatically, but the 
instrument and the diagram will never be exactly identical, and 
therefore the parallel operations performed on each turn out not to 
be parallel after all." 

Ptolemy's reliability anxiety is more complex than the one I 
extrapolated from Adrastus' problematic objection to the semi- 
tone. Not only does the bridge have width, it also has height: it 
cannot divide the string without stretching it slightly. The kanon 
therefore fails to conform to its diagrammatic representation (that 
of the Sectio, at any rate) in more than one way. As we shall 
see, Ptolemy's approach to this is two-pronged: first, he attempts 
to restrict his instruments to the realm of the diagram by appeal 
to geometry; second, he defines the relevance of the issue by a 
test of perceptibility. Both parts of the approach are a form of 
damage control: his instruments have already broken free of the 
conventions of the geometrical diagrams used in arithmetic, and 
his geometricising exercises are aimed at preventing them from 
escaping the realm of geometry altogether. The horse is already 
out of the barn; perhaps it can be kept in the paddock. Questions 
of the differential tension that arise from the stretching effect of a 
higher bridge are therefore postulated away, and the geometry of 
circles and triangles is invoked to show that there are no holes in 
the fence. The second part of Ptolemy's response is to devise a test 
for the relevance of the horse's location, as it were: if perception 
cannot tell the difference, does it matter that he is not in the barn? 
When lengths of string are made equal, to the greatest degree of 
precision possible with tools accessible to sight (the measuring- 
rod), and they give out pitches which sound identical to the musical 
ear, the theorist has reached the limit of the discrepancy's relevance 
within his project. 


6 See ch. r part 1. 7 Seech. 5 part 2. 
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One of the central features of Ptolemy’s canonics, then, is that 
by placing his instruments firmly within the grasp of both reason 
and perception, he is forced to consider the questions of their re]j- 
ability. His answers to these questions both geometricise canonics 
to a far greater degree than the diagrammatic presentation of the 
monochord in the Sectio had done, and also place perception in a 
very important discriminating role. 

There are several aspects of Ptolemy's canonics which need 
to be considered before this summary can be fleshed out. I shall 
begin with his treatment of Didymus' contributions to the Science, 
because they offer several points of comparison on methodological 
issues of primary relevance to the treatise as a whole.’ 
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Debts to Didymus 


We have encountered Didymus already in chapter 5, primarily 
on account of his discussions about the criteria of reason and 
perception. But he provides a useful starting point here too, not 
only because Porphyry quotes him when he comes to comment 
on the chapter in which Ptolemy first mentions the kanon (Harm. 
I.2), but because Ptolemy himself refers to Didymus by name. 
In this respect he is part of a rather élite club, whose only other 
members are Pythagoras, Archytas, Aristoxenus and Eratosthenes. 
Besides the brief references in II. 14 and the accompanying tables, 
Ptolemy devotes much of a chapter (II.13) to a critique of two 
of Didymus’ contributions to harmonics: a new method of using 
the monochord, and three new tetrachordal divisions. This was 
certainly not the sum total of Didymus’ work in the field; it has 
recently been argued that his harmonic output was substantial, 
compendious and of significant quality.? 


oc 


The subject of Ptolemy's instruments and the procedures for which he uses them has 
been treated in detail by Barker (2000, especially chs. 10-11). In this chapter I cover 
some of the same ground, and my arguments are indebted to his at many points. Other 
useful commentary is provided by Raffa (2002: 235-481) and by Solomon (2000), 
who frequently cites the scholia and other mediaeval commentators. Mathiesen treats 
Ptolemy in some detail (1999, ch. 5), including discussions of the manuscript tradition 
of the Harmonics, and on the later chapters of book III. 

Barker 1994a and 2000. 
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The two items which Ptolemy selects for discussion were both 
immediately relevant to his own method as well. Let us consider 
pidymus' divisions first. As they appear in the tables of the fol- 
Jowing chapter (on the textual problems of which see chapter 4), 
they include all three genera, even though Ptolemy complains in 
I.13 that Didymus posited three but only produced divisions for 


two.'^ 
enharmonic chromatic diatonic 
5:4 6:5 9:8 
21240 25:24 10:9 
32071 ia U 16:15 


Despite Ptolemy's criticisms about the smaller magnitude of the 
middle ratios of the chromatic and diatonic,'? all three divisions 
exhibit two key characteristics shared by Ptolemy's own. The first 
is that they are non-ditonic. This is, of course, nothing new: the 
same was true of the divisions of Archytas and Eratosthenes (both 
of whose ratios are preserved in the same tables). But the obser- 
vation is useful in that it helps to position Didymus in relation to 
the other theorists whose work we have examined. This particular 
issue, what we might call the ‘purity’ question, divides them into 
two groups: Philolaus (possibly), Plato, [Euclid], the author of the 
Timaeus Locrus, Plutarch, Thrasyllus, Adrastus, Theon and Nico- 
machus all worked with strictly ditonic divisions, while Archytas, 
Eratosthenes, Didymus and Ptolemy himself diverged from this 
pattern. The purity question is one which, for Ptolemy, evidently 
separated the more interesting from the less interesting accounts 
of tetrachordal division. 

Secondly, Didymus’ tetrachords employ exclusively epimoric 
intervals. Although Archytas' divisions revealed an inclination 


'? Harm. 68.1718. The ratios which follow are found in the text at 68.20-6 (chromatic 
and diatonic) and in the tables at 70—3 (enharmonic, chromatic and diatonic). 

The lower ratio in the chromatic is indeed identical to that of the diatonic, as Barker 
notes (1989: 347 n. 123), despite the fact that both Barker’s and Diiring’s tables indicate 
a different value for the chromatic parhypate. The error appears to have been Diiring’s, 
since he prints the correct Greek numeral (pip A’) and the incorrect Arabic one (112'/;) 
side by side in his table (1930: 72). 

Specifically, that the lowest ratio in the chromatic is greater than the middle ratio, and 
the highest ratio in the diatonic is greater than the middle ratio. As Barker points out 
(1989: 343 n. 105), two of Ptolemy’s own diatonics violate the principle on which he 
here criticises that of Didymus. 


I 


— 


_ 
N 
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toward epimorics, the highest and middle intervals of his chromatic 
(32:27 and 243:224) were exceptions to the rule. Eratosthenes, 
likewise, used epimoric intervals, but evidently did not consider 
them the only candidates for inclusion in tetrachordal divisions.!3 
But Didymus' are uniformly epimoric, a feature shared only by 
those of Ptolemy; the only non-epimoric interval Ptolemy includes 
is the Jeimma in the ditonic diatonic, a tetrachord he is forced to 
admit since it played such a critical role in the attunement of Greek 
stringed instruments, and because he could not deny that it was 
used in practice.'4 

Ptolemy also made use of Didymus’ new monochord tech- 
niques. He tells us two things about these: first, that Didymus used 
] both sides of the bridge in his demonstrations, something which 
| Ptolemy also does in various procedures of his own.'? Secondly, 
he makes clear that Didymus’ method was aimed at making it eas- 
ier not simply to demonstrate scale-systems, but to p/ay melodies 
with the monochord (68.11). Barker has argued, on the basis of 
a comparison between Didymus’ tetrachords and the theoretical 
principles of Aristoxenus, that Didymus?’ project was something 
like that of Eratosthenes: he was seeking to provide a 'rationalised' 
set of Aristoxenian tetrachords which he could then demonstrate 
in a melodic context with the monochord (1994a: 67—71). Using 
both sides of the bridge enabled him to gain an extra note for every 
bridge position, thus potentially reducing the number of ungainly 
shifts, slides and pauses between notes. As Ptolemy remarks, how- 
ever, this is only an advantage when the two notes generated by 
the bridge position happen to follow one another in the melody; he 
notes furthermore that some of the other more serious drawbacks 
of the instrument in this capacity remain unimproved by Didymus' 
advance (68.6—15). 

There is a connection between the two aspects of Didymus" har- 
monic work which Ptolemy cites. Ptolemy's criticisms of Didy- 
mus’ chromatic and diatonic (Harm. 68.15-69.12) are based not 
on rational principles, but on those of perception: his judgement of 
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'3 Eratosthenes’ tetrachords are discussed in ch. 4. 

'4 See Ptol. Harm. 39.16—19, 40.2—20, 43.19-44.12, 80.17. 

!5 See especially 18.9—19.15, 46.7-47.17 and cf. Ptolemy's development of the idea in the 
instrumental instructions of III.2. 
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the middle intervals in the chromatic and diatonic is that they have 
been set out ‘contrary to what appears to the senses’ (rrapó To Tais 
aic01]oso1 PaivouEevov, 68.26), producing an effect which is ‘in no 
way melodic’ (undayas &upeAo0s, 68.28); in sum, he says, Didy- 
mus ‘takes no account of the consequences of what is perceived’ 
(OUSEV Tl TTPOOTFOLE] TOV PAIVOLEVOOV EXOUEVOY, 68. 16).!° He may 
have been on the right track in attempting to facilitate the hearing 
of the tetrachords in their melodic context, Ptolemy argues, but 
he went astray for two reasons: firstly because he did not listen to 
the intervals of musical practice and allow these to influence his 
theoretical decisions, and secondly because his apparatus was not 
effective enough to allow him to hear his divisions in context. 


yeyovev OUV AITIOV &rrac! TOU UT) 9e6okipacuévos TrpooeAnAu0évad TH) TOV 
AÓy cV UTTOVECEL TH Uf] TIPOTEPOV é&rreokéq0o1 Thy SI avTOv xpfjoiv, a@ fis 
uóvns NSvvavtTo rrapapóAAeo0o1 Tais THs aicOnoews KATAAN WEI, Kal 51a roO To 
TOUS HEV TOV OULMavIdV Aóyous kai Sic Was xopóf]js E€eTAaCEoBal Suvapevous 
KATA TOV &is SUO HEPIOVOV ECEIANMOTES PaivovTal, TOUS 6€ Tdv £upeAerÓv TT 
ouv0éoe! TOU SI ÓAoU DUOTNUATOS póvos àv OewpenOEevTas, ÓTrep OUK vv &rri 
ui&g KOPST|S àkpiBóos iSeiv, kai rr&vu SiewevouEvons. Eley xOciev yap av Evapy as, 
el TIS KAT GUTOUS TTOLOITO TAS KATATOUAS ETT] TOV EKTEDEILEVOOV ulv iooTÓvoov 
ókro YOPSOV, ikavav oov NSN Tov síppóv TOU péAous ETTISEIKVUVA TOS 
&Koais, iva kaocraqió0oo1 TO TE YVTNOIOV Kail TO LUT). 


The reason for all these things was his failure to embark on the imposition of 
the ratios with sufficient circumspection, having failed to consider in advance the 
way in which they are used in practice: only this makes it possible for them to 
be brought into conformity with the impressions of the senses. This is why they 
seem to have constructed the ratios of the concords, which are capable of being 
tested on a single string on the basis of its division into two, while those of the 
melodics can be understood only through the composition of the whole systema, 
which could not be seen accurately on a single string, and their treatment of these 
is utterly mistaken. For they would be plainly refuted if one were to construct the 
divisions they propose on the eight strings of equal pitch that we have discussed, 
these being adequate to display to the hearing the sequence belonging to a melody, 
so that the genuine and the spurious can be distinguished." 


It appears that Didymus’ use of the monochord involved epideixis 
without empiricism, in contrast to that of Ptolemy.'? He and his 
predecessors used only a single-stringed kanon, which Ptolemy 


!6 The translations are those of Barker (1989: 343). 
17 Ptol. Harm. 68.32—69.8, trans. Barker 1989: 344. '? Barker 1994a: 71-2. 
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Hi says is sufficient for judging the ratios of the concords (as we have 
| seen it used by many of our authors so far), but which is unreli- 
| able with melodic intervals. Had they developed a more complex 
| instrument such as the one Ptolemy recommends, they would have 
I been ‘refuted’ (éAeyyOeiev. . . &v, 69.5) — by their senses, that is — 
on the basis of the results. 

| I shall return to the adaptations and additional instruments with 
| which Ptolemy supplemented the monochord. For the moment 
| let me summarise Ptolemy's debts to Didymus as follows: like 
| Didymus, he insisted on the primacy of epimorics to the exclu- 
| | sion of other intervals (with the one exception noted above), and 
H like Didymus, he used the medium of melody to give musical 
| context to his theoretical constructions. He went a step further, 
however, in insisting that the ear must be allowed to judge the 
| Ij constructions of theory on its own criteria, and that the necessary 
| | conditions for a fair appraisal cannot be met with the monochord 





| | alone, despite Didymus' improved bridge-handling method. This 
very method would be taken up in Ptolemy's own many-stringed 


| 
| 
| | demonstrations. We may reasonably surmise that Didymus’ activ- 
IN|) ities played some role in Ptolemy's conception of larger experi- 


| mental instruments: once the necessity of judging scales through 
| melodies has been adopted (itself a combination of Didymus' and 
| Ptolemy's priorities), the larger instruments must follow; they are 
| the only satisfactory way of surmounting the difficulties posed by 
| the monochord. If the tetrachords proposed by earlier theorists are 
| to be improved upon in a way which both reason and perception 
il will approve, advances in both method and apparatus will be nec- 
| essary. It is clear from the outset of his treatise that Ptolemy’s 
I argument must involve such advances, and so we may turn now to 
i his introduction. 





Preparing the ground: Ptolemy’s canonics 


MI In the Almagest, Ptolemy introduces his first scientific instruments 
| | (those used to determine the obliquity of the ecliptic) in chap- 
| 





ter 12 of book I; we have seen already that the armillary sphere 
(astrolabon organon) does not make its appearance until the first 
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chapter of book V (though it is mentioned in I.6), and the parallactic 
instrument (organon parallaktikon) until V.12.'? [n each instance, 
the instrument is brought out to deal with a specific astronomical 
question. 

In the Harmonics, Ptolemy also introduces his various instru- 
ments on a problem-by-problem basis, but the stage is prepared for 
their entrance much earlier than in the Almagest. In the Harmonics, 
it is clear from the outset that the successful pursuit of the science 
will depend ultimately on agreement between the twin criteria of 
hearing and reason (akoe and logos, 3.4). Accordingly, the entire 
first chapter is preparatory to the introduction of the kanon at the 
beginning of I.2. Ptolemy does not leave the instrument until it is 
needed; his harmonics cannot be practised without it, so it must be 
involved from the start. 

I have discussed already the affinities between the geometri- 
cal diagram and the monochord.*° In his first chapter, Ptolemy 
uses (like Aristoxenus and Didymus) the example of the draw- 
ing of geometrical figures to make the point that what is gener- 
ated by unassisted perception is never as accurate as it seems to 
be. Perception is inconsistent, and needs the didactic correction 
(Trapatraisayoaynois) of reason, which is like a teacher's cane 


(Baxtnpia, 3.19—20). 


OED oUv O póvr) TH Oye TrepievexOels KUKAOS AKpIBds Éyeiv ES50EE TTOAAAKIS, 
ews AV ó TH Adyoo mones eis &rriyvo»civ aUTIV perayáyol TOU TH ÖVTI KPI- 
Bots, OUT Kav póvr TH ako) ANPOÑ Tis @piopEVN Siapopa yópæwv, 50€e1 p£v 
euOus eviote TE Evdeiv TOU perpíou, LTTE UTTEPBAAAEIV, &papuoosíons SÈ Tfjs 
KATa TOV oikeiov Aóyov &kAappavopévns &reAeyyx8rjoerod TTOAAGKIS OÙX OUTAS 
£youco, TIS àkof|s ETTIYIVWOKOUOTS Ti rrapaOéoei Tijv &kpiBeoépav woavel 
yvnotav tive trap éxeivnv vobov. 


Thus just as a circle constructed by eye alone often appears to be accurate, until 
the circle formed by means of reason brings the eye to a recognition of the one that 
is really accurate, so if some specified difference between sounds is constructed 
by hearing alone, it will commonly seem at first to be neither less nor more 
than what is proper: but when there is tuned against it the one that is constructed 
according to its proper ratio, it will often be proved not to be so, when the hearing, 


'? Ptolemy's handling of these instruments is discussed in ch. 1 part 2. 
? See ch. 1, ch. 3 part 4 and ch. 5 part 2. 
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through the comparison, recognises the more accurate as legitimate, as it were, 
beside the bastardy of the other.*! 
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MM 
Lm 
| | Sense-perception is inadequate to construct harmonic systems on 
| its own, but it is through this very faculty that errors are detected 
| when the illegitimate (vo80s) is compared to the legitimate. The 
| errors may be only slight, but in combination they add up, like the 
bits of chaff on Nicomachus' scales, until the difference is both 
| | considerable and evident to perception.?? 
| | The comparison can only be made, however, if there is an instru- 
i i ment whose evidence will be acceptable both to reason and to 
M | perception. So Ptolemy is able to end his first chapter with this 
| 
| 


appeal: 


| TOV AUTOV Tpórrov kai Tas GKOais SiaKdvols oUcats UGAIOTA PETA TOV Oyeov 

| TOU 0&copryrikoU Kai Aóyov EXOVTOS u£pous TŇS wuyr|s, Sei rivos &rró TOU Adyou, 
Trpoós & UT) TTEPUKAO! KPivElV aKPIBAS, EPOSOU, Trpoós v OUK AVTILAPTUPT|OOVOIV 

| GAN óuoAoyTjoouciv oUTO»S EX&IV. 

| For the ears, similarly, which with the eyes are most especially the servants of 

| the theoretical and rational part of the soul, there is needed some method derived 

from reason, to deal with the things that they are not naturally capable of judging 
accurately, a method against which they will not bear witness, but which they 
will agree is correct.?? 

| 

| 

| 

| 

i 


For Ptolemy, then, the kanon resembles not only the geometrical 
diagram but also the compasses used to draw it, and the figure 
drawn is like the interval to be judged. Thus the kanon is (as its 
name suggests) a tool — but unlike the compasses, it is a tool 

| which must be contemplated even when its constructive tasks are 
Wi | complete. To use the categories of chapter 1, the kanon functions 
EN in modes (b) and (c) — representation and analogy — as well as in 
modes (a) and (d) — generation and direct physical manipulation. 
The ruler and compasses, once the diagram has been drawn with 
them, can be returned to the toolbox; the kanon, on the other hand, 

| has become the diagram, and must remain on the table. 


| I ?! 3.20-4.7, trans. Barker 1989: 277. See also the further parallel of drawing straight lines, 
I iN 4.19—5.2, where length (rather than evenness) is at issue. 

| ?? Nicom. Harm. 240.9-10. 

23 5.6—10, trans. Barker 1989: 278; cf. also Ptol. Judic. 1.6-7, 10.1—6. 
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Having set out the instrumental requirements of his science, 
Ptolemy can now introduce the kanon at the opening of I.2: 


+O p£v OUV ópyavov TIS TOLAUTNS EPOSOU KAAEITAI Kavov áppovikóÓs, &rró THs 
koivfis karrryyopías Kal TOU Kavovidelv Ta rods aioOnoeoiv £v6éovra Trpós Tv 
GANIEIAV TrapeiAmupévos. &puovikoO 9 äv ein TrpóOsois TO 61a06:0a1 TravTay?} 
1às AoyIKas UrroOéoeis TOU kavóvos unoapfj UNSayas ois aio91)0&o1 payopé- 
yas KATH THV TOv TrAsioTwV ÚTÓANYIV, as &oTpoAóyou TO Siacdoal Tas TOV 
oüpavícov kivrjoeoov UTTOBEDEIS OULPHVOUS rois THPOULEVaIS TraPdBols, eiArjupé- 
vas HEV Kad AUTOS &rró TÕV Evapydov Kal ÓAOOXEPÉO TEPOV PAIVOPÉVWV, eüpoUcas 
SÈ TH AOyo TA KATA uépos EP óoov uvaTòv aKpIBdds. 


The instrument of this kind of method is called the harmonic kandn, a term 
adopted out of common usage, and from its straightening (kanonizein) those 
things in sense perception that are inadequate to reveal the truth. The aim of the 
student of Harmonics must be to preserve in all respects the rational postulates of 
the kanon, as never in any way conflicting with the perceptions that correspond to 
most people’s estimation, just as the astronomer’s aim is to preserve the postulates 
concerning the movements of the heavenly bodies in concord with their carefully 
observed courses, these postulates themselves having been taken from the obvious 
and rough and ready phenomena, but finding the points of detail as accurately as 
is possible through reason.*4 


Later in his treatise (II. 12) Ptolemy defines his harmonic project as 
‘the enterprise of displaying with complete clarity the agreement 
of reason with perception',?? and there too the kanon is mentioned 
in the same sentence. Underpinning all the rational postulates 
which Ptolemy will put forward throughout the argument of the 
Harmonics is his basic scientific creed, stated here and elsewhere,?9 
that nature is rational and ordered, not random: 


£v G&rraci yao iS1ov oTi TOU BewpnTikoŬ Kal ETTIOTNYOVOS TO SeiKvUVal TH 
TIS PUTEWS EPyYa peT AóÓyou TIVOS kai Trerayuévns aiTtias Snuioupyoúpeva koi 
undév sik, UNSE cos ETUXEV ATTOTEAOUHEVOV ÚT AUTIS Kai u&A1o TE Ev Tas oU Too 
KOAAIo Tals KATAOKEVaIS, OTTOIAl Tuy KavoUOlV ai Tdv Aoyikoxrépo aicOoEav, 
OWEWS kai &kofjs. 


For in everything it is the proper task of the theoretical scientist to show that 
the works of nature are crafted with reason and with an orderly cause, and that 


^4 s.11—19, trans. Barker 1989: 278. I have quoted the passage already in a slightly different 
context (ch. 1 part 2). 

?5 Tfjv Sr SANs TÄS èvapyeias EvdeiEiv Tis TOU Adyou Trpds Thy aicOnoww SuoAoyias, 66.6—7, 
trans. Barker 1989: 340. 

09 Eo. 85.1516. 
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nothing is produced by nature at random or just anyhow, especially in its most 
beautiful constructions, the kinds that belong to the more rational of the senses, 
sight and hearing.?? 


Thus the monochord, with its immediate appeal to reason and per- 
ception through sight and hearing, is — on a logical level — qualified 
to fill the requirement set out at the end of I.r. If beauty consists 
in order and proportion, then principles of order and proportion 
will be found to underlie the most beautiful natural phenomena, 
Ptolemy's insistence on the use of epimoric ratios is in part, as 
I suggested in chapter r, a reflection of this thesis. Furthermore, 
his phrase ai tæv Aoyiko»répo» aio81)osov (‘the more rational of 
the senses’) blurs Ptolemais' sharp distinction between logos (rea- 
son) and aisthesis (perception): there are two branches of aisthesis 
with which /ogos can communicate directly, and the kanon will be 
shown to communicate with both simultaneously. It is in this way 
that it becomes for Ptolemy an essential tool for demonstrating the 
rational beauty of the constructions of nature. 

Ptolemy's logical defence for the use of the kanon has now been 
made. His acoustical defence follows in I.3, and it can hardly be 
counted so successful. Because musical intervals are to be gener- 
ated on the kanon in accordance with ratios of numbers, he must 
show that musical sounds themselves are quantifiable; if he cannot, 
any attempt to defend arguments in harmonic theory by appeal 
to the monochord will be open to question. Like others in the 
Archytan tradition, he takes the fundamental causal constituent 
of pitch to be impact (plege, 6.21). This, we recall, was one of 
the postulates which Ptolemais said were studied by the kanon- 
ikoi ‘beginning from the starting points given by perception’ .?$ 
But because he must also account for the behaviour of strings, 
Ptolemy spends some time discussing such qualities as thickness 
and density, which apply particularly to strings (and not, for exam- 
ple, to auloi), and the effect of their variation on pitch (7.17—8.15). 
From his material examples (bronze and wood, gut and flax) he 
concludes that what is denser and finer is of higher pitch; and this, 


?7 5.19—24. On the special status of the ears and eyes, cf. Ptolemy's comments on hearing 
and sight at Judic. 16.4; cf. also Harm. 5.6—8 (quoted above). 
28 Ptolemais ap. Porph. Jn Harm. 23.18—19 (quoted more fully in ch. 5 part 1). 
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he argues, is due to its higher tension, 'since it is an attribute of 
things like this that they are tenser, while what is tenser is more 
vigorous in its impacts (plegai): the more vigorous is more com- 
pacted, and the more compacted is sharper [or ‘higher-pitched’: 
6€UTepov]’.*? Thus he is able to state his theory of sound as a 
quantifiable phenomenon in this way: 


Tácig YAP Tis EOTI cuvexT|s TOU GEPOS ó wógos, &rró TOU Toig TAS TANYAS 
ToioO61v. &urrepiAaqupavopévou Sikouoa Trpós TOV EKTOS, Kai Sià TOUTO, Kat 
olav àv úvapıv EUTOVOTEPOV EKAOTOV À TOV ST Ov ai TANyatl, EAT TOOV TE Kal 
o€UTEPOS ATrOTEAEI rod. 


For sound is a sort of continuous tensing of the air, penetrating to the outer air 
from the air that immediately surrounds the things making the impacts, and for 
this reason, to whatever degree each of the things making the impacts is tenser, 
the sound is smaller and sharper to the same degree.?? 


This thesis is most similar to the one put forward in the De 
audibilibus, where series of impacts of varying speed were said 
to be transmitted through the stationary medium of the air. As we 
noted in chapter 3 (part 3), that theory could not properly account 
for the acoustic properties of strings; neither, in its own way, can 
this one. As he continues, Ptolemy digs himself deeper into the rut 
he has followed: 


Sic Te 51) ToU TOV EOIKEV T] KATA TO O€U kal Bapu TÓv wyógov Siapopa TroodTN- 
TOS ElSos eivai TI, Kal UaAAOV EK Tis TOv &rroxóv TOU TE TANTTOLEVOU Kal TOU 
TIANTTOVTOS AVIGOOTNTOS. TA YAP TOO TOUTOV ÈVAPYÉOTATA OUVIOTATA, TAS 


*9 ST1 Toig pv TOLOUTOIS EUTOVWTEPOIS eivai cuupépnkev, TO SE EUTOVATEPOV EV TAS 
TAN Yais yíverot opodpotepov, TOUTO 8€ ABpovoTEpov, TOUTO 8 ó€UTtpov, 8.3-5, trans. 
Barker 1989: 281. Throughout the acoustical passages of Ptolemy’s treatise, Barker 
regularly translates the words oxys and barys by ‘sharp’ and ‘heavy’ (1989: 281 n. 
25); Solomon (2000) prefers ‘high’ and ‘low’. It should be noted that Greek acoustical 
language did not distinguish between the two meanings. Words literally meaning ‘up’ 
and ‘down’ or ‘height’ and ‘depth’ are very rarely applied to notes in Greek and Roman 
musical discourse (cf. &vo» and kát% in Hippoc. Vict. 1.18.3; [Arist.] Pr. XIX.37, 47; also 
altitudines and altior in Gell. NA XVI.18.4, quoted in ch. 5 part 1). Of course all such 
language is metaphorical: in terms of its pitch a sound is no more literally *high' than 
itis *sharp'. Where we employ the language of positional metaphor (assisted, certainly, 
by our notation), the Greeks applied that of the qualitative. One reason to prefer 'sharp' 
and 'heavy' here is that it preserves the strange apples-and-oranges pairing of the 
Greek: pitches sound like qualities, not like quantities. Anyone can measure ‘height’ 
and 'depth' with numbers. Ptolemy, like his predecessors, is going out on a limb to 
quantify perceptibles that are thought of and described in impressionistic terms. 

3° 8.12—15, trans. Barker 1989: 281. 
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! Hi uev EAATTOO! SiaoTAoEoIv érrouévns THs ÒEÚTNTOS Sia TÒ EK TTS EYYUTI TOs 
opodpov, rois 6€ ueiGoo THs BapuTNTos Sia Thy Tapa TO &mroorepov ÉKAUOTy, 
COTE AVTITIETTOVOEVAL TATS SIATTACEGI TOUS YOMOUS. 
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l 
| 
| For these reasons it seems that difference of sounds in respect of sharpness and 
i heaviness is a form of quantity, and arises more particularly from inequality in 
the distances between the striker and the thing struck. For it is in the quantity 
of these that they are most clearly constituted, sharpness following upon the 
smaller distances because of the vigour arising from proximity, heaviness upon 
the greater because of the relaxation that goes with being further away, so that 
| the sounds are modified in the opposite way to the distances.?' 


I, That this acoustical model is retrogressive to that found in the 
i introduction of the Sectio canonis will be clear. There, at least, 
| the necessary components of an acoustic theory permitting the 
| demonstrative use of strings were provided, even if they were 
| not all set out in formally argued steps. Here, we are given a 
| barely improved version of a fourth-century acoustics, which is 
| then applied indiscriminately to a variety of instruments whose 
i pitch variations are generated from some change in length, as 
| though it would hold equally for them all. Ptolemy treats it as 
. obvious that the theory is generally applicable, citing “sounds that 
| come about as the consequence of length, like those of strings and 
i auloi and windpipes: for so long as other factors remain the same, in 
| strings those produced with smaller distances between the bridges 
NH are invariably sharper than those produced with greater ones’ .3* He 
| | has, in fact, introduced two very different and incompatible sorts 
| | | of distance,’ and then equated them without further clarification. 
| | Since any such clarification would expose the inapplicability of his 
I| acoustic theory to the kanon, it is hardly surprising that he leaves 
un. the matter as vague as he does. He then proceeds as though the 
ll matter were settled: “Let this outline suffice to indicate how height 





JN 3! 8.15-21, trans. Barker 1989: 281-2. 
il 3? 8.25—9.2, trans. Barker 1989: 282. It is curious that Ptolemy was satisfied with such a 
| problematic acoustical account, especially since it appears from portions of I.5 that he 


13.) It is possible, however, that he knew this document only through an intermediary 
compiler (such as Didymus), who may not have quoted it either faithfully or in its 
entirety. 


| | | knew the Sectio canonis. (He even takes on the flawed prop. 11 without complaint, 12.8- 


|| 33 That ‘between the striker and the thing struck’ (8.17—18) and that ‘between the bridges’ 
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and depth [or ‘sharpness and heaviness’ | of sound are constituted, 
and that their form is a kind of quantity. ?4 

This acoustical model underlies the arguments of the following 
chapter (1.4), in which Ptolemy divides notes into equal-toned 
and unequal-toned, and eventually into melodic and unmelodic, 
concordant and discordant. Having established a theory of pitch 
and interval, he can now proceed with his criticism of both the 
Pythagoreans and the Aristoxenians, whom he introduced in I.2. 
This will occupy much of the remainder of the book (1.5-7, 9— 
12). But not all of it can be completed without recourse to various 
types of kanon, and so, having dealt with the Pythagoreans in I.5- 
7, Ptolemy must introduce the monochord in some detail before 
proceeding to a critique of Aristoxenian theory; this is the topic 
of I.8. 


The black sheep revisited: Ptolemy's approach 
to the 8:3 interval 


Before discussing this pivotal chapter, let us pause for a moment to 
consider the spearhead of Ptolemy's attack on the Pythagoreans. 
He takes aim at the well-known soft target of Pythagorean har- 
monics, the 8:3 octave plus fourth. We saw in chapter 5 that this 
interval seems to have posed problems for Adrastus, who argued 
on the one hand that it was a concord, and on the other that it is in 
instruments which have been prepared beforehand in accordance 
with the ratios (like the monochord) that reason and perception 
agree, and yet apparently omitted the octave plus fourth from his 
canonic division. Because a simple canonic division of the first six 
concords and the tone cannot be done without drawing attention 


34 Ts uv oUv ó£UTns ouvíorarot yógou kal BapUTNs Kal STI Trooórns Tis OTI TO 
eidos adv, UTroTeTUTTIOOBE Sià ToUTov, 9.16—17, trans. Barker 1989: 282. On the 
insufficiencies of Ptolemy's acoustics for his harmonic project, see particularly Barker 
2000: 50. Mathiesen (1999: 438) sees no difficulty, but his interpretation of the passage, 
that Ptolemy 'shares the view of earlier theorists who had noted that pitch is a matter of 
frequency of vibration' (citing the introduction of the Sect. can., Nicom. Harm. 4, and 
[Arist.] De audib.), is both anachronistic and inaccurate. None of these texts presents a 
view of pitch which could be equated exactly with ‘frequency of vibration’, although the 
Sect. can. offers an acoustical model which is compatible with this (modern) definition. 
Ptolemy's, however, is not. 
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to the fact that 8:3 is the only epimeric ratio in the list, the con- 
nection between reason and perception claimed for the procedure 
must be modestly stated: what it can do is show that the intervals 
the ear recognises as concords conform to the ratios assigned to 
them, and that the combinations between each are parallel. What 
it cannot do, apparently, is show that intervals accepted as equally 
concordant by the ear conform to ratios judged equally special in 
status by reason. Adrastus, accordingly, did not overstate his goals 
for canonic division. But for Ptolemy this evidently will not do, 
He has already staked out the turf belonging to hearing and rea- 
son with greater care than any of his extant predecessors, and his 
project will be impossible without constant appeal to instruments 
on which the two faculties must be seen to agree. 

The octave plus fourth, then, is the tip of an iceberg, and Ptolemy 
must deal with it before he introduces the monochord. If perception 
is competent to judge the concords, and only gets into trouble 
with the smaller intervals, and especially these in combination 
(as they occur in scales and melodies, which will shortly concern 
him directly), then it is in the realm of concords that perception 
must be treated as most trustworthy. As he put it in L2, ‘for the 
Pythagoreans did not follow the impressions of hearing even in 
those things where it is necessary for everyone to do so'.?? He can 
therefore begin his account of what the Pythagoreans postulated 
about the concords in L.5 with a list of concords accepted by 
perception: these are the fourth, fifth, octave, octave plus fourth, 
octave plus fifth and double octave (11.1—4). But the Pythagoreans 
do not accept the octave plus fourth as a concord, he explains, 
*because it makes the ratio of 8 to 3, which is neither epimoric nor 
multiple’ .3° 

Ptolemy’s acceptance of the octave plus fourth is quite similar 
to that of Adrastus, at least initially. The first criterion is percep- 
tion: both at the outset of I.5 and later (13.22-3) he insists on 
its unequivocal testimony on the question. Like Adrastus, too, he 


35 oi pév yàp TluGayopikol un8£ £v ois dvayKaiov ñv m&o: TH Tis óxofis rrpoopoMj 
karrakoAou81T)cavrss, 6.1—-2, trans. Barker 1989: 279. 

36 Sid TÒ Troi&iv Adyov Tov TOV ÒKT® Trpós TÒ Tpia, UTE &rripópiov óvra UITE TOÀ- 
AatrAc&olov, 12.5—7, trans. Barker 1989: 285. 
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takes the position that any interval put together from a combination 
of a simple concord and an octave is also concordant. 


kaðóńňou yap 1) SIA rracóv cupgovía, Tdv TroioUvTOV auTnhv qOóyyov 
ASIAPOPOUVTMV KATA TV 8uvapiv évós, OTAV Trpocaq0fj Tivi TOv GAAov, 
ATrAapaTPETTTOV TO &keivns Eidos nel, koO&rrep Å SeKas EXEL, PEPE eiTrelv, Trpós 
TOUS ÚT aUT1]v &piOpoUs. 

For it is always true of the concord of the octave, whose constituent notes do not 
differ in their function from a single note, that when it is attached to one of the 
others it keeps the form of the latter unaltered, just as does the number 10, for 
example, in relation to numbers smaller than itself. 


Therefore if the fourth is concordant, the octave plus fourth must 
also be concordant; and it follows ‘that the impression of the fifth 
and an octave is related in the same way to that of the fourth and 
an octave as 1s that of the fifth alone to that of the fourth alone, 
which accords with what is found by plain perceptual experiment 
(peira)’ 3° 

Ptolemy then brings out a further argument to account for the 
apparent discrepancy between mathematical and perception-based 
judgements of the interval (1.7). Here he begins from the same 
mathematical postulates as the Pythagoreans, but exchanges their 
sharp dichotomy between multiples and epimorics on the one hand 
and epimerics on the other for a more flexible approach, in which 
ratios can be graded on the criterion of nearness to equality (1) rpos 
TAS IOOTHTAS EyyuUTNS, 15.23). But the argument is not straight- 
forward, and Ptolemy is not consistent in what he means by the 
word 'equality'. The result is that his claim to have saved the 
octave plus fourth is not convincingly defended.?? His attempt, 
however, deserves attention for its uniqueness: his aim is to gener- 
ate a spectrum on which to rank intervals by degree, not by kind. In 
this scheme the homophones and concords will be separated from 
the melodics and discords by a different kind of difference than 


37 Ptol. Harm. 13.3—7 (trans. Barker 1989: 287), with which cf. Adrastus ap. Theo. Sm. 
52.1—9. The thesis goes back to Aristox. El. harm. 20.18—21. 

33 tov aùTÓv ye rpórrov Éyeiv THY TOU Sid mévre kal Sià rraocov avTiAnwiv Trpós THv TOU 
Sia Tecodpoov Kal Sià Tracdv, Svirep Á uóvou TOU Bid TrEVTE TIPOS THY póvou TOU Sic 
TEGOAPwV AKOAOUOS Tols GATTO THs EVapyoUs Treipas KaTAAAUPBAVOHEVOIS, 13.19—23, 
trans. Barker 1989: 287. 

39 See Barker 2000, ch. 5. 
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that postulated by the Pythagoreans.*° The octave plus fourth then 
escapes condemnation because Ptolemy claims to have avoided the 
Pythagoreans' rigid assumption that all concords are either multj- 
ples or epimorics. The primacy of epimorics is nonetheless present 
in his argument,^' though he avoids stating it explicitly, and rushes 
rather quickly to his conclusion on the octave plus fourth, whose 
8:3 ratio is put together ‘from the duple and the epitritic’ (èk tog 
SimAaoiou kai &rrirptrou, 16.9—10): “for the fact that this ratio jg 
neither epimoric nor multiple will now be no embarrassment to us, 
since we have adopted no preliminary postulate of that sort’ .42 
Later, however (1.15), this interval proves to be enough of an 
embarrassment that like so many other theorists, he simply omits 


^" Barker notes that this view is novel, but also points out that Ptolemy does not attempt to 
remove completely the distinction between concord and discord (2000: 80-2). Ptolemy's 
argument is comparable in some respects with that of Schoenberg, whose Harmonielehre 
was first published nearly two decades before Düring's edition of Ptolemy's Harmonics, 
For Schoenberg, undermining the distinction between consonance and dissonance was 
an essential step, and he went about it using arguments similar to those we have seen 
in ancient authors. Like Panaetius and Adrastus, who attempted to identify consonance 
through the natural phenomenon of sympathetic vibration, Schoenberg constructs the 
notion of musical interval by appeal to the natural phenomenon of the overtone series, 
(It is noteworthy that all the intervals thereby generated will be multiples, epimorics, 
or their combinations.) What he does with the intervals in this series is very much like 
Ptolemy's spectrum approach, but unlike Ptolemy he follows it through to its logical 
conclusion. ‘In the overtone series, which is one of the most remarkable properties of the 
tone, there appear after some stronger-sounding overtones a number of weaker-sounding 
ones. Without a doubt the former are more familiar to the ear, while the latter, hardly 
perceptible, are rather strange. In other words: the overtones closer to the fundamental 
[cf. Ptolemy's *nearness to equality'] seem to contribute more or more perceptibly to 
the total phenomenon of the tone — tone as euphonious, suitable for art — while the more 
distant seem to contribute less or less perceptibly . . . But this relation is, to repeat, as 
follows: the more immediate overtones contribute more, the more remote contribute /ess. 
Hence, the distinction between them is only a matter of degree, not of kind. They are no 
more opposites than two and ten are opposites, as the frequency numbers indeed show; 
and the expressions “consonance” and “dissonance”, which signify an antithesis, are 
false. It all simply depends on the growing ability of the analyzing ear to familiarize itself 
with the remote overtones, thereby expanding the conception of what is euphonious, 
suitable for art, so that it embraces the whole natural phenomenon. What today is remote 
can tomorrow be close at hand; it is all a matter of whether one can get closer. And 
the evolution of music has followed this course: it has drawn into the stock of artistic 
resources more and more of the harmonic possibilities inherent in the tone’ (1911 = 
1978: 20-1). A prime example is the major third (5:4), which immediately follows 
the fourth (4:3) in the overtone series. In antiquity it was considered a discord; by the 
Renaissance it was treated as a concord. Thus Schoenberg can refer to the dissonant 
intervals of the series as ‘the more remote consonances’ (21). 

4^! [5,18—16.31, on which see Barker 2000: 77-8, 1991: 78-82 and 1994b. 

4? viv yap oùõèv fju&s oUTOS OUK ov érripópios 7) rroAAonrA&c10s Suowrmhoei UNSEV YE 
TOLOUTO TrpoUrrorsOeiuévous, 16.10—12, trans. Barker 1989: 290. 
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it from his list. Here again, the importance of the epimoric and 
multiple forms is much in evidence, and even though what Ptolemy 
claims to give in this passage is a list of structurally important 
intervals — of which the octave plus fourth is only really so in the 
Lesser Perfect System® — his omission of it is rendered all the more 
noticeable by the fact that the way he sets out the other intervals 
would have highlighted the anomalous character of the 8:3 ratio. 
The octave ratio is the one ‘in which the difference between the 
extremes is equal to the one that is exceeded’; the hemiolic fifth, 
‘in which the difference between the extremes contains a half of 
that which is exceeded'; and so on for the others.^^ It is a neat, 
and neatly closed, system. Had Ptolemy wished to include the 
octave plus fourth here, he would have had to insert it between the 
octave and the octave plus fifth, where its explanation (‘in which 
the difference between the extremes is in 5:3 ratio to that which 
is exceeded, antithetically to none of the others', or something of 
the sort) would have caused some embarrassment indeed. For all 
his efforts, the 8:3 interval remained as difficult to accommodate 
as ever. 

| have spent some time on Ptolemy's approach to the octave 
plus fourth, firstly because it was the principal stumbling-block 
for mathematical harmonics, and as such a crucial test-case in the 
wider question of how the roles of reason and perception were to 
be defined in harmonic science more broadly; secondly because 
Ptolemy's handling of it is indicative of his general approach to this 
wider question; and thirdly because it is in I.8, just after the mono- 
chord has been introduced, that we find what is surely Ptolemy's 


43 Ptolemy treats this system, rather dismissively, in IL6. He views it as a derivative 
compound rather than an independent, autonomous system, since it is put together 
(through a modulation) from two parts of the Greater Perfect System. (An overview of 
these systems is given in the Introduction.) 

^ 33.12-15, trans. Barker 1989: 306. The list continues: the epitritic fourth, ‘in which 
the difference between the extremes contains a third part of that which is exceeded’ 
(ka@ öv f| UTrepoyt) TddV &kpoov Tpírov Trepiéxel uépos TOU Ürrepeyouévou, 33.16—17); 
the triple-ratio octave plus fifth, ‘in which the difference between the extremes makes 
up two of that which is exceeded, antithetically to the half’ (kað öv fj Utrepoy7) rÓw 
Gkpoov úo troiei ToUs Ürrepexouévous £v &vriO£oei TOU fjuíosos uépous, 33.18—20); and 
the quadruple-ratio double octave, ‘in which the difference between the extremes makes 
three of that which is exceeded, antithetically, once again, to the third part’ (ka ôv 7 
UTrepoyT| THV &kpoov ptis moie TOUS ÜTrepexou£vous èv ávriOEoei TAAIV TOU TpiTOU 
Uépous, 33.202). 
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most successful attempt to show that this awkward interval can be 
included among the concords in a way that will satisfy both reason 
and perception. First, however, we must examine his presentation 
of the instrument itself. 
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Introducing the kanon 


By the end of I.7 Ptolemy has got about as far as he can with 
arguments based on mathematics and ‘rough and ready 
phenomena'. He has defined the ratios of the concords and 
the tone,4? and intends to treat the remaining melodic intervals 
in due course (16.27—8). ‘But now it would be a good thing to 
demonstrate the clear truth of those that have already been set 
out, so that we may have their agreement with perception estab- 
lished beyond dispute, as a basis for discussion.'^? Ptolemy is now 
following through with the requirements outlined in the first two 
chapters of his treatise, and he will not be able to proceed with the 
remainder of his critique of the work of his predecessors without 
such instrumental assistance. The first part of this critique (1.5—7) 
requires empirical confirmation; the second part (I.9—14, including 
the Archytas chapters) will rely heavily on the evidence of percep- 
tion, evidence which will be thorougly meaningless in this context 
unless its reliability can be proven in advance. This chapter (1.8) is 
therefore a critical link in Ptolemy's treatise: without this demon- 
strable connection between akoe and logos all his arguments from 
| perceptible evidence, by which the validity of so many of the larger 
I constructions is to be confirmed, will not stand up. 
| From the beginning of the chapter Ptolemy shows his concern 
| for the critical business of accuracy. The agreement between reason 
| and perception will not be ‘established beyond dispute’ by any- 
thing but the most precise instruments; in substandard instruments 
unevenness and approximation give rise to quarrels (S1aBoAn, 






















Il 45 5.17—18 (quoted more fully above). 
46 The tone is the interval which, by his argument, constitutes the lower limit of the 
| reliability of unassisted perception. 

li 47 vOv BE KaAds äv ëyoi TAV évapyeiav &rroóei£on Tv HSN trapaPeBANuEéveov, fva TO Trpós 

TV oic0nciv avTdv ópoAoyoupevov ASioTaKTws Éxcopev ÜrroreOeipévov, 16.29-31, 

trans. Barker 1989: 290. 
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17.2) among investigators. From the outset, then, a number of 
inadequate instruments are removed from the harmonicist's work- 
shop: auloi and syringes (one thinks of Archytas), weights hung 
from strings (one thinks of demonstrations attributed to Pythago- 
ras), percussion instruments such as spheres,4? discs (one thinks of 
Hippasus) and bowls. Ptolemy's explanations of why the ratios of 
the concords are not satisfactorily displayed in these instruments 
are not consistently accurate, but he does focus his attention on the 
main concern for stringed instruments: evenness of materials. This 
will become an important and recurring element of all the tests by 
which Ptolemy ensures the reliability of his instruments. 

Having set these other instruments aside, he can focus his atten- 
tion on the monochord. Later (II.12) he says that it had become 
something of a rarity in his day: 


Soke HEV yàp TrapeAnAu0évai TO ToioUTov óÓpyavov pds yxpfjoiv dua 
XEIPOUPYIKT|V Kai Decopiav TÓv dtroTeAcovaTIKHv ToU fjpuoopévou Adyou, 
reih TOIS GAAOIS OUK EpaiveTo TOv sipnuévæv ék&repov UTrapxov, AAA Tois 
uv KAVOVIKOIS TO DewPNUATIKOV póvov. 

For this kind of instrument [the single-stringed kandn] seems to have passed into 
disuse, both for practical performance and for the theoretical study of the things 
that produce the ratio of what is attuned, since the kanonikoi had as their domain 
only the study of theorems.?? 


This last statement is surprising, given what we have seen in chap- 
ter 5, unless Ptolemy means by it merely that what the kanonikoi 
did with the kanon was limited to the demonstration of concords 
and scale-systems. That is, they studied their theorems, produced 
ratios, and made them audible; but at no point did they use the 
kanon to allow perception to judge the results of their theorising.>° 
The instrument was a one-way street, leading from reason to 
perception, but not back again. 

But what Ptolemy actually says is not that the instrument was 
being used for purposes different from his own; that much is 
clear in any case. The key question is how to translate the verb 


48 17.18: I follow Barker's reading (opaipai), which is supported by the schol. to Ptol. 
Harm. 17.28. Düring prefers optpai, ‘hammers’, which would fit the Pythagoras tra- 
dition better; see his apparatus ad loc. and Raasted 1979. Solomon (2000: 25) follows 
Düring's reading. 

49 66.15—19, trans. Barker 1989: 340. 5? This is Barker's view (1989: 340 n. 90). 
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| | Tra peAmAvOévoa (66.15). Düring took it in the sense ‘fall into dis- 
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use’; both Barker and Solomon follow him in their translations.5! 
Massimo Raffa has recently proposed that it should be understood 
in its second sense, ‘be superior’, ‘stand out’; this was the inter- 
pretation of Wallis and Ruelle.°* Both interpretations have merit: 
Ptolemy's concern in this passage is to point out the limitations 
of the single-stringed kanon partly in order to showcase his own 


originality in proposing polychord kanones which address these 
limitations. He draws attention to the fact that no one has yet come 
f 


ematically derived attunements by ear (66.13—15). His concern 
| to find a solution for the instrument's limitations is thus con- 
| trasted with either the neglect or the complacency of his immedi- 
H | ate predecessors. They either neglected the monochord altogether 
li 
| 


| s , 
| up with anything better than the monochord for assessing math- 
| 


because they were more concerned with theorems than with ensur- 
ing that the theorems were supported by the evidence of perception, 
| | or they found the instrument entirely satisfactory because it seemed 
to them to be superior to any others which might be used for the 
purpose (e.g. lyres, kitharas, auloi, syringes, and so on). 
| Ptolemy’s claims for originality are founded partly on the 
| | detailed attention he gives the instrument, something which either 
reading of 66.15 supports. This begins with his introduction of the 





kanon in 1.8: 


1) 5è étri TOW koi oupévou kavóvos SiaTteivopévn YOST) Seige pèv NIV TOUS Aóy ous 
| TOV OULQOOVIOYV AKPIBEOTEPOV TE Kod TTPOXEIPOTEPOV, oU uv ans ETUXE Aapotco 
TAV Táciv, &AA& TIPTOV uiv LETH TIVOS &vakpíoscos Trpós Tiv &cou£vrv àv 
èk Tfjg karraokeuf|s AVWYAAlAV, ETTEITA KAI TOV Trepáro»v TV Trpoor]koucav 





AouBavóvrov Gory, iva Tà TEPATA TV EV AUTOIS ATTOYAAUATOoV, ois OpiGeTau 
| TO Tr&v uÑ KOS, oikeias Te Kal Shas Eyn Tas dpyas. voeío0o» 8T) KAV Ó KATA THV 
| | ABTA evOciav Kal pocy&6ss Trpós rois Trépaciv AUTOU mavtTayxóðev loot TE Kal 
l ÖuoIaI opaipiKas, cos vi u&io ra, TroloUoal TAs ÚTò THV xopór|v?? &rrigaveíos, f| 
A te BE trepi kévrpov ts eipruévngs étripavetas To Z, Kai fj TH mepi kévrpov ópolos 
TO O, Ang0évrov te TOV E koi H onueiwov Kata Tas 6rxorouías Gv KupTOV 


— 


M 5! LSJ s.v. rrapépyopoa I: Düring 1934: 241, Barker 1989: 340, Solomon 2000: 93. 
| 52 LSJ s.v. tapépyouai II: Wallis 1699: 84; Ruelle 1897: 310; Raffa 2002: 176, 405-8. 
| 5 


ww 


tiv xopS1v] Barker reads the singular here instead of the plural (tas xopõás Düring). 

Solomon (2000: 26) follows Diiring’s reading, but cites Porphyry (In Harm. 121.24), 

| | who uses the singular in his close paraphrase of the passage; the MSS are unanimous in 

| | | Porphyry's case (see Düring's apparatus ad loc.). 
| 
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E K A^ H 
A B [ A 
Fig. 6.1 Diagram accompanying Ptol. Harm. 1.8 (after Düring 1930). 


érripaveldov. 06oiv &xérocav TOIAUTHY al yayáðes, coe Tas Sià THv E Kai H 
6r o TOL OV Kai ta&v Z O kévrpo &kBoAAouévas, TovréoTi Thy EZB Kal Thv 
HOT kaO£rous eivai Trpós thy ABTA. éav toivuv &rró TOv A Kai A Siateivoouev 
yopdtv ouuperpov, os THY AEHA, trapadAnads te goto tH ABTA, Sià Tò ioov 
Gwos EXEIV TAS ayåðasş. Kal ANyeTar kata Ta E kai H onueia tas &pxàs T&v 
érroyoaA prov. ETT aU TOV YAP TTOINOETAL TAS ETTAMAS TOV KUPTOV ETTIPAvEIov, 
Sia TO TAS EZB kai HOT ka&rous yiveo8ai koi Trpds avv. 


But the string stretched over what is called the kanōn will show us the ratios of the 
concords more accurately and readily. It does not acquire its pitch in any random 
way, but in the first place it is equipped with a way of assessing any unevenness 
that might arise from the apparatus, and secondly its limits are appropriately 
placed so that the limits of the plucked sections between them, into which the 
whole length is divided, have suitable and clearly perceptible points of origin. 
Let us think of a kanon on the straight line ABTA, and at its limits, bridges that 
are in all respects equal and similar, with the surfaces that lie under the string 
spherical, as nearly as is possible. Let one bridge, BE, have Z as the centre of the 
surface mentioned, and let the other, l'H, have O, similarly, as the centre, where 
points E and H are found by bisection of the convex surfaces. Let the bridges be 
so placed that the lines drawn through the points of bisection E and H and through 
the centres Z and © are perpendicular to ABTA. If then from A and A we stretch 
a string of appropriate length, AEHA, it will be parallel to ABA,>4 because the 
bridges have equal height; and at points E and H it will have the beginnings of its 
plucked sections. For it is at these points that it will touch the convex surfaces, 
since EZB and HOF are perpendicular to it too.55 


This is the fullest and most detailed description of the mono- 
chord we possess from an ancient author. Several things make it 
especially striking: firstly, its detail is both geometrical and prac- 
tical, as we noted in chapter 1. Secondly, Ptolemy's concern for 
evenness and exactitude in the instrument's physical construction 


*4 It is not strictly possible for AEHA to be parallel to ABTA, as Ptolemy has set them out, 
but the point is that the string segment EH will be parallel to the segment of the kandn 
immediately below it (BI). 

5 17.20-18.9. The translation is Barker's (1989: 291—2), but here and in subsequent 
quotations I have retained the Greek letters to facilitate comparison with the diagram. 
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is a persistent feature. The monochord is to be preferred to other 
instruments (even the ones Ptolemais said were sometimes used 
despite being ‘not strictly canonic'?9) because it will display the 
ratios of the concords ‘more accurately and readily’. It has two fur- 
ther advantages: it can be used to detect its own flaws (an aspect 
to which Ptolemy returns), and the quantities of the intervals are 
presented in such a way as to make them ‘clearly perceptible’. 

Ptolemy sketches the kanon in geometrical fashion first; we saw 
in chapter 1 that his use of the verb noein specifically invokes the 
language of mathematical discourse. But we also noted that by the 
end of the first sentence of his description (17.27—18.2) it is clear 
that he is thinking of a construction which is substantially under- 
represented by the accompanying diagram. ‘At its limits’, he says, 
let us imagine 'bridges that are in all respects equal and similar, 
with the surfaces that lie under the string spherical, as nearly as is 
possible.’ The geometer does not need to resort to such language: 
he need only say ‘let there be imagined two equal spheres’, and he 
may then take for granted that they are *in all respects equal and 
similar'. His accompanying diagram will under-represent them, 
but that is why he employs the verb noein, and however deficient 
the diagram actually is, it will not detract from the exact equality 
and regularity which the spheres possess ideally. The direct object 
of the verb noein in the key clause of Ptolemy's sentence, however, 
is not ‘spheres’, but ‘bridges’ (magades, 17.27); it is their contact 
surfaces that must be ‘as spherical as possible’. This is a material 
construction described in geometrical terms, not a geometrical 
construction with material additions. 

In this case, however, the word ‘spherical’ is somewhat prob- 
lematic. If Ptolemy is really interested in the accuracy of his instru- 
ments, bridges with spherical surfaces would seem to be an awk- 
ward stipulation. Geometrically, of course, it makes no difference 
whether the bridges are spheres, cylinders or circles: all three meet 
their tangents at a single point; all three are represented simply by 
a circle in Greek mathematical diagrams.°’ Practically, however, 
the musicologist must be able to reassure himself that the string is 


5° Ptolemais ap. Porph. Jn Harm. 23.1-4. 57 Netz 1999a: 53. 
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raised to exactly the same height by each bridge; horizontal cylin- 
drical bridges allow for this in a way that spherical ones (even 
hemispheres) do not. How could the theorist remain confident that 
the string was always sitting precisely on the highest point of each 
spherical surface throughout his operations with the instrument? 

The problem has not gone unnoticed. Porphyry, whose commen- 
tary on the passage offers some additional construction details,5? 
also adds the word ‘cylindrical’ to an account which otherwise fol- 
lows Ptolemy's closely. But the bridges he suggests, interestingly, 
are not horizontally cylindrical: ‘And let there be bridges made of 
horn, equal and alike on all sides, and let them be cylindrical up to 
a certain height, but spherical where their surfaces fall under the 
string.'?? This is a slightly clarified image of what Ptolemy had 
described: the bridges are cylindrical at their bases, but spherical 
at their summits, where the string crosses them. Each is a vertical 
cylinder capped with a segment of a sphere, like the dome of an 
observatory. This is not what the diagram of Harmonics I.8 shows 
(see fig. 6.1), but the diagram represents only geometrically rele- 
vant information, and does so in strict conformity with Ptolemy's 
text. Geometrically speaking, it is an accurate representation of 
Ptolemy's kanon, because the string and the ruler are separated by 
a figure which makes contact with each at a single definable point: 
thus EB = HT. According to the diagram, the measurement on the 
ruler will be the measurement on the string (BF = EH), and this is 
what Ptolemy's instrumental procedures will require. 

His description is ambiguous because it emphasises the geom- 
etry of the instrument. The geometrical model has bridges which 
are perfectly spherical in their entirety (not just in their contact 
surfaces). Porphyry interprets the passage with the practicalities 
of canonic division in mind: by not being completely spherical, 
his bridges cannot roll about on the surface of the kanon. But what 
Porphyry's bridges gain in practicality they lose in geometrical 


58 The surface of the kanón should be wooden (In Harm. 121.1 7) and the bridges of horn 
(731.23). 

39 Kai payddes Eotwoav &rró kepétroov Tremroimpévor TravTayxdbev food Te Kai uoa LEX! 
uév rivos Uwous KUAIVSpIKal oUVoal, opaipiKas 8 Éxyoucot Tas Urró Thy xop8T|v Tı- 
TTOVOAS ETrIpaveias, 121.22—5. 

6 See Alexanderson 1969: 9, Barker 2000: 197. 
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| | precision: the exact equality of their heights must be stated simply 
Hi) as a desideratum, rather than as part of the definition of the figure. 
| | In two equal spheres, the fact that EB = HT is obvious; Porphyry's 
| | bridges could be described in such precise geometrical terms, but 
| | | not nearly so efficiently.9' 

l There remains the difficulty of ensuring that the string always 
crosses the bridge exactly at its highest point. This difficulty can 
| be minimised by fixing Porphyry-style sphere-capped cylindrica] 
| | ii bridges in place, aligned in such a way that the string bisects their 
| | bases exactly, and by keeping the string at high tension. But it 
| | | can be surmounted more easily by substituting horizontal cylin- 
| drical contact surfaces for spherical ones. Horizontal cylindrical 
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or semi-cylindrical bridges (dowel segments, in effect) have the 

| | advantage of permitting the string to return more easily to its ‘true’ 

| position after accidental lateral displacement (as sometimes hap- 

| | pens when the movable bridge is shifted in canonic division). This 
| solution is not suggested by any of the ancient commentators, but 

| | one scholiast seems to have assumed that Ptolemy meant to say 

| ‘cylindrical’ when he said ‘spherical’ .®? 

| 





| | The remainder of Ptolemy's description of the kanon presents a 
| mixture of geometrical and practical information. Points, lettered 
| as in the diagram, are located in geometrical fashion: by bisection 
| of line segments. This is an essential step, since the theorist must be 
| n certain that the string, introduced as AEHA (18.5) will be parallel 
LU | to the kanoón below it, ABTA, so that division of the one may be 
| f I| taken to be the same as division of the other. (Strictly speaking, 
| l | only EH is parallel to BI’, but Ptolemy himself refers to AEHA 











and ABTA and calls them parallel.) He can be confident of this 
| | because 'the bridges have equal height" (18.6), a fact established 
through the initial construction. Points E and H are the limits of 
the speaking length of the string, because EH is a tangent of both 
bridges, because EH and BI are parallel, and because EZB and 
HOF are at right angles to these two parallels. The exactitude of 


61 Rather than saying that the bridges should be cylindrical ‘up to a certain height’, he 
would need to say that the contact surfaces should be equal sections of equal spheres 
fitted to the summits of equal cylinders whose bases are perpendicular to their sides. 

62 Schol. to Ptol. Harm. 17.28; see Solomon 2000: 26 n. 139. 
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the practical construction is assured through its proximity to the 
geometrical construction. 

It is at this point that the theoretical problem which surfaced in 
the work of Adrastus (what I have called the P/Q discrepancy)" 
becomes relevant, since the physically constructed monochord 
must now comply exactly with the internal relationships of the 
geometrical figure, a requirement which is of course impossible. 
But Ptolemy draws attention to a more serious issue. The prob- 
lem is not merely that the bridge has width, as Adrastus noted; 
that particular difficulty has already been minimised as far as it 
can be in Ptolemy's directions about the shape of the bridges. 
Now the problem is that unlike the purely mathematical division 
of the kanon, the practical division must involve movable bridges 
(hypagogia or magadia) which, if they are to stop the string, must 
be slightly higher than the end-bridges (magades). Geometrically 
we are now off the rails: EKH is no longer a straight line, and hence 
no longer parallel to BI (see fig. 6.1). If we place one of these mag- 
adia at K, the string will now form an isosceles triangle with an 
extremely short altitude (EKH). Suddenly the reassuring similarity 
between the arithmetical type of lettered diagram and the mono- 
chord, through which notes could be represented by simple line 
segments and intervals by the ratios between their lengths, breaks 
down because real canonic division turns out not to function by 
simple line division after all. When we place the bridge at K, we 
think we are simply bisecting EH, but instead we are generating 
the triangle EKH. Because of the physical requirements of canonic 
division, the geometry of sound is no longer an arithmetical 
geometry. 

Unlike the situation as Adrastus described it, where the width 
of the bridge took away from the overall length of the string, we 
now see that the height of the bridge adds to the overall length. 
But greater length only translates to lower pitch when all other 
factors are kept the same; the placing of the bridge will now have 
stretched the string to a higher tension than it had before. Fur- 
thermore, the acoustical effect of placing the movable bridge at 
K will be different to that of placing it at ^, for the closer it is 


63 See ch. s part 2. 
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placed to one of the fixed bridges, the greater its distortion of the 
original tension of the string. Transferring canonic division from 
Il the geometrical to the physical therefore introduces irregularities 
Il of many sorts.^^ Because the notes sounded in canonic division 
| must be quantifiable in order to be scientifically meaningful, these 
| irregularities constitute a serious challenge to the harmonicist. For 
| the upshot of all this is that strings no longer appear to be repre- 
| sentable by lines. The fact that lines (as geometrical entities) haye 
| no thickness (Euc. El. I def. 2) can be circumvented by ensuring 
| 
| 





that the instrument’s string is uniform in thickness, but the fact that 
lines cannot have tension now makes line segments incapable of 
representing musical distances. In geometry, segments of straight 
lines can differ only in length, but the string segment EK differs 
not only in length but also in tension according to the presence or 
absence of the bridge under K. 

Ptolemy offers several responses to this issue. In I.11 he puts 
forward an argument by which it would appear that whatever sharp- 
ness is generated by the increase in tension is balanced exactly by 
an equal flattening from the increase in length. The argument is 
not applied specifically to this problem, and in fact it is incorrect.®5 
But in II.2 Ptolemy does tackle the question of whether the greater 
height of the movable bridge skews the measurement of the string 
segment. By appeal to geometry, he argues that as long as the con- 
tact surfaces of the two bridges are segments of equal circles, the 
measurement will not be affected despite the height of the mov- 
able bridge. Thus it is by geometry that he attempts to reassure 
himself that the departure from arithmetical geometry required 
by the physical kanon does not interfere with the fidelity of its 
evidence. 
| The geometrical reassurance, however, only goes so far. Ptolemy 
| posits a kanon AB with two bridges, one higher than the other (ATA 
| and BEZ in fig. 6.2). The highest point of the lower (fixed) bridge is 
| A, that of the higher (movable) Z. Their surfaces are to be thought 

of as segments of circles (tTunuata KUKAov, 90.8). If the bridges 
| were of equal height, the string would make contact with them 
at A and Z. But the second bridge must be higher for practical 








| 64 See particularly Barker 2000: 51, 198-203. 65 See Barker 2000: 199. 
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A B IT 


Fig. 6.2 An extension of the diagram accompanying the last part of Ptol. 
Harm. III.2 (p. 90 Düring). Ptolemy’s diagram includes points A—A; points 
M-P and the structures on which they fall are my additions. 





reasons, and so the true contact points are slightly lower than the 
summit of each bridge, at points H and O. Ptolemy's geometrical 
argument (90.6—91.19) is that because the bridges’ surfaces are 
the circumferences of equal circles, the whole measurement has 
simply been shunted to one side (to the left, in the diagram), but is 
otherwise identical: the equality of the bridges’ surfaces ensures 
that the distances HK and O^ are equal, and therefore that HO and 
K^ are also equal (90.18—91.6). 

This argument has several limitations. First, it requires a new 
point of comparison: Ptolemy can reassure himself that the dis- 
tances HO and KA are equal, but this now requires him to apply 
the kanonion directly to the string itself (90.16—18); HO and KA, 
though equal to one another, are each longer than AB. What this 
means in practice is that the harmonicist cannot simply read off 
the unit-numbers on the base of the kanon (AB), even when the 
movable bridge has been placed precisely relative to the axes of 
the end-bridges. This introduces a practical complication that is 
even greater for his polychord kanones (as Ptolemy recognises, 
91.8—19), on which the level of geometrical distortion (i.e. that 
of length irrespective of tension) will differ from one string to 
the next whenever the bridges need to be placed simultaneously 
at different positions, something which his procedures frequently 
require. 
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The second limitation of Ptolemy's geometrical argument jg 
that it does not take account of the increase in tension which arises 
from stretching the string to a greater overall length. It is in his 
unconcern for this limitation that we can see most clearly the extent 
to which he was prepared to reduce the problem to geometry. In 
II.2 he focusses only on the string segment on one side of the 
movable bridge, but in fact his procedures are not always limited 
in this respect: his very first canonic division (1.8, 18.22—19.15) 
uses the segments of string on both sides of the movable bridge, as 
Panaetius and Didymus had done; his procedures with the Aelikog 
and its variant (II.2) will require this technique also. If we imagine 
(see fig. 6.2) a continuation of Ptolemy's diagram to the other 
fixed bridge (TITZO), it is easy to see that although his geometrical 
argument will apply as well to MN as it did to HO, the string 
has now been stretched to accommodate not only the amount by 
which HO + MN is greater than AO (the length of the open string), 
but also by an amount equal to the arc OM. The level of acoustic 
distortion (i.e. that of length obtained by an increase in tension) this 
generates will vary not only according to the height and position 
of bridge BEZ, but also according to the amount of string left over 
between each of the end-bridges and the kollaboi (pegs) by which 
the string is fixed to the instrument.® The longer the total length 
of the string (including the portions beyond both end-bridges), 
the less the distortion caused by the placement of the movable 
bridge. Ptolemy's emphasis on controlling string length by appeal 
to geometry thus comes at the cost of controlling tension. 

Ptolemy does not address the issue of tension beyond the brief 
and inadequate remarks of I. 11. He was evidently satisfied that as 
long as the surfaces of the bridges made equal circles, and efforts 
were made to avoid sounding very short string segments, the dis- 
tortion could be minimised. He was content to restore canonic 
division to the realm of arithmetic by a combination of geomet- 
rical argument and practical adjustment. To be fair, he had no 
means of calculating the acoustic effect of differential tension on 
his apparatus, and although his attempt to reduce the difficulty to 


96 That is, the portions of ‘inactive’ string to the left of H and to the right of N in fig. 6.2. 
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an inverse proportionality in I.11 is unsatisfactory, he is the first 
harmonicist to apply such an argument to the reliability of scien- 
tific instruments. Furthermore, the distortions introduced by the 
addition of length and tension are truly minuscule on a well-built 
kanon. The importance of the way Ptolemy handles them is in 
what it tells us about his scientific priorities. 

In I.8, Ptolemy's focus is on evenness and equality of materials; 
other factors are not considered. He offers a test by which the theo- 
rist is able to determine whether the instrument he has constructed 
gives results which can be trusted. If the instrument fails, he must 
correct the unevenness of its materials. If it passes, he may use it 
with confidence in subsequent procedures. (Designation-letters in 
the following quotation refer to the diagram of fig. 6.1.) 
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ipapuócavres 51) Tfj XOPST) Kavoviov kai ueroAapóvress ETT aUTOU TO EH ufjkos, 
{var TPOXEIPÓTEPOV rroicoue8ar TAS TTAPALETPTOEIS, Trpórov HEV ETT] TV YIVOHEVTV 
tou ÓAou uhKous S1yoTOLiay, ofov Thy K, Kal &ri THY THs Tjuiceías SIYOTOLIAY, cos 
tiv A, KaTAOTHOOLEV UTrTayayla orevà eU u&Aa Kai Agia, T) Kal vr] Aia pay adic 
&repo,, UYNAOTEPa LEV Exeivoov Bpaxel, aTrapaAAGKToos SE ExOVTA, DEcEadS EVEKEV, 
icóTr|ros kai ÓOIÓTNTOŞ KATA THs WEONS TOU KUPTHUATOS Ypauus, NTIS Urt 
avTiv EOTAL THY TOU Kavoviou 8ryoropuíav f] TAAL TAV THs TU Elas S1YOTOLIAy, 
iva &&v u£v TO EK tis yopdTs uépos iodTovov EUpioKnTal TH KH kai éti TO KA 
1À AH, ShAov piv auTHs T] TO KATA THY OVOTAOIV aTrapaAAaKTov. &&v SE ur), 
ueroqépoouev TAV Sokipacíav Et! GAAO pépos, TOI xOPSNV GAANV, Ews Av TO 
a&KkdAoubov 81ac0501j, TOUTEOTI TO £v TOIS ópolois koi AvaAdyols Kal icourkeot 











Kai pilav EXOUOL TÓo1v ÓÓTOVOV. 


To the string we shall now fit a measuring-rod (kanonion), and use it to divide 
up the length of EH, so that we may make the comparative measurements more 
easily. First at the bisection of the whole length, K, and then at the bisection of 
the half, A, we shall place blades, very thin and smooth, or indeed other bridges, 
a little higher than the others, but no different from them in respect of their 
position, equality or similarity about the line through the middle of the convexity, 
which will be under the exact bisection of the measuring-rod or again under the 
bisection of the half. Then if part EK of the string is found to be of equal pitch to 
KH, and again KA to AH, the string’s evenness of constitution will be evident to 
us. If they are not so, let us transfer the test to another part, or to another string, 
until the required consequence is preserved — that is, sameness of pitch in parts 
that are similar, corresponding, equal in length, and of single tension.” 











87 18.9—22, trans. Barker 1989: 292. As in the preceding passage, I have retained the Greek 
letters. 
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The test is perceptibility. Ptolemy does not deny that the discrep. 
ancy between the ideal and physical exists, but it is relevant to 
| the theorist only insofar as it distorts the results to a perceptible 
| degree. If all reasonable attempts are made to ensure equality of 
| materials, and no difference of pitch is detected between identica] 
| lengths of the same string, then the instrument will not lead the 
| theorist astray. Under these considerations, the requirements for 
| the bridges will be merely that whatever distortion they introduce 
| is imperceptible. From our look at III.2, however, it is evident that 
the first type Ptolemy describes (those which are thin and smooth 
like blades, 18.13), will not satisfy his geometrical conclusions ag 
well as the second type (those identical to the end-bridges except 
| in their height). But the ultimate test of perception is the only one 
which matters in the end: an imperceptible error will not mislead 
the harmonic scientist; he has merely reached the limits of the 
capabilities of his own senses. 
| 


See no discord, hear no discord: rescuing the octave plus fourth 


With this crucial test passed, Ptolemy can now move on to his first 
| canonic division. This is in many ways the same procedure we have 
| seen in many of his predecessors: a simple demonstration of the 
| concord ratios. But by combining two of their procedures Ptolemy 
| is able to produce a division which can include the controversial 

and mathematically difficult octave plus fourth without drawing 
| attention to its ratio. 


EKKEILEVOIS TOV CUUMOVIOV AOYols, EUPTIOOUEV EK TiS EP EKAOTOV Tufjua TOU 
uayaóíou Traparyoyfis ópoAoyoupuévoars rods &kooís &rri TO &kpipéorarrov TAS 
TOV olkeícov POOyywv Siapopdas. ToloUTwV EV yap AauBavopévns Tis EK 
| Olato TÓo€o0s Teo O0 &po», oto &o'iv rj] KH piv, oi kað éké&repov aUTHV qOÓyyol 
TTOINGOVO! THV Sia Teo 0 &ápo»v ouugoovíav Sià Tov &rrirprrov Adyov. TOIOVTWV OE 
Aappavopévns ths EK Toiv, otov &oriv 1) KH 800, rror]oouociv oi kað &xá&repov 
qQOóyyoi Thy Sia Trévre ouugpovíav Bid Tov TIdAIov Adyov. Kal Tr&Aiv àv HEV 
oUTws Siaipebt) TO Tr&v ufjkos, Mote THY èv EK yíveo0od Svo Tunudtoov, Tiv 6E 
KH ToU auto évós, EoTal TO ià Trao Gv ópóqovov trapa Tov SiTrAdolov AOyov. 
éav Sè oTe THY HEV EK ouvayeoOal runu&rov ókro, Tijv 66 KH Tóv avTav 


68 Designation-letters in the following passage refer to the diagram of fig. 6.1. 
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qpi&v, Ti Sia TAGGV Kal Sica Teoo pov EOTAI oupqgovía KATA TOV Ókro Trpós 
qà Tpia Aóyov. £&àv 6€ OoTe TAV pèv EK runp&rov eivai toldv, Tiv 66 KH ToU 
aÙTOŬ EVOS, ń 6i& TEVTE kai ià mraoóbv £o od oupqoovía KATA TOV TPITTAGCIOV 
AOyOV. éav 6€ WoTe Thv èv EK ouvayeo8al Trunuérov reooópov, Thv 6€ KH 
1oU AUTOU Évós, EOTAI TO Sis Sià Tracdv óuóqovov TAP TOV TeTPATTAdCIOV 
Aóyov. 


When something of this kind [i.e. equality of length, tension and pitch] has been 
found, and the measuring-rod has been divided in the ratios of the concords that 
have been set out, by shifting the bridge to each point of division we shall find that 
the differences of the appropriate notes agree most accurately with the hearing. 
For if distance EK is constructed of four such parts as those of which KH is three, 
the notes corresponding to each of them will make the concord of a fourth through 
the epitritic ratio. If EK is constructed of three such parts as those of which KH 
is two, the notes corresponding to each will make the concord of a fifth through 
the hemiolic ratio. And again, if the whole length is so divided that EK is made 
up of two sections and KH of one that is the same, there will be the homophone 
of the octave, in accordance with the duple ratio. If it is divided so that EK is put 
together from eight sections and KH from three of the same, there will be the 
concord of an octave and a fourth, corresponding to the ratio of 8 to 3. If it is 
divided so that EK is of three sections and KH of one that is the same, there will 
be the concord of an octave and a fifth, corresponding to the triple ratio. And if it 
is divided so that EK is put together from four sections and KH from one that is 
the same, there will be the homophone of the double octave, in accordance with 
the quadruple ratio.9? 





In following the description, we realise that K is not a fixed point; 
it is the movable bridge, placed at a different position for each 
interval, and occupying six different points in the course of the 
division. We also note that both sides of the string are required: 
the comparisons are between segments of string on either side of 
K, not between one of these lengths and EH. This has affinities 
with the procedure of Panaetius' division, but there the compari- 
son was between the length of the entire string and each of the two 
segments, not between the two segments. Thirdly, we note that the 
order of construction is much more transparent than in the divisions 
of either Panaetius or Adrastus."? Panaetius produced his con- 
cords in the order octave, fourth, double octave, fifth, octave plus 
fifth, tone; there are in fact many alternatives which use the same 
economy of bridge positions. The division attributed to Adrastus 


69 18.22-19.15, trans. Barker 1989: 292-3. 
7 Panaetius' canonic division and that attributed to Adrastus are discussed in ch. 5 part 2. 
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proceeded in linear fashion, giving fourth, octave, double octave 
fifth, octave plus fifth, tone: the same intervals in a different 
sequence. 

Ptolemy's approach is novel. Firstly, his division gives the same 
number of intervals (six), but he omits the tone, and includes the 
octave plus fourth. This eliminates the distinction between con- 
cords and discords which was present in the divisions of Panaetius 
and Adrastus. Secondly, he constructs these six intervals in ascend- 
ing order of magnitude, using one bridge position for each interval, 
A. corollary of this is that K will be placed in a linear sequence 
of positions, a much neater sequence, in fact, than in the division 
of Adrastus, where we first encountered the procedure. If we con- 
struct the division on a 120-unit monochord, the positions will be 
as follows:?! 


PTOLEMY'S CANONICS 





EK:KH = 4:3 fourth 51 26' 
ENGKH 23:2 fifth 48 
ERIK — 23:1] octave 40 


EK:KH = 8:3 octave plus fourth — 32 44' 
EK:KH = 3:1 octave plus fifth 30 
EK:KH = 4:1 double octave 24 


The octave plus fourth has been ingeniously accommodated, 
The explanation of its ratio is no different from that of the others 
(except for the unavoidable fact that in Greek the ratio requires 
twice as many words to articulate as any of the others??), and 
the interval itself can be placed between its neighbours without 
offending either reason or the ear. Nothing can be done about 
its ratio, which remains the only one on the list which is neither 
multiple nor epimoric, but in the practical context of the division, 
the position of the bridge has now become the more dominant 
numerical feature. Furthermore, the omission of the tone (which 
in this arrangement would have to come first, with a bridge position 
of 56 28’) avoids drawing attention to the formal similarities of its 
ratio to those of the other concords, as opposed to the anomalous 





- 


As in fig. 6.1, the end-bridges are E and H, and the movable bridge is K. A complementary 
series of bridge positions will be found if the division is carried out at the other end of 
the string (68 34', 72, 80, 87 16', 90, 96). The bridge positions here and in the table are 
in sexagesimal notation (on which see below, and ch. 4 table 4.1). 

7? Cf. e.g. TOV fjuuóAiov Adyov (19.5-6) with Tov ókrco pds Ta Tpia Adyov (19.10-1 1). 
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ratio of the octave plus fourth. It is the best solution offered by any 
ancient theorist. 7? 


Using the kanon 


The monochord, thus established by reassurances of its accuracy 
and reliability, can be put to work immediately. Firstly, it offers 
retroactive assistance. The canonic division of 18.22-19.15 comes 
as the confirmation of what was argued in the course of Ptolemy's 
critique of Pythagorean conceptions of concord, and of what he 
asserted in the course of his own account (1.5—7). The ratios he 
has specified have been proven by trustworthy apparatus to fit the 
intervals they are meant to fit; the one concord which embarrassed 
the Pythagoreans is no embarrassment to Ptolemy's division. But 
canonic division is, in the main, a vindication of what was essen- 
tially correct about Pythagorean analysis (19.16—17). 

When he moves on to the Aristoxenians in I.9—12, Ptolemy has 
much recourse to the kanon. It is only through the proof of the 
correspondence between ratio and interval offered in 1.8 that he 
can both attack the Aristoxenian theorists for refusing to accept 
ratio-based harmonic analysis in the first place, and question the 
theoretical consequences of this refusal: 


Tois Apioto€evelois Oé, &rrel UNTE TOUTOIS Evapy ds £youoct ouykarr£OevTo, UTE 
elTrEO T\TTIOTOUV aAUTOIS, TOUS UyleoTEpOUS &jnrnoav, El ye DewpNTIKds ÚT- 
IOXVOUVTO Trpooevnvéx9oad HOUOIKT). TO HEV yàp TA TOIAUTaA TAAN Tals aKoatis 
TrapooAouU0€iv EK TOU Trós ExElV TOUS POOyyouUS TIPOS GAAT|AOUS &varykaiov 
QUTOIS EOTIV OMOAOYEIV, kai Trpooéri TO TOV AUTOV AVTIANYWEWV OPIOYEVAS Kai 
TOS aUTAS eivai Siapopas. TÉS 6€ ExoUOI ka Ékao'ov ei6os oi TroloUVTES AUTO 


73 [t has its limitations, of course. One might object that the presentation of the concords in 
this way could easily include discords without raising any more mathematical objections 
than those raised alreadly about the 8:3 interval. If, for example, Ptolemy had wanted 
to include Philo’s 5:2 octave plus major third (see ch. 5 n. 52), whose ratio differs in 
no mathematically significant way from that of the octave plus fourth, he could have 
constructed it between the octave and the octave plus fourth without disrupting his 
procedure; its bridge position in my scheme would be 34 17’. In this sense the procedure 
is blind: there is nothing about it which separates concords from discords. But it is not 
deaf, and that is perhaps Ptolemy’s defence. The process does not highlight ratio form, 
but rather concentrates the attention on the perceptible evidence, which will be found to 
agree with the ratios previously established. For a more mathematical inclusion of the 
8:3 interval, cf. the way Ptolemy sets it out in his account of the Aelikon (II.2, discussed 
below; see n. IIT). 
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&oop&rov HEV óvTov, TOV SE perat6U CMUATOV, TAS SIAOTAOEIS THY ciy 
uóvas mapaßáouvoiv, iva TI 866001v àpiOpó Kal AOyoo Toev. 


But we should find fault with the Aristoxenians, since they neither accepted these 
ratios as clearly established, nor, if they really lacked confidence in them, did they 
seek more satisfactory ones — assuming that they were genuinely committed to the 
theoretical study of music. For they must necessarily agree that such experiences 
come to the hearing from a relation that the notes have to one another, and further 
that where the impressions are the same, the differences are determinate and 
the same. Yet in what relation, for each species [of concord], the two notes that 
make it stand, they neither say nor enquire, but as if the notes themselves were 
bodiless and what lie between them were bodies, they compare only the intervals 
belonging to the species, so as to appear to be doing something with number and 
reason.?4 


Ptolemy's jibe, 'assuming that they were genuinely committed to 
the theoretical study of music’, illustrates the extent to which he 
was willing to equate rational analysis with music theory. The 
Aristoxenians' outright rejection of the mathematical language of 
canonics calls into question their very commitment to the theoret- 
ical investigation of music. This is a position which can only be 
sustained with confidence as a result of procedures such as those 
of I.8. 

In I.10 Ptolemy begins to home in on specific issues; here it 
is the Aristoxenian assertion that the fourth consists of two and a 
half tones. He summarises the argument of ‘the Aristoxenians’ 
in this way: 


QUTOL HEV OUV TrEIDGCOVTAL TO Trpokelpevov SEIKVUEIV OUTS. Eorooav yap úo 
ployyoi Sia Tecodpwv ouuqovoUvres oi A B, koi atro p£v ToU A BSitovov 
elAt}pOe Etti TO OEU TO AT, &rró è TOU B ópoiws ¿mi TO Bapu Sitovov sinp 
TÒ BA: &k&repov &pa t&v AA kai FB ioov éotiv, koi THAIKOUTOV & EAAéiTrel TO 
Sitovov ToU ià Teooópov. TraAlv 81) &rró èv ToU A Sià Tecodpoaov eiAN PO 
&ri TO O€U TO AE, &rró BE ToU [ ópoío»s Sià Teooópov mì TO Bapu To [Z. 
éttel ToÍvuv &k&repov Tdv BA xai [Z Sià Teo0ópov &oTív, ioov oTi koi To BI 
TOÀ AZ, karrà Tà AUTH BE Kai TO AA Ta BE. iow Goa rà Téooapa BiaoTHYATAa 
£o riv GAANAOIs. GAN ÓAov TO ZE Thv Sià Trevte paoi moihosi CULPOoViaV, COTE 
&rrel TO èv AB Sià Teoodpoov éoTiv, TÒ Se ZE Sick trévte, Utrepoyt) 8 avTav TÈ 
ZA koi BE, cuvaypotepa ev TaUTa KaToAEitrecBal TÓvou, ék&repov © AUTOY, 


74 19.18—20.9, trans. Barker 1989: 293. 
75 [ have discussed this assertion in chapter 1 part 1. 
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1ouTéo Tiv Ék&repov TOv AA kai [B rjurrovíou, 8rróvou 8 óvros ToU AT koi TÒ 
AB Sià reoo&po Suo kai fjuíoet ouvríOsoOod TÓvois. 


Z A A [ B E 


Fig. 6.3 Diagram accompanying Ptol. Harm. I.10, 22.2—-16 (after Düring 1930). 


They attempt to prove their proposition as follows. Let there be two notes, A 
and B, concordant at the fourth, and from A let a ditone, AT, be taken upwards; 
and from B, similarly, let a ditone BA be taken downwards. Then AA and TB 
are equal, and each is as great as is that by which the ditone is less than the 
fourth. Again, from A let a fourth be taken upwards, AE, and from I, similarly, 
let a fourth be taken downwards, lZ. Then since each of BA and TZ is a fourth, 
BI is equal to AZ, and on the same grounds AA is also equal to BE. The four 
intervals are therefore equal to one another. But, they say, the whole of ZE will 
make the concord of a fifth, so that since AB is a fourth and ZE is a fifth, and the 
difference between them is ZA plus BE, these differences taken together make up 
a tone, and each of them - that is [in effect], each of AA and TB - is a half-tone; 
and since AT is a ditone, the fourth AB is put together from two and a half 
tones.7° 


7 52.2—16, trans. Barker 1989: 295-6. The way in which Ptolemy represents this Aris- 


toxenian argument hardly does justice to the hypothetical and (notably) empirical way 
in which Aristoxenus himself expressed it (El. harm. 56.14—58.6, discussed in ch. 1 
part 1). 
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In this passage (as in some others), Ptolemy's letters signify 
something different from what they did in 1.8. Here they represent 
not points on a line which can be equated with a string, but notes, 
Thus there are two systems of letter use in Ptolemy's treatise, ag 
there are in the Sectio canonis: the first, by which an interval is 
expressed as the ratio between two lengths, requires four letters 
(e.g. EK:KH) and is used elsewhere; the second, used here, requires 
only two (e.g. Bl). The diagram accompanying the text of 22.2—16 
gives six parallel lines of equal length, each labelled with a letter 
corresponding to one of the notes used in the construction (fig, 
6.3); these are given in order of pitch, with lower notes at the left, 
and higher notes on the right: Z, A, A, T, B, E. They could be 
envisaged as six strings of a lyre, where pitch difference is not 
generated through difference in string length. This second use of 
letter and diagram belongs to a conception of notes which will not 
remind the reader of the monochord. 

Ptolemy's objection to the Aristoxenian method he has 
recounted relies on the ratios of the intervals in question. 


Ó 6E Aóyos &rra& ToU TOvou 8eryO£vros ETroy5dou kai TOU Sià reco Gpov Et Tpi- 
Tou SnAovoTi auTobev TOŤ TO Tiv Urrepoy jv, f] Urrepéyer TO Ià TEGOAPOV ToU 
Sitovou, kaAouuévrnv SE Aeiupo, &A&rrova elvat fjurrovíou. 

But as soon as the tone has been shown to be epogdoic and the fourth epitritic, 
it is obvious from this very fact that reason entails that the difference by 
which the fourth exceeds the ditone, called the /eimma, is smaller than a 
half-tone.7* 


He proves this by calculating the ratio of the /eimma (a simple 
arithmetical argument). He posits three epogdoic tones in succes- 
sion, the terms of whose bounding notes are 1536, 1728, 1944 
and 2187. He then constructs a fourth downwards from the high- 
est note, whose lower bounding note will turn out to be 2048 
(2048:1536 — 4:3). The fourth is then the first two tones plus 
whatever is left between 2048 and 1944; this is of course 256:243 
(= 2048:1944). That 256:243 is less than 2187:2048 is clear, and 


77 See ch. 1 parti. 79 22.17—23.3, trans. Barker 1989: 296. 
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so the Aristoxenian assertion that the fourth is composed of two 
and a half tones has been disproved.7? 

This argument relies entirely on the premise that the ratios 4:3 
and 9:8 actually do correspond to the intervals perceived as fourth 
and tone respectively. Without proof of this connection it would not 
succeed.*° Ptolemy can only bring out ratios at this point because 
he has already done the canonic division; the canonic division 
could only be used because he had first argued for its credentials 
with tests presided over by perception. 

Next he invokes the kanon explicitly; the numbers have been set 
out — ‘now try it’, he seems to say. 


fj èv yàp otc6nots uovovoU KEKpayeV &rrryivoookouoa OCAPÕSŞ Kal ASioTAKTOS 
TÁV TE SIG TEVTE ouugovíav, órav TTÀ THs &reOeiuévrs povoxópOouv Sei€ews KATH 
Tov fjuióAi0v Ang61j Aóyov kai Thv ià reooópov, STAV KATH TOV ETTITPITOV. 
For perception virtually shrieks its clear and unmistakable recognition of the 
concord of the fifth, when in the exposition of the monochord that has been set 
out it is constructed according to the hemiolic ratio, and of that of the fourth, 
when it is constructed according to the epitritic.*! 


The Aristoxenians will not try it, however, since as Ptolemy 
notes, they do not agree with the fundamental postulates of mono- 
chord use (24.1—4). He is clear that this is not a debate between 
reason and perception (23.19-21), but between uses of rational 
and perceptual evidence. The error of the Aristoxenians is that 
they trust perception in the smaller intervals where it cannot be 
trusted, and do not trust its judgements of the concords, for which 
it is eminently qualified.?? The evidence of perception is there to 
be used, and the harmonicist's method must make use of it in those 
areas where it will speak reliably. This method is best exemplified, 
of course, in the construction, tests and divisions of the kanon. 

It is worth noting at this point that this is the first time since 
the Sectio canonis that we have seen an argumentative use of the 
monochord like this one. Ptolemy's predecessors may well have 


79 23.3-18; cf. Sect. can. prop. 15. 

80 The same is true of the argument which follows it (24.8—19); the numbers of both 
procedures could be applied to a demonstration on the kanon. 

23.21—24.1, trans. Barker 1989: 297. 

24.4—8; but Ptolemy has not been entirely fair to Aristoxenus (cf. El. harm. 55.3—-12). 


81 
82 
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used the instrument argumentatively, but the only type of mono- 
chord use which survives in written accounts between the third 
century BC and the second century AD is simple demonstration, 
either of the concords and the tone, or of tetrachordal divisions 
and melodies in which to contextualise them (Didymus). 


Additional strings 


Ptolemy's second specific attack on Aristoxenian dogma is a refu- 
tation of the statement that the octave contains six tones (I.11). As 
the chapter title indicates,?? the task is to show, once again through 
the Aristoxenians’ prized faculty of perception (aisthesis), that 
they are wrong in their view of this concord as well. This develop- 
ment is part of a crescendo of argument; an error about the octave 
is even graver than an error about the fourth — graver because 
the octave is the most basic concord (Ptolemy often refers to it as 
‘the octave homophone’, To 81& Tracdv óuóqovov, as at 19.8). The 
error follows logically from the misunderstanding of the fourth, so 
in this respect at least (but not in some others) the Aristoxenians' 
position is internally consistent. 
Ptolemy's immediate appeal is to the musical ear. 


EQv SE é&riráGouev TOD pouoikoT&rO Troifjootd TÓvous pegs Kal kað auvTous 
£6, UT) ouveTTIBAAAOHEVoV HEVTOI TOV Trponppoouévov qO0óyyov, iva ur) 
KATAPEONTAL TPOS GAAO TI TOV cuugovov, Óó Trpó»ros POyyoS Trpós TOV 
EBSOLOV OU Toos TO Sià Trao Ov. Ei TE ST) UT] Tapà THV &oO£veiav TIS arioOT]oscos 
cuupaíver TO TOLIOUTO, weU80s àv &rrogaívor TO THY Sia Tracdv ouupwviav EE 
eivai TÓvoov, eire TH ui] SUVaGBaI Aopóverv AUTTV TOUS TOVOUS aKPIPdds, TTOAU 
TTAEOV OUK EOTAL THOTT) Trpós TAV TOv SiTOVeov AnWIV, A&P Ov EeUPIOKElV olerod TO 
Sià Tecoapav úo kai fjuíoeos TÓvo. 


If we instruct the most expert musician to construct six tones in succession, just 
by themselves, and without the aid of other notes attuned beforehand, so that 
he cannot refer to some other of the concords, the first note will not make an 
octave with the seventh. Now if this sort of result is not due to the weakness 
of perception, the claim that the concord of the octave consists of six tones 
would be shown to be false; but if it is because perception cannot construct the 
tones accurately, it will be much less reliable in the construction of ditones, from 


83 ‘How it may be demonstrated through perception that the octave is less than six tones, 


by means of the eight-stringed kanón' (tréds äv Kal Sic tis aioOnhoews émiSeryOein TO 
61& Tracdv EAaTTOV EF TÓvo Sia OKTAXOPSou Kavovos, I.11). 
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Six tones constructed in succession by ratio, he notes, generate a 
magnitude greater than the octave; the exact ratio of this excess (the 
komma) had been known since at least the early third century Bc.*° 
Here, as he did with the difference between the /eimma and the 
semitone in the last numerical argument of the preceding chapter 
(I.10), Ptolemy approximates to an epimoric interval, 65:64.°7 

Once again, the kanon 1s the only way for the theorist to be sure 
either that the result obtained by the ‘most expert musician’ (25.5) 
was not due to the weakness of his perception, or that the result 
of calculation actually applies to the notes in question. It could 
be done on a single-stringed kanon, but for reasons given later in 
his treatise (II.12), Ptolemy prefers to set out a larger instrument, 
on which each note will have a string to itself. As long as the 
potential causes of unevenness have been controlled by means 
of tests like that conducted in L.8, the eight-stringed kanon will 
be as reliable as the single-stringed instrument.’ Furthermore, it 
leaves less room for disagreement over its results: all eight notes 
of the demonstration will be available at once, something which 
the monochord cannot manage. 

Ptolemy sets out the demonstration in this way: 








£c rad © piv Kal TO TOIOUTOV EUKATAVONTOV OUVayYaolV érrrà xopoàs GAAaS EV 
TH KAVOVI TH WIG KATA TAV óuoíav &vókpiotv Te Kai 0&c1v. Eav yap icoróvous 
&puoocoue0a Tous OKTw POOyyous &v Iools rois TOV YOPSav urnkeoiv àkpipos 
core Tous AB AEZHO, étreita Sià Tis TOU Kavoviou mrpooayoyfis eis EE TOUS 


84 Evidently Aristoxenus, though Ptolemy never mentions him by name in the chapter. 
Ptolemy has (again) misrepresented Aristoxenus, who constructs his tones and ditones 
‘through concords’ (814 oupqoovias, El. harm. 55.16). 

25.5—13, trans. Barker 1989: 299. 

See Sect. can. prop. 9. The komma is not named there, nor is its value sought, but the 
terms of its ratio are (nearly) generated as a by-product of the proof that six epogdoics 
are greater than 2:1. 

It is a good approximation: the true komma is 531,441:524,288, while 65:64 is equal 
to 532,480:524,288. It is not the nearest epimoric, however: 74:73 is much closer. 
Ptolemy perhaps prefers approximation by epimoric to exactitude because one grasps 
their relative sizes much more readily; this is important in contexts such as the present 
one. (Compare also his use of 19:18 in place of the 256:243 leimma at 45.5.) 

See Ptolemy's reassurances about the theoretical identity of many-stringed and single- 
stringed demonstrations, 85.8—19. 
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A B [ A E Z H o 


[1] 


AK:HTIT = 531,441:262,144 AK:OP = 2:1 


Fig. 6.4 Diagram accompanying Ptol. Harm. 1.11, 26.3—-14 (after 
Düring 1930). 


èpeEñs EtroySdous Adyous Siaipelevtos Trapapépwpev ko Ékao'rov q0óyyov TO 
TAPATIAT|GIOV UTTayaylov mi Thv oikeiav TouTy, iva dos ETroy5oos f] fj re AK 
Sidotaois THs BA Kal ality Tfjs FM Kai attn ths AN Kai aŭtn THs EZ kal avTn 
tis ZO koi att THs HTT, troiei SE Kai fj AK trpds THY OP Tov SittAdot1ov Adyov, 
oUTOI LEV ópogovi]couciv aKpIBAs oi qO0óy yo: KaTa TO Sià rracóv, ó 6€ MH 
TOU OP Bpayei xai TH aT Trávrore EoTAI ó6U epos. 


This sort of result [i.e. that found by calculation] will be easily demonstrated if 
we fasten seven more strings on the kanon, in association with the one string, 


* 





Düring's additions, *KIT = and ‘KP =2’, misrepresent Ptolemy’s designation- 
letters as (arithmetical) quantities rather than (geometrical) points. In Solomon’s version 
of the diagram (2000: 37) most of the designation-letters are either missing or incorrectly 


placed, with the result that Ptolemy's BA, FM, AN, EZ, ZO, HTT and OP cannot be located. 
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on the basis of the same kind of selection and placing. For if we accurately 
attune the eight notes at equal pitch in equal lengths of the strings, the notes 
ABFAEZHO, and then, by application of the measuring-rod, divided into six 
epogdoic [9:8] ratios in succession, we place an identical bridge at the proper 
division corresponding to each note, to make distance AK the epogdoic of BA, 
BA that of M, [M that of AN, AN that of Ez, E= that of ZO, ZO that of HTT, 
while AK makes with OP the duple ratio, the latter notes will sound accurately 
the homophone of the octave, but ITH will be slightly higher than OP, and always 
to the same degree.*? 


This last point is an important one. In his introduction of the single- 
stringed kanon Ptolemy emphasised the fact that the instrument 
‘does not acquire its pitch in any random way’ (oU unv os &ruye 
AaBotoa Thv TCI, 17.22—3), and so we discover through the use 
of such instruments that the patterns governing the combinations 
of musical intervals are not random either. The amount by which 
six tones exceed an octave is constant, as the carefully controlled 
demonstration proves: the result will be no different if it is repeated, 
and the apparent aberration therefore cannot be explained away as 
observational error. 

As though anticipating the objection that the eight-stringed 
kanon may not give reliable evidence, Ptolemy offers two addi- 
tional demonstrations to show that as long as each of the strings 
is even, differences of tension and density between them will not 
affect the notes sounded by the same ratios of their lengths (26.15— 
28.12). As we saw a little earlier, his physics is not always right, 
but his conclusion is correct insofar as it relates to the procedures 
of I.11.?? The fact that he spends fully half of the chapter ensur- 
ing the trustworthiness of his eight-stringed kanon illustrates the 
extent to which he considers this an essential part of his argument. 

Having finished with the ratios of the concords, Ptolemy 
now moves on to deal with tetrachordal divisions (I. 12-16). His 
approach is systematic; after establishing the concords and their 





89 26.3—14, trans. Barker 1989: 300. In many respects this is simply an application of Sect. 
can. prop. 9 to an eight-stringed kanon; Ptolemy even retains the same letters ABT AEZH, 
which in his version no longer signify numbers standing to one another in determinate 
ratio, but the end-points of seven strings. The eighth letter, O, is Ptolemy's addition, by 
which (in the length OP) he can compare the true octave to the interval made up of six 
tones. 

9° See Barker 1989: 300 n. 102 and 2000: 202-3. 


327 





PTOLEMY'S CANONICS 


compositions and correcting the errors of his predecessors (I. 12— 
14), he proceeds to build the larger structures, beginning with their 
constituent parts (I.15-1I.2), until he has set out all the possible 
variations of the Greater Perfect System (II.3—15), and shown how 
these are related to the scales used by musicians in his day (II.16), 
Book III opens with two chapters on the use and trustworthiness of 
the instruments, and a final excursus on the wider implications of 
the harmonic principles established throughout the earlier part 
of the treatise ends the work (III.3—14).?! 

Ptolemy has introduced the eight-stringed kanon in order to clear 
up a controversy over the octave homophone, but now it proves 
useful to him in the course of his analysis of scale-structures as 
well. Throughout his critique of the tetrachords proposed by his 
predecessors, as well as his explication of his own, he contin- 
ues to rely not only on criteria such as ratio form (Archytas, for 
instance, incurs his criticism for using two non-epimoric ratios in 
his chromatic, 32.1—3), but also on what he calls ‘the self-evidence 
of sense-perception’ (fj &rró Tis aioOnoEews EvapyEla, 32.3—4). 
To bring the two together Ptolemy will require his eight-stringed 
kanon again. 


He argues that Archytas’ chromatic and enharmonic tetrachords 
are incorrectly formed, since (among other things) the musical ear 
demands that the smallest interval be placed at the bottom of the 
tetrachord, not in second position as it is in Archytas’ enharmonic: 


TauTa p£v 51) Soke TH AoyikGQ KPITNPIo Treprmroijood Thy SiaBoAnyv, óm 
KAT Tous ékri0guévous Aóyous UITO THV Trpoiorogévo AUTOU yivopévns TÄS 
TOU kavóvos KATATOUTS OU SiacawCeTal TO EUMEAES. OL YAP TTAEIOTOI TOV TE 
TTPOKEIEVOOV Kal TOV TOIS GAAOIS OYXESOV &rraci SIATIETTAAOLEVOOV OUK EPAPUO- 
Couol rois óuoAoyouuévois Nesov. 


These things, then, seem to set up a slanderous accusation against the rational 
criterion, since when the division of the kanon is made according to the ratios set 
out by his proposals, that which is melodic is not preserved. For the majority of 


9! The end of the treatise has not survived as Ptolemy wrote it (if he finished it, that is). The 
text as we have it was completed (from the second sentence of III.14) by Nicephorus 
Gregoras in the fourteenth century. The final chapter (III. 16) was not written by Gregoras, 
but transposed there by him from the text of III.9 in one MS, where it was clearly out of 
place. It is uncertain whether it should be attributed to Ptolemy or not. 
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those set out above, and of those that have been worked out by virtually everyone 
else, are not attuned to the characters generally agreed on.?? 


It is through the process of setting out the attunements on the 
kanon that we are able to judge whether or not they preserve ‘that 
which is melodic', and whether or not they retain the characters 
(ethe) which most people agree on. There are two notions here; the 
first involves the ear's recognition of the intervals of an attunement 
as melodically acceptable, the second the recognition of a pat- 
tern of attunement as possessing the ‘character’ which it ought to 
have.?? Both are presumably the result of one's being accustomed 
to hearing the attunements in melodies. When the enharmonic is 
set out properly, each interval will be accepted as melodic, and the 
character of the whole tetrachord will be immediately recognisable 
to the ear as that of the enharmonic.?4 

Nothing here requires absolutely that an eight-stringed kanon (as 
opposed to a monochord) be used for this procedure. But because 
of the difficulties of using the monochord, explained in II. 12, and 
because of the clear necessity expressed there of the theorist’s 
being able to construct not just attunements but melodies on the 
instrument in order to judge the proposed attunements fairly, the 
kanonos katatome of 32.12—13 will not be entirely satisfactory if 
the word kanon in this passage means monochordos kanon. As 
Barker has argued (2000: 236), the procedure described here is 
empirical: the only way to judge Archytas’ tetrachords is to set 
them out on an instrument and listen to them. It is not merely 
demonstrative, as the concord-procedures were; here the reader is 
at liberty to follow the instructions and disagree with Ptolemy's 
judgement, and Ptolemy leaves himself open to this possibility. 

Throughout the subsequent chapters there is a recurrent empha- 
sis on the general agreement of musical perception. Thus the appeal 
to 'the characters generally agreed on' (32.15) is echoed a chapter 
later in a point argued ‘from agreed perception’ (rrapà 8€ tfjg ópo- 
Aoyouuévns aioOnjoscs, 33.22). The latter comes, in fact, from the 


9?? 32.10-15, trans. Barker 1989: 305. 

?3 On Ptolemy's use of ethos see Barker 2000: 235-6, Solomon 2000: 46 n. 224. 

?! Something similar occurs with the plainchant psalm-tones. Given, for example, the into- 
nation a-g-a followed by the reciting note a, the accustomed ear immediately recognises, 
by its ‘character’, tone IV. 
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same context as the former: the relative magnitudes of the intervals 
which make up the tetrachord in the three genera. In I.16 Ptolemy 
can say of his version of the tense chromatic that it 'seems most 
agreeable to the ears' because it makes a division into two nearly 
equal parts.?? The rhetoric is more emphatic near the end of 1.15, 
and it is hardly coincidental that the eight-stringed kanon makes its 
reappearance in the same passage. The instrument itself, with its 
checks and tests completed (and these are mentioned explicitly at 
37.7—9), is the foundation of such confident assertions as Ptolemy 
gives us here. He has just finished setting out his soft, tonic and 
tense diatonics, and now applies them to his eight-stringed kanon: 


ÖTI SE oU TO &UAoyov EXOUO!I uóvov ai Trpoket(pevod TOV yevaov Oratpéotts, AAA 
Kal TO rais aio01]0eo1v OULQoovov, &Céo rad TAAIV KATAVOELV ATO TOU Sia Trao oy 
TrEpIEXOVTOS OKTAXOPSoU kavóvos, &kpipouuévov TOV pðóyywv, cs sïTopev, 
KATÓ TE TAS OUAASTNTAS TOv yYoPSav Kai Tas icorovías. Tals yàp yıvopévaiş 
TOV TraparriOgué£voov kavovícv KATATOLAIS aKOAOUOUS rois Ep EKHOTOU y£vous 
Aóyois GUVATFOKABIOTALEVOOV TOV UTTAYOLEVOV Layadioov, OUTS EOTAI TO 81d 
Trao Ov TPUOOHEVOV, cos UNS àv TO TUXOV ETI Traparkivfjoar TOUS LOUDIKWTATOUS, 


The fact that the divisions of the genera set out above do not contain only what 
is rational but also what is concordant with the senses can be grasped, once 
again, from the eight-stringed kanōn that spans an octave, once the notes are 
made accurate, as we have said, in respect of the evenness of the strings and their 
equality of pitch. For when the bridges set under [the strings] are aligned with 
the divisions marked on the measuring-rods placed beside them — the divisions 
that correspond to the ratios in each genus — the octave will be so tuned that the 
most musical of men would not alter it any more, not even a little.9? 


In I.16 Ptolemy also includes his own original tetrachord, the 
‘even diatonic’ (10:9 x II:IO X 12:11), with an explanation in 
which the requirement of an eight-stringed kanon is clear not 
only because of the plural ‘equal-pitched (strings)? (icorovíov 
(yopddav), 38.30) but because of the necessity of trying out 
melodies in the genus to test its claim to inclusion alongside ‘the 
genera that are more familiar to our ears’ :?7 


95 tpoopopwtatov qaíveraa Tais &xooíis, 38.13, trans. Barker 1989: 311. The ratios of 
this tetrachord are 7:6 x 12:11 x 22:21. The two nearly equal parts are the the upper 
interval (7:6) and the pyknon (8:7 = 12:11 x 22:21). 

96 47.5-12, trans. Barker 1989: 310. 97 Tà ouvn£o repa rois &Koais yévn, 1.16. 
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Tis È 6r AUTHV korarrouf|s ekAaUBavouEevns ¿mi T&v ioorovióv &tevikoorepov 
uév TWS Kai &y poikórepov 1)00s kocrapavrjoeroi, Trpoor|vés 8 &AAcos Kai UGAAOV 
cvy yu uvaGóputevov Tals AkOais, cos Ut) Seovtes àv rrapopaff|voi Sic Te TO TOU 
u£Aous iG1&Gov Kal Sic TO reraryuévov TIS KATATOÑŇS. ÉTI SE OT1 kàv kaĝ atTO 
UEeAWSTTAL, OUK éurroiel rods aioOroEo! TPOCOKOTTY, ó uóvo oxE5Ov OUUBEBNKE 
TH LETH TOV SIATOVIKdV TOV GAAov. 


When a division is taken in [strings] of equal pitch on the basis of these numbers 
[18, 20, 22, 24, 27, 30, 33, 36], the character that becomes apparent is rather 
foreign and rustic, but exceptionally gentle, and the more so as our hearing 
becomes trained to it, so that it would not be proper to overlook it, both because 
of the special character of its melody, and because of the orderliness of the 
division. Another reason is that when a melody is played in this genus by itself, 
it gives no offensive shock to the hearing, which is true, pretty well, only of the 
intermediate one of the other diatonics.9* 


By the end of book I Ptolemy has constructed all the tetrachords 
he will use in his treatise. He now changes approach; what he 
has done so far is to set out his tetrachords rationally and then 
submit them to the judgement of perception using the kanon. In 
the first chapter of book II he reverses the procedure, requiring 
that a series of familiar attunements (which he lists by name) be 
constructed on the instrument, each of which he then matches to 
attunements previously laid out by ratio. His method throughout 
II.1 is consistent: first, ‘let such and such an attunement be con- 
structed’ (Trerroijo0oo . . .); then ‘I say that what is contained by it 
is the genus of...’ (A€yoo OT1 repiéyeroa ÚT? aAUTOU TO... yévos), 
followed by the proof of the parallel. These paradigms correspond 
to what we have already encountered as the ekthesis and diorismos 
of a Greek mathematical proposition.?? It is common in Greek 
mathematical texts for the ekthesis to refer to a diagram in which 
the proof will be carried out. Here the reference is to the instru- 
ment via the conventions of the lettered diagram. The diagrams are 
intermediary; the real ekthesis must be done on the kandn or the 
demonstration will be incomplete. It is a point at which the mod- 
ern reader can no longer participate as Ptolemy intends, since it 
relies on an intimate familiarity with a collection of second-century 


98 38.29-39.1, trans. Barker 1989: 312. The ‘intermediate’ diatonic is the tonic diatonic, 
identical to Archytas’ diatonic: 9:8 x 8:7 x 28:27. 
99 See ch. 1 part 1, Netz 1999a: 9-11 and 1999b: 284. 
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attunements: tropoi, sterea, iastiaiolia and parhypatai.'°° We can 
read his propositions backwards and arrive at his scales as it were 
by the back door, but we cannot follow his project in the correct 
order. This depends on the kind of ‘agreed perception’ (óuoño- 
youuévr aioOno1s) which only his ancient readers possessed. 

Even Ptolemy's ancient readers needed more than mere famil- 
iarity with the common instrumental attunements of their day in 
order to read II. 1 as he intended: the eight-stringed kanon is central 
to the argument of the chapter, and the reader cannot follow it by 
merely imagining the instrument. Ptolemy's reversal of rational 
and perception-based procedure here is based on his assumption 
that the two are really in complete agreement about the intervals 
in music, for all the fact that they speak in different languages.!?! 
The kanon is, in effect, simply the ‘translator’ between the two. 
Whichever faculty speaks first, the statements turn out to be the 
same. 


Babylonios temptare numeros'?* 


The diagrams of II.1 employ a numerical feature which marks 
a departure from Ptolemy's practices earlier in the Harmonics. 
Alongside each of the lines which represent strings are numbers 
indicating bridge positions. This in itself is not unusual, but the fact 
that they are not all integers is. The numbers themselves may well 
have been added by a later hand, but I draw attention to them here 
because the feature which distinguishes them is one they share 
with many of those found in the tables of II.14—15, all of which 
are derived according to a system introduced near the end of II.13. 

In I.10 for the first time, and then in I. 13 and elsewhere, Ptolemy 
supplements a series of ratios with a series of string-length num- 
bers, worked out by putting all the ratios in their lowest common 
terms. This is mathematically useful, in that it allows the theorist to 
think of the intervals as they fall between a continuous sequence of 
whole numbers. To a certain degree it is also practically useful, in 
that a measuring-rod (kanonion) can be prepared in advance with 


100 42.12, 43.11, 43.19, 44.15. "°! Cf. 66.6—7 (quoted above). 
102 With apologies to Horace (Carm. I.11.2—3). 
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these numbers marked on it, and then ‘fitted to’ the instrument.'?? 
Beyond the two instances already cited (I.10 and I.13), we find 
further examples of this means of expression in the remaining 
chapters of book I.'9?4 

The theorist must then have a set of differently marked kanonia 
in his laboratory toolbox, one for each division. This is perhaps 
reasonable if the total repertoire of divisions (and comparisons 
between them) is small, and it was evidently the method employed 
by many of Ptolemy's predecessors. As we saw in chapter 5, even 
those who may have had no intention of applying their divisions to 
the monochord still presented them in lowest terms; a prime exam- 
ple is the author of the Timaeus Locrus. Even Thrasyllus' division, 
which was certainly meant to be constructed on the monochord, 
required division numbers running up to 41,472. But by the time 
Ptolemy comes to set out his enharmonic, soft chromatic and 
tense chromatic in common terms in I.15 (35.7—12), the numbers 
are already running into hundreds of thousands: the lowest note 
of these three tetrachords is 141,680 units. It soon becomes a 
bulky and unworkable method, especially since Ptolemy intends 
to set out for comparison all the tetrachords of his predecessors 
along with his own, all in the context of one-octave scales (II. 14). 
There are even more complicated constructions yet to come in the 
remainder of book II. By this point Ptolemy's project has outgrown 
the means of numerical expression traditional to harmonic science, 
and a new expedient must be found. 

Ptolemy has one ready to hand. The astronomical practice 
(inherited from the Babylonians) of expressing fractional quan- 
tities in sexagesimals, to which he was thoroughly accustomed, 
provides an ideal solution to the problem.'?» By constructing his 
divisions in a 60-unit octave, and calculating bridge positions to 
the nearest sixtieth, he can now fit a standard all-purpose kanonion 
to his instruments. In the tables (kanonia) of II.14 no more than 
I20 units of string are required, though in several of the tables 


'°3 At 18.9 the verb is épopuóZew; later Ptolemy describes the procedure as one of placing 
the kanonion beside or against the strings (37.9—10, 69.16—17). 

14 35.7-12, 36.35-37.4. 38.27-9, 40.17-18. 

'55 On the notation (which is slightly different in the Almagest), see Toomer 1984: 6-7. 
I have discussed its application to the tables of II. 14 in ch. 4. 
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(kanones) of IL.15 slightly longer lengths are needed; the size of 
the unit is constant. 

The advantage of this system from Ptolemy's point of view is not 
simply that it eliminates the need for much painstaking calculation 
and a large supply of differently marked kanonia, although this is 
certainly a benefit. The principal importance of the development is 
one that it shares with the eight-stringed kanon, and indeed the two 
are evidently meant to be used in conjunction: it allows for ease 
| of comparison. From the beginning of his critique of Archytas’ 
tetrachords in I. 14 Ptolemy has been insisting on the construction 
| Ti and appraisal of tetrachords according to what he calls ‘the self- 
| n evidence of sense-perception’ (32.3—4), and in his criticisms of 
| | 
| 
| 
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his predecessors in II.13 he attributes their errors to the fact that 
they were limited to the single-stringed kanon; more strings are 
necessary in order for the theorist properly to contextualise his 
tetrachords, by playing melodies in them. No proof that Ptolemy's 
own tetrachords offer any improvement over those he has criticised 
would be convincing unless the reader could compare them all 
under the same conditions. Ptolemy is obliging: 


kai iva ye Trpóyeipos njuiv 1) rrapapoAr fj rv Te ka Nas yeviKav SiaipeoEeav 

Kal ETI TOV &vo0sv Trapadobeiodv, ösa yoÜUv verúxyopev, Trpoek0noóue0a 
| uepikr]v TIVa TOUTOOV Trapásoiv &rri TOU uécou Kai 6opíou Tovou Trpds EvdelEiv 
| QUTOU uóvov THs ékkeipévrs Siapopds. koOóAou uévroi kexpr]us0a Tails TÓV 
| Siaipéoewv épó80is oU TOV AUTOV Tpórrov TOIS TraAMIOTEPOIS, TÉVOVTEŞ Ko 
ui EkaoTov qOóyyov TO ÓAov ufjkos eis TOUS iaonuaivouévous Aóyous, Sia TO 

pyes kai SUCANTITOV THs TOLAUTNS kocraoqierprjoseos, GAA &&apxfis TOU Trpoc- 
| TiOguévou Tals yopSais Kavoviou SiaipoUvTEs TO ATTOAGUBAVOLEVOV UTKOS &rró 
| TOU KaTa TO OEU TrEpas &TrOWGALATOS EXP! Tis UTTO TOV BapUTaTov pðóyyov 

tcouévns onNUEIMOEWS cis loa koi oúupeTpa TH peyéOer TUNMATA, Kal Trapa- 

TIOEVTES AUTOIS TOUS &rró TiS Trpos TO SEU TrEpAs &pyfis APIBLOUS, Sr óoov àv 
| f éyyoopt) uopícov, iva ToUs év Tols oikelois AÓYOIS OUVIOTALEVOUS EKAOTH TOV 
| i põóyywv &rró ToU eipriuévou KOIVOŬ Tréparros ExovTES EKTEDEILEVOUS ÚTTÁYWŅEV 
| i del TPOXEÍPWS éTri TOUS ÈK TOU kavovíou SIAONUAQIVOÉVOUŞ TOTTOUS TA ATTOWAA- 
Lata TOV kivouuévoov Lay adloov. K&rrei8T] TOUS ouvéxovras &piOpuoUs TAS KOIVAS 
TOV yevoon 61apopós eis pUpIadas Extritttelv ouLPaivel, ováðwv SAcv &rropri- 
Gouévoov ouveypnodueia ois Ey YUTATOO uepicuols HEXPI TOV Trpcorov TTS WIGS 
uovddos £&nkoo'TÓv, cote urjoérrore TrAgov Evds EENkoo TOU TÄS Ev TH KATATOLN) 
TOU Kavoviou pi&s poípas SieveyKeiv TAS TAPABoAds. 


| 
| In order to make readily available the contrast between our divisions of the genera 
| | and those that have previously been handed down - those, at any rate, that we 
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have come across — we shall set out a partial comparison of them, in the middle 
tonos, the Dorian, to display in just that case the difference that there is. In 
general, we have not undertaken our approach to the divisions in the same way 
as the older writers, dividing the whole length into the ratios indicated for each 
note, because of the laboriousness and difficulty of this sort of measurement. 
Instead, on the Kanonion that is placed up against the strings, we have begun by 
dividing the length cut off, from the highest limit of the sounding length to the 
mark there will be to indicate the lowest note, into divisions that are equal and 
proportionate in size. We have placed numbers against these, beginning from the 
highest limit, through however many parts may be involved, so that now that we 
have got set out the numbers related in the ratios appropriate to each of the notes, 
starting from the common limit mentioned, we may always find it easy to bring 
the dividing points on the moveable bridges up against the positions indicated by 
the kanonion. And since it turns out that the numbers containing the differences 
shared by the genera run into tens of thousands, we have used the nearest sixtieth 
parts of complete whole units, down to the first sixtieths of a single unit, so that 
our comparisons are never in error by more than one sixtieth of one of the parts 
into which the kanonion is divided.'99 


Of the tables which follow in I.14—15, the last is perhaps the 
most indicative of the extent to which Ptolemy was concerned 
to encourage his reader to construct the attunements for himself. 
Here he collects all the bridge positions (from 56 11’ to 124 27’ 
units) assigned to each note of the octave, and sets them out in eight 
columns, one for each note. These could be used to place indicating 
marks on the kanonion, so as to make setting up the divisions less 
time-consuming. From this it is clear that Ptolemy intends the 
reader to construct the scales on an eight-stringed kanon, and that 
he is willing to help by making the procedure as kanon-friendly as 
possible. 


Combining inheritances: the helikon and the kanon 


In II.2 Ptolemy introduces an instrument which has not yet made 
an appearance in extant Greek musical texts,'?7 although it is 
clear from what he says about it that it came to him from his 
predecessors. 


106 60.8—29, trans. Barker 1989: 344-5. 
'°7 Or in any other context, for that matter. Ptolemy and Aristides Quintilianus are the first 
to mention it. 
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yivoito 8 àv fj KaTa& TOV OKTaXOPSOV kavóva TOU Bia TracÓv xpfjots Kal kag 
ETEPOV TPOTTOV TTAPA TO KaAoüUpevov ópyavov EAIKGVA, TTETTOINUEVOV TOIs Tr 
TOV ponué&roov eis TAV EvdelElv TOv &v Tals ouupwviais AOYooV OUTWOI Trays, 


It is possible to use the eight-stringed kanOn of the octave in a different way too, 
in conjunction with the instrument called the helikon, which has been made b 
students of mathematics to display the ratios in the concords, in the following 
sort of way.!95 


He then proceeds to construct the helikon. It consisted of a geomet- 
rical figure — a lettered diagram, in effect — the four vertical lines 
of which were meant to signify strings, and the one oblique one an 
extended bridge. Two horizontal lines indicated fixed end-bridges, 


&kriOevroa rerpá&yovov cs TO ABTA kai SieAdvtes Sixa tas AB koi BA kate và 
E «oi Z émiGeuyvuouot pv Tas AZ koi BHT, Siayouoi è rapa Thv AT Sià pep 
tou E viv EOK, Sià 6€ ToU H thy AHM. 


They construct a square, ABTA, and after dividing AB and BA in half at E and Z, 
they join up AZ and BHT, and draw parallel to AT the line EOK through E, and 
the line AHM through H.'?? 


Ptolemy then goes on to list the relative magnitudes of the line 
segments this procedure has generated. This could be summarised 
as follows:''° 


AT:BZ:AT:ZA = 2:1 

BZ:E0::ZA:EO = 271, since AB: AE = 2:1 

AD:E-a 

AMOK = 34:3 

MH:HA = 2:1, since AF:TM::AB:HM and BA:AA::BZ:AH 
therefore BA:HM::BZ:AH, and conversely BA:BZ::MH:AH 

AT:HM = 3:2 and AT:HA = 3:1 


If strings are stretched in place of the lines AT, EK, AM and BA, 
he says, and if AOHZ is replaced by a bridge, then the simple 
concords and the tone will be found through the differing lengths 
of AF (12 units), OK (9), HM (8) and ZA (6). The lengths on the 
other side of the bridge are used as well, so that the larger concords 


108 16.4—7, trans. Barker 1989: 319. 

109 16.7—10, trans. Barker 1989: 319. Compare the much sketchier account of Aristides 
Quintilianus (De musica II.3). 

110 Summary based on 46.10-47.1. 
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Fig. 6.5 The helikon instrument: diagram accompanying Ptol. Harm. I1.2, 
46.2—47.17 (after Düring 1930). 


can also be generated: the octave plus fourth (HM:OE = 8:3), the 
octave plus fifth (AT:AH = 3:1) and the double octave (AT:EO = 
AE fae 

All this relies, though Ptolemy does not mention it here, on 
the assumption that the strings are even throughout their length 
and tuned in unison before the bridge has been placed. There 
is in fact remarkably little emphasis on the practical aspects of 
building or using the Aelikon. Ptolemy presumably reports the 
instrument's description more or less as he has received it, and as 


H 47.1-17. The interval HM:OE = 8:3 may or may not have been part of the division as 


Ptolemy inherited it. The part of the procedure which uses the string on both sides of 
the bridge may have been Ptolemy's addition. 
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H Barker has noted it is not an account which seems to have practica] 
fi construction as its main objective: it is a set of instructions for the 
| geometer, not for the laboratory harmonicist.''? 

| Ptolemy does very little with the helikon other than to set it out 
| 1 and explain how it works; he then proceeds immediately into an 
m account of what appears to be his own (unnamed) adaptation of the 
| 
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| | instrument. Because of the order in which the construction details 
| of the helikon are given, and because of his subsequent adoption 
of the most useful features of both instruments for his own more 
complex kanones, it appears that the helikon is merely a starting 
| point for Ptolemy. 

| The main advantage of the helikon is that once its strings have 
IM been tested and tuned, the intervals between their pitches are deter- 

| mined not by the position of the bridge AOHZ (which in Ptolemy's 

| account acts like a fixed bridge), but by their lateral position rel- 
Il ative to one another. This may not immediately appear advan- 
n tageous, since moving a string (while maintaining its tension) is 
M certainly more difficult than moving a bridge. But among the math- 
| | ematicians who devised the instrument — if it was indeed ever con- 
| | structed, rather than merely contemplated — it seems to have served 
| simply to demonstrate the concords, which do not change.''? This, 
| at any rate, is the demonstration Ptolemy performs with it in his 





| account. But as Aristides Quintilianus notes, the instrument could 
| be made to sound not just the concords, but ‘all the notes’ (travtag 
| Sè ToUs q0Óyyous) if more strings are added.''^ We should prob- 
| ably understand ‘all the notes’ to mean all those of a fixed scale; 
il no change of genus and no modulation of tonos could be proposed 
Il without much fuss and bother. 

| | Ptolemy's variations and adaptations of the helikon retain the 
advantages of the original instrument while improving on some 
| of its disadvantages. The result is — eventually — an instrument in 
| which the attunement, once found, can be transposed with relative 
ease, and in which the practicalities of tuning and retuning are 


112 Barker 2000: 210. 

!!3 Ptolemy presumably inherited the helikdn in the form of a lettered diagram, with or 
without a written proof. 

!!4 De musica 99.9—12. 
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Fig. 6.6 Ptolemy’s variant on the helikon: diagram accompanying Ptol. Harm. 
II.2, 47.18—49.3 (after Düring 1930). 


significantly improved. He proposes the first stage in this process 
immediately upon completing his description of the helikon. 


Tapa 61) TOUTO TO Ópyavov £àv &kOcous0a. TrapaAAnAóypaqppov &rAós cs TO 
ABTA xai vonoowyev tas pèv AB koi TA kata Tà &rroyóéA perro TOv xop8óv, 
tas 6€ AT kai BA kata tous &kpous ploy yous TOU Sià Tracey, Érrerroc Trpootk- 
Badovtes tH PA tony thy AE katatepopev &vri Tv kavovíoov Tv TA TAeupav 
TOIS OiKElols TOV yevoov AOyols, &rri TOU E TO SEU TrEpas UrroriOÉpevor, Kai Sià 
TOV YIVOLEVOOV ETT AUTTS Topóv Telvoopev TAS YOPSAS TrapaAATAOUs Te TH AT 
Kal iaotovous GAATNAaIS, Kal TOUTOU ytvopévou TOV KOIVÒV EOOUEVOV ÚTAYWYÉQ 
TOV KOPSAV UTTOBPGAGLEV AUTAIS KATA TV UTroGevyvÜUcav Ta AE onueia béo1v 
as tov AZE, troitjoopev Travta Kn TV yopSdov £v Tois aUTOIS Adyols, OTE 
emTI5éxEoVal THY TOv épnpuoopuévo Tois y£veoi Adyoov &vákpiociv. étrelS1)TrEp, 
as ai &rró ToU E AapBavouevan Kata thy TA Trpós &AAHAas &xouociv, OUT Kal 
ai Sia Tdv Trepatoov arri åvayópevai trap& thy AT uéxpi ths AZ''5 É£&ouci 


"5 AZ] Düring 1934: 18 (Berichtigungen); AZ Düring 1930 and Barker 1989. 
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Tpos AAANAas, olov os fj ET mpòs Thv EA, ots ^j L'A Trpós tiv AZ. Sidtrep 
QUTAI p&v Troirjoouoct TO Sià Trac v, OT SiTTAGO1OS AUTHV Ó Adyos. 

Next to this instrument [i.e. the helikdn], suppose that we draw up a rectangle 
ABTA, and think of AB and [A as determining the vibrating lengths of the Strings, 
and AT and BA as the extreme notes of the octave. Then we add AE, equal to and 
extending lA, and cut the side A, by the application of rulers, in the ratios proper 
to the genera, making E the limit of high pitch. Through the resulting points of 
division on it we stretch strings parallel to AT and equal to one another in pitch, 
and when this is done we place under them what will be the bridge common to 
the strings in the position, AZE, that joins the points A and E. In this way we shal] 
make all the lengths of the strings in the same ratios [as those marked on FAJ, 
so that it makes possible the assessment of the ratios that have been assigned to 
the genera. For as the lines taken from E along [A stand to one another, so wil] 
those drawn from the limits of these parallel to AF and as far as AZ''5 stand to 
one another: for instance, as is ET to EA, so is TA to AZ. Hence these lines wil] 
make the octave, since their ratio is the duple.''^ 


Ptolemy goes on to set out the remaining parts of the instrument: 
H is located a quarter of the way from F to E, and © at a third of 
this distance; on these points the strings HKA and OMN are set up. 
Certain relationships follow from this (48.15—23): 
ADHK=243 ADOM=32 — HKOM 9:85 
ONLAZ 2.03 HKAZ= 3:2 

The bridge, he observes, can be pivoted on point E, so as to trans- 
pose all the notes upward: bridge position =OE will give all the 
strings a higher pitch than AZE, while maintaining the same inter- 
vals between them (48.23—49.3). The strings are still as difficult 
to move from side to side as on the Aelikon, however, and thus 
the principal advantage of this first improvement is simply that 
transposition is now possible. An attunement, once established, 
can be transposed to match the existing range of a performance 
instrument such as a lyre or kithara, perhaps in order to make the 
testing of the intervals of the proposed attunement even easier to 
judge: the kitharist can tune his instrument to the intervals of the 
helikon-variant, and then play melodies in this attunement without 
sacrificing the familiarity of his usual instrument. But retuning 
the interval-series itself remains problematic, and this is an issue 
Ptolemy does not address until the end of book II. 


116 47.18-48.14, trans. Barker 1989: 320-1 with one small amendment (see previous note). 
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Fig. 6.7 Eratosthenes' mesolabon (after Thomas 1939). 


Ptolemy's helikon-variant and Eratosthenes' mesolabon 


Before we proceed further, it seems appropriate to discuss the 
possible provenance of Ptolemy's improved helikon. It is clear that 
this instrument is the real focus of II.2; Ptolemy seems only to have 
introduced the helikon in order to bring out his adapted model of it. 
The helikon is described for the geometer; Ptolemy's instrument is 
described in order of practical construction.!'7 There is no reason 
to suspect that the helikon improvement was not Ptolemy's own 
invention, but we may note all the same that it bears a striking 
resemblance to an instrument we have encountered already in a 
different context. The mesolabon of Eratosthenes (see chapter 4 
and fig. 6.7) does not merely look similar to Ptolemy's instrument; 
it operates on similar mathematical principles, and performs a 
similar task. 

The mesolabon finds means. Specifically, it finds two (or more) 
geometric means in continuous proportion. The relationships of 
the lengths of the vertical lines are key to this process, and because 
of the diagonal which crosses them (AK in Eutocius’ diagram, '? 
fig. 6.7) these relationships are paralleled by the distances 
between the vertical lines (AK:KB::EK:KZ and BK:KT::ZK:KH in 


fig. 6.7). 


''7 See Barker 2000: 210. 
"8 Eutocius is our immediate source for the diagram of fig. 6.7; see pp. 196-8. 
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Ptolemy's instrument, similarly, displays means. It does not find 
them, for in this case they are already known, and in any case mean. 
taking is not Ptolemy's objective. But in his description he does, 
effectively, set out the instrument in such a way as to locate the 
arithmetic (HK) and harmonic (OM) means between the lengths of 
the two outermost vertical lines (i.e. strings, AT and AZ in fig. 6.6), 
As in the mesolabon, the key relationships are those between the 
lengths of the vertical lines. Again, because of the diagonal which 
crosses the verticals (AZE in fig. 6.6), these length relationships are 
paralleled by the relationships of the distances between the strings 
(AE:EK::FE:EH and KE:EM::HE:EO in fig. 6.6). I have used the 
word ‘paralleled’, but of course in both cases it would be equally 
appropriate to say ‘controlled’. In the mesolabon it is the lateral 
motion of the panels which governs both the distances between the 
vertical lines and the relationships between their lengths as cut by 
the diagonal. But here, of course, is the main difference between 
the two instruments. In the mesolabon (fig. 6.7) the diagonal AK 
is only a straight line (i.e. it only exists) when the vertical lines 
(BZ, FH and, in fact, AO as well) stand in a particular lateral 
relationship to one another, as determined by the placement of the 
instrument's panels. It has a conditional existence. Thus A must 
be the pivot-point, and K is not a fixed point at all; it is simply 
the point where the diagonal and the extension of EO happen to 
intersect. 

Ptolemy's instrument is hinged the opposite way. His diagonal 
(i.e. bridge, AZE in fig. 6.6) pivots on E, rather than A, and so 
preserves the same ratios between the lengths of its verticals, even 
though the lengths themselves change. Yet it is still very close to the 
mesolabon; it uses the same mathematical relationships inherent in 
the same geometrical figures, applied to a musical requirement." 

Whether Ptolemy was in fact indebted to Eratosthenes for 
providing the inspiration for his modified Aelikon is of course 
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!!9 The instrument, in the proportions in which Ptolemy sets it out, will only accommodate 
scales of an octave span. This can be changed by a process similar to that of changing 
the two terms between which Eratosthenes’ mesolabon will find two geometric means 
in continued proportion: that is, Ptolemy must start by pivoting the diagonal on A (in 
fig. 6.6), and situating E such that AT:AZ is the ratio of the bounding interval of the 
entire scale. At this point the diagonal can be re-hinged on E to transpose all the notes 
to a higher pitch without altering the intervals between them. 
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impossible to tell. Ptolemy may certainly have known of the 
mesolabon; he was no stranger to Alexandria, where Eratosthenes’ 
column bearing the instrument and its dedication might still have 
been standing in the second century AD.'*° He could equally have 
come across the instrument in a compendium, or perhaps directly in 
abook by Eratosthenes; it was well known enough in the fourth and 
sixth centuries to have been reported by Pappus and Eutocius."?' 
The parallel is useful insofar as it helps to provide a glimpse of the 
way in which Ptolemy's instrument-designing fits into the wider 
context of Greek mathematical activity. As we saw above, he was 
willing to adopt a numerical system from astronomy because it 
was ideally suited to the needs of his current project. Here too, 
the methods and materials of geometry are put to good use in 
harmonics. 
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Improving the eight-stringed kanon 


In II.16 we discover that some of the advantages of Ptolemy's 
modified helikon can be combined with those of his expanded 
kanones. After suggesting the attachment of tuning pegs (kollaboi, 
81.6) at both ends of the strings, he adds: 


Kal €T1 TO Troleiv AUTOUS Ev TT) TrEAEKTIOEL kivoupévous ETT] TOU TrA&TOUS TOU 
Kavóvos EVEKEV TIS ETEPAS TOV yx pr]oto»v, ka Tv ui&s aydos mrAacreías UTTOBaA- 
Aogévns ai KaT& TrA&ros kivrjoeis THV YOPSavV Tro1oUol TAs Oikelas &ppoyós. 
SIAIPOULEVOOV yàp TAAI 600 kavóvov toov TH UNKEl TV pevouoóv payáðwv 
eis TAS UTrokeiuévas ueraGU TOv Gkpo»w qO0óyycov Yoipas, Kal Trpoo'riOguévoov 
&karrépou TOV pocyá8cov &kacrépat KATA TAV &rri TA AUTA àvríOsciv TOv locv 
&piOucov, ai karr& rrA&ros ye TOV yopdSav Trapaywernoeis àT avTdv Sexe- 
covrai TOIs &ppó6eo0ot Suvapévors. TV SE koAAápov ouvykaðiotTapévæv HEV 
Kal aUTdV oi qg0óyyoi rnprjoouci TAS AUTAS Tots, uevóvrov SE ouppijoerot 


'20 [n Alm. III. 1 Ptolemy mentions the inaccuracies of two astronomical instruments called 
equinoctial rings, situated ‘in our palaestra’, one of which had apparently been there 
for a sufficiently long period of time that Ptolemy blamed its deficiencies on the 
gradual shifting of its position over the course of many years (Taub 2002: 135-6). This 
suggests that it was not impossible for Eratosthenes' instrument to have survived in 
similar fashion for the three and a half centuries that separate his career from Ptolemy's. 

!?! The immediate source (or sources) of Pappus’ and Eutocius' accounts is not known 
(Cuomo 2000: 139). 
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TAS Xopóós ÈK Tis ETT] TA TAGYIA Trapapopas, TrOTE HEV KAACDHEVS, TOTÈ Bi 
ETTITEIVOLEVaS, SeloOal TaAIv THs apys &rri TAS iooTovias &rroKarTQo Té EG. 
It will also be useful to make them moveable on their pelekeseis over the breadth 
of the kanon, for the sake of a second form of usage, in which a single flat bridge 
is placed under the strings, and the sideways movements of the strings make 
the appropriate attunements. For when two kanones, equal to the length of the 
fixed bridge, are divided once again into the parts lying between the outermost 
notes, and when one of the two kanones is placed against each of the two bridges. 
in such a way that equal numbers are placed opposite one another against the 
same points, the sideways movements of the strings will be displayed by these 
numbers, for people who are capable of making an attunement. If the kollaboj 
themselves go along with them too, the notes will maintain the same pitches, 
but if the kollaboi stay still, the result will be that the strings, being sometimes 
slackened and sometimes tightened as a consequence of the sideways movement, 
will once again need to be restored to their original equality of pitch.'?^* 


The eight-stringed kanon is now to be divided as the improved 
helikon was — that is, the ratios of the attunements in the tables 
of II.14-15 are to be set out not in the lengths of the strings, 
but in the distances between them, using a 'single flat bridge" to 
divide them diagonally. In order to make this method of division 
workable, Ptolemy has had to find a way around the difficulty 
which vexed the helikon and his variant of it: that the strings were 
not easily movable from side to side. His solution is to avoid 
anchoring the kollaboi directly to the kanon itself, and to attach 
them instead to movable devices he calls pelekeseis. The word 
pelekesis usually means simply ‘wood-cutting’, and is cognate 
with pelekus, ‘axe’; other related words which give us a clue to its 
meaning here are pelekema, *wood-chip', ‘splinter’, and pelekinos, 
which sometimes indicates a 'dovetail' in carpentry, since it is 
shaped like an axe-head. Barker takes Ptolemy's use of pelekesis 
here to mean a kind of axe-head-shaped wooden wedge with a hole 
drilled through it where an axe-head has a hole for the haft, so that 
it could slide from side to side on a rod fitted along the edge of 
the kanon parallel to the end-bridges. A tuning-peg would be fixed 
to each pelekesis, and its shape would prevent it from rotating on 
the rod under the tension of the string.'^? The strings can now be 


122 81.9—21, trans. Barker 1989: 357. 
'23 Barker 1989: 357 nn. 140-1 and 2000: 211-12. 
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moved sideways more easily and without increasing their tension. 
Additional rulers are used to ensure that the strings’ new positions 
are measured accurately at both ends, and that they remain at right 
angles to the fixed bridges. ! 

This development is the final stage in Ptolemy's series of adap- 
tations of the helikon which began in II.2. The advantage of the 
more flexible instrument described in II.16 is that transposition is 
now a much simpler process than it was with the basic version 
of the eight-stringed kanon. In the case of the latter, to transpose 
an attunement up one tone, all eight movable bridges would have 
to be placed at new points so as to shorten the speaking length of 
each string by 9:8; this involves a separate calculation for each new 
bridge position. In Ptolemy's improved eight-stringed kanon, the 
need for such calculations is done away with, and a single bridge 
can now be pivoted so as to bring the entire attunement evenly to 
precisely the desired pitch, whether this bears any rational rela- 
tionship to the original one or not. Because of this, and because of 
its additional ease of retuning, the improved eight-stringed kanon 
is compatible with the instruments of the real musical world in a 
way no other laboratory instrument has yet been. 

This is surely not incidental to Ptolemy's project. In II.1 he is 
clear about his objectives: 


UGAIOTA LEV TTAPAOTAOEWS Évekev TOV TIS PUGEWS Onpioupynu&rov Kai TTS 
oUTos &rrapaArTyrou TÉXVNS, KAT ETTAKOAOUENolv Sè Kal THs 61 aUTTS xpriosos, 
TrpoUTTOKEioBal Sei TO ToloUTOV els Te THY eUpEoIV Kal Trjv EvdelElv TOV. Kpl- 
Bouvtav TO fjpuoopévov Aóyov. 

For the sake, most importantly, of exhibiting the quite incomparable skill with 
which the works of nature are crafted, and for the sake, secondly and in conse- 
quence, of promoting the practice that makes use of it, it is essential that this sort 
of method be adopted as a foundation, for the discovery and the exhibition of the 
ratios that make attunement accurate.'^4 


The sort of method Ptolemy means is one which uses carefully 
constructed and thoroughly tested apparatus, through which the 
ratios of the intervals can be most fairly judged by perception. This 
necessitates the melodic capabilities of many-stringed kanones — 
and not only the eight-stringed model, but a larger version as well. 


124 8515-19, trans. Barker 1989: 365. 
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The fifteen-stringed kanon 


Book III opens with a new consideration about the best way of 
displaying to perception the ratios of the attunements constructed 
in the course of book II. The tables of II.14—15 gave only one 
octave, and for theoretical purposes, Ptolemy says, this is sufficient. 


el 6€ mis EK Treplovcias BouAorro couumrAnpoUv TH Kavóvi TO Sis ià Tracdy 
OVOTHUG TIS TAVTEAOUS TrOIKIAlas Évekev, COTE rrpoorroielv TOIS OKT POdy yois 
TOUS Érrrà TOUS AcitrovTas els TOUS Ev TH AUPa SexaTrévte TOU Sis Sia tracy 
ueyéðous, evéeotal uie0o8eUeiv. Kai Thy TolavTHY TrecoONKny, iva UNTE Bpayéa 
KATOAEITIOUEVa TA TOV ó&ur&rov PAOyywv SUOTXOUS AUTOUS TOIÑ, uryre TA 
Trpoevex9noópueva KAVOVIA uéxpi TOU Sis 61& Traodv AaUBavy Tas SiaipEoes, 
But suppose that someone’s enthusiasm should make him want to fill out on the 
kanon the double-octave systema, to achieve a complete repertoire of complexity, 
so as to add to the eight notes the remaining seven, adding up to the fifteen of the 
magnitude of the double octave on the /yra. A method can be found of achieving 
this objective too, in such a way that the short lengths left for the highest notes 
do not make them lack sonority, and the kanonia that are to be introduced do not 
have to be marked with divisions up to the double octave.'*> 


A complete two-octave division does indeed present challenges 
even to Ptolemy’s most advanced eight-stringed kanon, and the 
issue of the strings’ sonority is not negligible: the ear must be able 
to make a fair judgement of the intervals regardless of how high 
they are pitched.'?? His solution is to construct a fifteen-stringed 
kanon, with eight fine strings and seven thicker ones, to be tuned an 
octave apart according to their thicknesses (III.1). (By the end of 
the chapter it is clear that this fifteen-stringed kanon can be made 
with sliding pelekeseis as well.'*’) He includes a demonstration 
to prove that this tuning will not affect the results, as long as the 
bridge positions are kept the same in each section of the instrument 
(83.22—84.10). 


125 83.5—12, trans. Barker 1989: 362. 

'26 Barker suggests that the instrument's use in public demonstrations (harmonic epideixeis 
such as those discussed in ch. 3 part 1), where the volume of the instrument is an 
important factor, may have been one of Ptolemy's considerations (1989: 362 n. 2). 

127 85.19-34. This method has its limitations, as Ptolemy explains. Not all the attunements 
can be constructed, as the outermost string of one octave must occasionally be placed 
too close to the projecting end of the diagonal bridge used to divide the other octave. 
It is a purely practical difficulty, which suggests that Ptolemy had actually constructed 
this most complex kanon for himself, and tested its efficacy. 
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This largest kanon, he declares, is useful for the nearly tone- 
deaf: as long as one is capable of tuning strings in unison (and, 
by implication, in octaves), the bridge positions can be found by 
measurement on the kanonion and the correct attunement will be 
heard. One wonders whether Ptolemy considered the use to which 
this instrument could be put as an expedient for the lyre-student 
who had difficulty tuning his own instrument, like the modern 
electronic tuners used by string-players who cannot tune their 
fifths by ear. | 

For the more capable and enthusiastic harmonicist, the instru- 
ment can be used to generate the entire Greater Perfect System in 
both ways: that is, beginning from the ratios and producing the 
notes, or the opposite. (The less capable harmonicist must content 
himself with the former.) The absolute pitch of the strings is unim- 
portant, since it is the intervals of the notes relative to one another 
which constitute the attunement. 

The issue of the investigator's confidence in his apparatus (which 
must, in some cases, exceed his confidence in his own sense- 
perception) is an important feature of this chapter (II.1), and 
Ptolemy devotes some effort to establishing beyond doubt the 
complete trustworthiness of this most complex of his instruments. 
To his reader who is capable of making an attunement by ear, he 
suggests the following test (84.1 1—20). Tune the fifteen strings in 
any random intervals. Next, place the bridges according to one of 
the attunements given in book II. Then use the kollaboi to tune 
the strings so that their pitches match the genus and tonos of the 
chosen attunement. Thereafter any of the other attunements will be 
faithfully reproduced by the bridge positions in Ptolemy's tables, 
and when the bridges are removed the strings will sound in unison. 
Further tests are offered in addition to this one (84.21—85.8). These 
are simple confidence-building demonstrations, to strengthen the 
scientist's trust not only in the apparatus itself, but in Ptolemy's 
general thesis that the faculties of reason and perception, which 
are connected in the construction and use of the instruments, are 
indeed in fundamental agreement with one another. 

The following chapter (III.2) is devoted to a number of inge- 
nious alternative methods of dividing the eight-stringed kanon into 
the fifteen notes of the Greater Perfect System. The procedures 
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illustrating this poor-man's fifteen-stringer show Ptolemy at his 
most creative and most attentive to practical detail. The problem 
of poor resonance in shorter string lengths is his main concern, 
and he offers several expedients for maximising high-note sonor- 
ity while maintaining the instrument's accuracy. '?? The require- 
ments of reason and perception must now be met in a half-size 
instrument. It is an economising task; Ptolemy devotes a signifi- 
cant amount of energy to helping his reader avoid the necessity of 
building his largest instrument. If one has got as far as making an 
eight-stringed kanon, these suggestions offer a way to construct 
the full two-octave system on it. The fact that the discussion is 
theoretically irrelevant illustrates just how important the purely 
practical aspects of canonic division were to Ptolemy. What he 
has taken time over is, he says, a description of the ‘more reli- 
able' methods of performing the division of the two-octave system 
(89.25—6). It is part of his project insofar as encouraging accu- 
racy and good scientific practice in harmonics is also a part of his 
project. 

He concludes the strictly harmonic portion of his treatise with 
a summary in which the kanon holds pride of place: 
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OTI MEV oUv Kail uéxpi TOV &upeAerv oiketous ExEl AÓ y ous f) TOU fippoopévou guois 
Kal Tivas &k&o'rov AUTAPKWS Kal Sià rrAeróvov &rroóebely0aí por SoKd, cos umo 
àv eTT1SioTaoal TOUS Gua TO EUAÓyc TOV ÜrroTtOeipévoov Kad Trpos TAV Bic 
TTS &vepyelas Sokipaoíav, TOUTEOTI TAS WELEDOSEULEVAS TNIV kavovikós xpeias, 
| piAoTiurjoapévous EVEKEV TOU SIX Tr&vTov TOV EIV karravotjooat TAS TÒ TOV 
| aio8noewv ovykarroéosis. 


It seems to me, then, that we have demonstrated adequately and in several ways 
that the nature of attunement possesses its own proper ratios right down to the 
melodics, and that we have shown which ratio belongs to each of them, in such 
a way that those who strive eagerly to master both the rational grounds of the 
principles laid down and their assessment in practice — that is, the methods of 
using the kanon that we have expounded — can be in no doubt that they conform, 
Iii throughout all the species [of systema], to what we accept on the basis of the 
| | senses. !3° 


'28 They involve the double-bridging of each string, the replacement of thick strings with 
thinner ones, and the retuning of the latter to higher pitches (86.1—89.27). 

129 See 85.15-19 for Ptolemy’s expression of these priorities. 

130 91.22—92.1, trans. Barker 1989: 371. 
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Ptolemy has accomplished his project through the careful 
development of experimental and demonstrative instruments, and 
through the rigorous application of a scientific method which 
allowed a role for the ear that was unprecedented in mathematical 
harmonic science. His approach is both critical and creative: he 
has brought with him to harmonics the tools of other sciences — 
sexagesimal notation from the astronomers, the Aelikon from the 
mathematicians — and has modified them to suit his project. But 
his principal debt to the past is surely the kandn, without which 
his project could never have been undertaken. Like the abacus, 
it allows the manipulation of perceptible quantities; like the ruler 
and compasses, it can be used to construct such perceptible quan- 
tities through distances; like the geometrical diagram, it mediates 
between the realm of number and the realm of perception — the 
realm of being and the realm of becoming. Unlike any of these, 
however, it speaks plainly, directly and simultaneously to both 
sight and hearing, the two senses which Ptolemy regards as ‘most 
especially the servants of the theoretical and rational part of the 
soul’ (Harm. 5.7—8). 


The celestial monochord 


I shall end with a brief look at the way the kanon is involved in 
the big picture, as Ptolemy sketches it. In the final chapters of his 
treatise (beginning at III.3), he aims to show that the conclusions of 
his harmonic arguments are not limited to the realm of music, but 
apply equally to a number of others also. It turns out that harmonics 
is simply the science in which the ratios and proportions which 
also govern the structures of the human soul and the kosmos are 
apprehended most readily and accurately. The significance of this 
particular science is therefore much broader than is suggested by 
its focus on the correct attunement of musical scales: harmonics, 
it seems, is the key to the universe. 

One of the first stages by which Ptolemy develops this broader 
argument is a return to the parallel he introduced at the begin- 
ning of the treatise (in I.1—2) between sight and hearing as 'the 
more rational of the senses’ (5.23—4). Each is related to a science 
concerned with the movements of things that are either only seen 
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or only heard (94.13-16): these are astronomy and harmonics, 
which ‘employ both arithmetic and geometry, as instruments of 
indisputable authority, to discover the quantity and quality of the 
primary movements’; they are, he adds, ‘as it were cousins, born 
of the sisters, sight and hearing, and brought up by arithmetic and 
geometry as children most closely related in their stock" .'?! 

The task of displaying the closeness of this relationship begins 
in III.8.'3* Ptolemy's first concern is to establish circular motion 
and cyclical recurrence as characteristic features of the type of 
movement both sciences study. Harmonic motion appears to be in 
straight lines, through determinate pitches of scales, but in fact it 
is cyclical, like the movements of the heavenly bodies. To put it 
anachronistically, harmonic space may appear linear, but in fact 
it is curved. In terms of their function (dynamis), the notes of the 
systemata form a closed cycle: there is no objective starting point 
(100.32-101.6), only an eventual recurrence of the same interval- 
series at a new pitch. A musical scale is thus as circular as the 
orbits of the heavenly bodies. Ptolemy gives two brief examples. 
Suppose one were able to take the circle of the ecliptic (the zodiac) 
and cut it at one of the equinoctial points, open it up, and lay it flat 
alongside the double-octave systema: one would then see that sig- 
nificant points on each structure corresponded to one another.'?3 
Suppose, next, that one were to take the double-octave scale and 
bend it into a circle by joining up the highest and lowest notes: one 
would see a similar correspondence of structures.'?^ By extension 
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3I wpoopevot èv ópyó&vois &vapgioprnrri)yrois épiOunriki] TE KAI yecperpta Trpós TE TO 
TOOOV Kod TO Troióv TOV Trpo»TO)V KIVÝOEwV, &veyrad © óorrep Kal aAUTAaI, yevouEevat 
u&v && ASEAMdV Swews Kal åkoñs, TEAPALWEVaI SE cos &yyur&ro TrPOS yévous ÚT 
&piOurnrrikf|s TE kal yecoperpíos, 94.16—20, trans. Barker 1989: 373. 

'3? The intervening chapters argue that the power of harmonia is in everything which has 

a source of movement in itself, especially the soul and the heavens (II.4), and pair the 

concords with the parts of the soul (III.5), the genera with the primary virtues (1II.6), 

and harmonic modulations (metabolai) with changes (metabolai) in the human soul 

due to crises in life (III.7). 

At the middle of the ‘cut’ ecliptic is the other equinoctial point, and at the middle of the 

double-octave systema is the note mese; the two ends of the ‘cut’ ecliptic, which had 

been joined at the first equinoctial point, correspond to the notes at the two ends of the 

double-octave systema, namely proslambanomenos and nété hyperbolaión (101.6—12). 

34 Mese would then lie at the point on the circumference exactly opposite to the join, 
just where the equivalent equinoctial point lies on the circle of the ecliptic; this is a 
significant relationship from an astronomical and astrological point of view (101.12- 
26). This image is perhaps an oblique reference to Timaeus 35b—36b. 
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(though Ptolemy does not extend the analogy this far), the partic- 
ular semicircle of the ecliptic visible in the sky at a given moment 
will be analogous to a single-octave segment of the double-octave 
systema, and just as the arrangement of constellations changes 
within this visible semicircle as one constellation sets in the west 
and another rises in the east, so too the arrangement of intervals 
within an octave may be changed by a similar process (one note 
disappearing from one end of the octave-scale, to be replaced at 
the other end by a new note).'?? 

This is fairly simple, and vague enough not to involve any of the 
details of the harmonic arguments of the treatise in any meaningful 
way. But in the following chapter (III.9) Ptolemy sets out a struc- 
ture for harmonic and astronomical comparison which applies the 
musical proportions directly to the zodiac. 


&àv yap &k0coue0aoc kükAov Tov AB xoi SieA@pev AUTOV &rró TOU AUTOU ONLEIOU, 
oiov ToU A, eis uev úo ioa Tfj AB, eis 6€ rola loa TH AT, eig SE Téooapa ioa 
ti AA, eis 6£ €€ loa TH [ B, 1 u£v AB trepigepeia troinoel THY Gr&perpov OTAOIV, 
fj 6€ AA thv Terp&yovov, ń 6€ AT tv tpiywvov, fj Se [B tv e€ayoovov. 
Kai Trepié&ouciv oí Adyol TV &rró ToU aUTOU onpeiou, TOUTEOTI TTAAIV TOU A, 
AAUBAVOLEVOOV Trepipepetóv, TOUS TE TOV SUOPHOVEV Kal TOUS TOV OUIQOVOV 
Kal Tl TOV ToVIaiov, cos éEéoTal okorreiv UrroOsuévois TOV KUKAOV TUNUATOOV 18’, 
Sic TO TpæTOV elvai TOV &piOuóv TOUTOV TÓv uiou Kal TPITOV Kal TETAPTOV 
EXOVTWV gépos. 


Let us draw a circle, AB, and divide it [i.e. its circumference], starting from some 
one point, A, into two equal parts by means of line AB, into three equal parts by 
means of line AT, into four equal parts by line AA, and into six equal parts by 
line FB. Then arc AB will make the configuration of diametrical opposition, AA 
that of a square, AT that of a triangle, and [B that of a hexagon. And the ratios of 
the arcs, starting from the same point, that is, from A, will include those of the 
homophones and the concords, and that of the tone besides, as we can see if we 
suppose the circle to consist of twelve segments, since this is the first number to 
have a half, a third and a fourth part.'3° 


/35 In fact, Ptolemy is more interested in another feature of the comparison, namely the 
consequent diametrical opposition of notes an octave apart when the double-octave 
systema is bent into a circle. When he does develop comparisons between astronomical 
and harmonic motion, he will make the lateral motion of the heavenly bodies (that 
is, toward the north or south) parallel to modulations between fonoi (III.12; tonoi 
are two-octave scales). As is clear from his different treatments of the zodiac and 
the double-octave systema in III.8—9, he was keen to consider more than one way of 
envisaging the comparisons between astronomical and harmonic structures. 

!36 102.4—13, trans. Barker 1989: 381-2. 
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A 


B 
Fig. 6.8 Diagram accompanying Ptol. Harm. II.9 (after Düring 1930). 


The figure could perhaps have been set out more clearly: it is 
the circumference of the circle which is being divided, and what 
Ptolemy means by dividing it into two, three and four equal parts 
by means of the straight lines AB, AT and AA is that these lines cut 
off arcs equal to a half, a third and a quarter of the circumference; 
the arc subtended by the chord [B is a sixth of the circumfer- 
ence. Likewise, chord AA is the side of a square inscribed in 
the circle, AT that of an (equilateral) triangle, and [B that of a 
hexagon. 

The point of this operation is to show that if one divides a 
circle in this way, the ratios of the lengths of the arcs so defined 
will correspond to musically significant ratios. The easiest way to 
display these ratios, Ptolemy says, is to assign the circumference a 
length of 12 units: the parallel with the circle of the ecliptic and its 
twelve 30-degree divisions will now be clear. On this measurement, 
arc ABA = 9, arc ABF = 8 and arc AB = 6 (102.13-15). He then 
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proceeds to list the ratios in their various manifestations within the 
figure thus quantified (to which I shall return shortly). 

The purpose of the parallel, then, is to show that the primary divi- 
sion of the zodiac conforms in some way to numerical relationships 
whose significance in harmonics has already been established. 
Unlike the previous chapter, in which the ecliptic was mapped 
on to the non-proportional line of the double-octave scale, here 
the parallel is made through ratio and proportion. The only way 
to connect the harmonic and the astronomical in this operation is 
through the ‘rational postulates of the kanon' demonstrated earlier 
in the treatise. Distances of arc are not musical distances, unless 
they are reconceived as string lengths. To do this, we must cut the 
circle at point A and lay it flat; it now becomes a sort of kanon, and 
the points originally found on the circle through geometry (B, I, A) 
acquire arithmetical and harmonic significance as bridge positions 
by which the primary concords are sounded (see fig. 6.9). 





A, A [ B A 


Fig. 6.9 The circumference of Ptolemy’s divided circle (fig. 6.8), cut at point A 
(now A and A;) and laid flat as a kanon. The other points are located as Ptolemy 
defines them. 


Ptolemy says nothing quite like this. He merely lists the dis- 
tances of arc in which the harmonically significant ratios will 
be found in his divided circle. But his reader knows that these 
ratios have no harmonic significance as distances of arc; they have 
acquired their meaning through canonic division. The ecliptic- 
cutting and systema-joining of III.8 has suggested already that the 
difference between the straight and curved lines of harmonics and 
astronomy is incidental, and only masks a greater structural unity 
between the two sciences. Now in III.9 a proportional view of the 
comparison reveals something similar. Ptolemy sets out the ratios 
and their intervals at 102.15—103.4; I arrange them below as he 
does, except that I designate them according to the positions they 
would occupy if his circle were opened as in fig. 6.9. Thus where 
Ptolemy says ‘the 12 (segments) of the whole circle’ (Tà roO óAou 
KUkAou 1B’) I give the length AA;, and where he gives arc AT I give 
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length A,T. (The direction of his division is therefore preserved in 
my scheme.) 


the octave (2:1) in three ways: AA, :AB = p 
ABF:A,T = 8:4 
AlB: AA = 63 
the fifth (3:2) in three ways: AA,:ABD = 12:8 
ABA:AB = 9:6 
AB:A,T = QA 
the fourth (4:3) in three ways: AA,;:ABA = 12:9 
ABI:AB = 505 
A, thy. = a 
the octave plus fifth (3:1) in two ways: AA,;A,[ = 12:4 
ABSA, = 9:3 
the double octave (4:1) in one way: AASGA,Q,A = 13:3 
the octave plus fourth (8:3) in one way: ABI:A;A = 8:3 
the tone (9:8) in one way: ABA:AB = 9:8 


Several things are happening in Ptolemy’s division of the eclip- 
tic. First, the twelve units of arc remind his reader of the twelve 
zodiacal signs which had become the standard measure of solar 
months: they are units of temporal as well as of astronomical mea- 
surement. Second, the division is carried out in two different direc- 
tions (clockwise and anticlockwise), just as the segments of string 
on both sides of the bridge are used in the division of 1.8. Thus 
with the single ‘bridge position’ I, the homophone of the octave 
is demonstrated by using the distances of arc on either side of it 
(8:4). This illustrates, in a way similar to the curling and uncurling 
images of IIL.8, that in some broader sense the fixed end-bridges 
of the kanon, though they constitute the points of origin and ter- 
mination of a string's vibrating length, are only so because of the 
practical necessities of canonic division. When the kanon is bent 
into a circle, they are no longer extremities but a single point, and 
the locations of the harmonically significant bridge positions which 
lay between them now have geometrical significance demonstra- 
ble by means of inscribed polygons, and astronomical significance 
because of the zodiacal constellations which lie on them.'?/ 


137 The remainder of III.9 (103.5—104.17) offers further connections between the harmonic 
and astronomical structures of the figure, but they contain so many ‘uncharacteristic 
errors, misleading claims and confusions of expression’ that Barker was tempted to 
doubt Ptolemy's authorship of the section (1989: 384 n. 70). On the poor state of the 
text at the end of book III, see n. 91 above. 
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The instruments are therefore central to Ptolemy's conception 
of harmonic science in ways that go beyond the strictly harmonic 
parts of his treatise. Even in his broader approach to the subject 
the kanón continues to be relevant, by lending itself to the shaping 
of the mathematical structure of the universe. In this way Ptolemy 
can present the universe itself as a kind of perfectly tuned kanon. 
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One of the central aims of this book has been to show not only the 
advantages, but also the complications and difficulties that arose 
from the introduction of a geometrical instrument into an arith- 
metical science, and the ways in which these were addressed by 
harmonicists in the mathematical tradition down to the time of 
Claudius Ptolemy. Mathematical harmonics, because it continued 
to express intervals exclusively as ratios of numbers, never left the 
realm of arithmetic, but the monochord, when it was introduced, 
brought with it the challenge of constraining the science within 
the bounds of arithmetic while making use of an instrument whose 
operation could not be described (not even mathematically) solely 
within the bounds of arithmetic.! The geometricisation of harmon- 
ics, in its various aspects, was the inevitable result of attempts to 
make compelling mathematical arguments for the use of numbers 
and ratios as a language and analytical tool for the investigation 
of harmonic structures with the assistance of an instrument which 
represented numbers and notes as measurable visible distances. 
This geometricisation is at the mathematical level similar to that 
which attends the Euclidean expression of arithmetic by means of 
lettered diagrams (El. V, VI-IX), and the earliest harmonic text 
which mentions the monochord introduces it via the conventions 
of the lettered diagram (Sect. can. prop. 19). There are, however, 
important differences between this type of geometricisation and 
that of Euclid's Elements. The most far reaching of these is that the 
diagram of the canonic division does not represent only arithmeti- 
cal entities, but also the relative physical dimensions of a vibrating 
string which must be replicated exactly in reality if the instrument 
is to fulfil its apodeictic function. This is simply a manifestation 


' Sect. can. 19 begins with the words ota ToU kavóvos uf|kos, ‘let there be a length of the 
kanon’; the word ufjkos, ‘length’, signals the shift toward geometry. 
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of the difference between arithmetic as an abstract science and 
harmonics as a science with perceptible objects, but its conse- 
quences are important. Minor imprecision in the rendering of the 
diagram is mathematically and apodeictically irrelevant, but in the 
construction of the instrument that it represents, such imprecision 
could result in the reader’s inability to perceive (or be certain of) 
the connection between the musical phaenomena (notes within a 
recognisable scale-system) and the arithmetical relationships that 
are argued to exist between them. | 

This is a difficulty which does not attend the abacus (where the 
exact dimensions of the pebbles, or for that matter their uniformity, 
do not affect their ability to represent units), because the abacus 
does not represent arithmetical entities geometrically, and dot- or 
pebble-figures, when they eventually appear in Greek mathemati- 
cal texts, do not rely on geometrical precision for their apodeictic 
value in the way that the monochord does. But the instruments 
of geometrical sciences with perceptible objects (like Ptolemy's 
armillary sphere or Diocles' parabolic mirror) share the mono- 
chord's problem of representation even though the monochord 
differs from some of them (e.g. the armillary sphere) by doing its 
representation without modelling the phaenomena under investi- 
gation. 

It was the monochord's introduction of geometry into harmon- 
ics that brought with it the problems of representation and exacti- 
tude. In a sense this difficulty must have attended all instrumental 
attempts to demonstrate the relationship between musical inter- 
vals and ratios of numbers, for even Hippasus' discs would have 
failed to show the correspondence if they had been so inexpertly 
constructed as to be badly out of tune with one another. It is the 
high standard set by the argumentative rigour of Euclidean math- 
ematics that seems to have brought the issue to the attention of 
some harmonic scientists in antiquity, and of course a solution 
was impossible: no concrete object can approach the perfection 
of a mathematical object. Adrastus apparently got only so far as 
recognising that the width of the monochord's bridge must take up 
some of the string's length, but he did not apply this discrepancy 
to his own account of canonic division. Ptolemy realised that the 
problem was a three-dimensional one, not merely one of length, 
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and that the bridge must also raise the string in order to divide 5 
it into two segments which would vibrate independently of One 
another. He was also aware that this extra height must add both 
to the length and to the tension of the string: in combination an 
acoustical problem whose components are reducible to geome- 
try on the one hand and physics on the other. Because he could 
not measure the acoustical effect of the additional tension causeq 
by the height of the bridge, Ptolemy sought to reduce the entire 
problem to geometry in order to claim that as long as the bridges’ 
surfaces made the circumferences of equal circles, the additional 
length would cancel out the effect of the additional tension exactly 
(a claim which, as we have seen, is not true). 

What this shows is that the problem which arose in mathematica] 
harmonics because of the introduction of a geometrical instrument, 
itself initially part of an attempt to furnish the science with incon- 
trovertible arguments, was eventually dealt with (imperfectly) by 
the introduction of yet more geometry. 

One of the other aims of the book has been to show how 
important the ancient discussions of instruments in mathemati- 
cal harmonics can be to our understanding of Greek scientific 
method. Particularly significant in this respect are those of Ptolemy, 
because he not only extended and developed the theoretical and 
mathematical analysis of his predecessors in the field, but also 
added rigour through empirical verification on instruments (many 
of them improved in ways that went beyond the addition of 
strings) designed especially for the purpose. Here the application 
of advances made in other mathematical sciences is especially 
relevant. Ptolemais had already suggested an analogy between 
what reason discovers through the science of canonics and the 
parapégma, a device which shares some aspects of both instru- 
ments and tables in its presentation of astronomical and meteo- 
rological information. Ptolemy was to go much further, not only 
applying the tabularising habit of his astronomical writings to har- 
monics in tables of bridge positions, but also employing, appar- 
ently for the first time, the sexagesimal notation used in astronomy 
to standardise and simplify his presentation of these bridge posi- 
tions according to a common numerical measure on the Kanon. 

His more complex instruments, too, show the influence of other 
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iences. The helikon was already a more geometrical instrument 
than the monochord even in the hands of Ptolemy's predecessors; 
his improvement on it, which may just possibly owe something 
to Eratosthenes’ mesolabon (an instrument devised as a solution 
to a problem in geometry), appears to have suggested to Ptolemy 
at least one element of the design of his improved eight-stringed 
kanon: that is, generating the intervals between strings by their 
lateral relationship to one another rather than by the placement of 
a separate bridge for each string. | 

What all of these advances brought to the student of mathemati- 
cal harmonics was the possibility of greater certainty that the fleet- 
ing beauty of music did not lie beyond the reach of analysis, and 
that if melody was the audible expression of a series of arithmeti- 
cal relationships, then musical beauty itself could be described and 
demonstrated mathematically. Arithmetic alone could not make the 
connection between numbers and notes. The sum of developments 
in what I have called the geometry of sound both furnished that 
connection more securely than had previously been possible, and 
also raised doubts about the capacity of instruments to reveal the 
numerical basis of music. It was in their attempts to minimise these 
uncertainties that Greek mathematical harmonicists rose to one of 
the central challenges that faces nearly all sciences that employ 
instruments. 
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